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Foreword

In recent decades, the theory of inverse and ill-posed problems has im-
pressively developed into a highly respectable branch of Applied Mathematics
and has had stimulating effects on Numerical Analysis, Functional Analysis,
Complexity Theory, and other fields. The basic problem is to draw useful
information from noise contaminated physical measurements, where in the
case of ill-posedness, naive methods of evaluation lead to intolerable am-
plification of the noise. Usually, one is looking for a function (defined on a
suitable domain) that is close to the true function assumed to exist as un-
derlying the situation or process the measurements are taken from, and the
above mentioned gross amplification of noise (mathematically often caused
by the attempt to invert an operator whose inverse is unbounded) makes the
numerical results so obtained useless, these "results” hiding the true solution
under large amplitude high frequency oscillations.

There is an ever growing literature on ways out of this dilemma. The
way out is to suppress unwanted noise, thereby avoiding excessive suppres-
sion of relevant information. Various methods of "regularization” have been
developed for this purpose, all, in principle, using extra information on
the unknown function. This can be in the form of general assumptions on
”smoothness”, an idea underlying, e.g., the method developed by Tikhonov
and Phillips (minimization of a quadratic functional containing higher deriva-
tives in an attempt to reproduce the measured data) and various modifica-
tions of this method. Another efficient method is the so-called "regularization
by discretization” method where one has to find a kind of balance between
the fineness of discretization and its tendency to amplify noise. Yet another
method, the so-called ”descriptive regularization” method, consists in exploit-
ing a priori known characteristics of the unknown function, such as regions of
nonegativity, or monotonicity, or convexity that can be used in a scheme of
linear or nonlinear fitting to the measured data, fitting optimal with respect
to appropriate constraints. Many ramifications and combinations of these and
other methods have been analyzed theoretically and used in numerical calcu-
lations. Our monograph deals with the method called the ”moment method”.
The moments considered here are of the form

Iy = / u(z)doy, n=123,..,
Q

. .. k . . .
where (2 is a domain in R", do,, is, either a Dirac measure, n € N, or a
measure absolutely continuous with respect to the Lebesgue measure, i.e.,

do,, = gn(z)dz, n € N,

gn(z) being Lebesgue integrable on 2. The idea of the moment method is to
reconstruct an unknown function u(x) from a given set (pn)ner, I C N, of
the moments of u(z). Then the problem arises as to whether a knowledge of
moments of u(z) uniquely determines this function. For the moment problems
considered in this monograph, unless stated otherwise, the knowledge of the
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complete sequence of moments of u(z) uniquely determines the function.
In practice, one has available only a finite set puq, ..., tty, of moments, and
furthermore these are usually contaminated with noise, the reason being that
they are results of experimental measurements. The question then is: To what
extent, can the true function u(z) be recovered from the finite set (1;)1<i<m
of moments? Note that in the latter situation, the question of existence of a
solution u plays a minor role. The moments being only approximately known,
the problem is reduced to one of ”regularization”, namely, to the problem of
fitting the function u(z) as closely as possible to the available data, that is,
to the given approximate values of the moments, u(z) being assumed to lie
in a nice function space and to obey a known or stipulated restriction to the
size of an appropriate functional. In our theory of regularization, the index
m, i.e., the number of the given moment values mentioned above, will play
the role of the regularization parameter. In illustration of the theory, we shall
study several concrete cases, discussing inverse problems of function theory,
potential theory, heat conduction and gravimetry. We will make essential use
of analyticity or harmonicity of the functions involved, and so the theory
of analytic functions and harmonic functions will play a decisive role in our
investigations. We hope that this monograph, which is a fruit of several years
of joint efforts, will stimulate further research in theoretical as well as in
practical applications.

It is our pleasure to acknowledge with gratitude the valuable assistance
of several researchers with whom we could discuss aspects of the theory of
moments, either after presentation in conferences and seminars or in personal
exchange of knowledge and opinions. Special thanks are due to our colleagues
Johann Baumeister, Bernd Hofmann, Sergio Vessella, Lothar von Wolfersdorf
and Masahiro Yamamoto. They have studied the whole manuscript and their
detailed constructive-critical remarks have helped us much in improving it.
Our thanks are also due to the anonymous referees for their valuable sugges-
tions. Last not least, we highly appreciate the supports granted by Deutsche
Forschungsgemeinschaft in Bonn which made possible several mutual research
visits, furthermore the supports given by the Research Commission of Free
University of Berlin, Ho Chi Minh City Mathematical Society, Ho Chi Minh
City National University, and the Vietnam Program of Basic Research in
the Natural Sciences. Last not least we are grateful to Ms. Julia Loutchko
for her help in the final corrections and preparations of the manuscript for
publishing.

Dang Dinh Ang, Rudolf Gorenflo,
Vy Khoi Le and Dang Duc Trong

Berlin, Ho Chi Minh City, Rolla-Missouri: March
2002
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Introduction

A moment problem is either a problem of finding a function u on a domain
2 of R, d > 1, satisfying a sequence of equations of the form

/ udoy, = fin (0.1)
o)

where (do,,) is a given sequence of measures on {2 and (p,,) is a given sequence
of numbers, or a problem of finding a measure do on {2 satisfying a sequence
of equations of the form

2

for given g, and u,, n = 1,2,... . Although this monograph is devoted ex-
clusively to a study of moment problems of the form (0.1), we shall briefly
mention a classical result on moment problems of the form (0.2) in the Notes
and Remarks of Chapter 2. Concerning moment problems of the form (0.1),
if do,, is absolutely continuous with respect to the Lebesgue measure, i.e., if

dop = gndx,

where g,, is Lebesgue integrable, n=1,2,..., then we have the usual moment
problem

/ UGndr = . (0.3)
9]

If do,, is a Dirac measure, i.e., if
do, = 6(x — x,), Ty € §2, (0.4)

then the moment problem consists in finding a function u on {2 from its
values at a sequence of points (z,,), i.e.,

W(Tr) = tn, n=12... (0.5)

Before proceeding further, it seems appropriate to explain how each of the
two foregoing variants of the moment problem (0.1) arises in the framework
of this monograph. In fact, many inverse problems can be formulated as an
integral equation of the first kind, namely,

b
/ K(ryu)dy = f(z), =€ (ab), (0.6)

where (a,b) is a bounded or unbounded open interval of R. Here K(x,y)
and f(x) are given functions and wu(y) is a solution to be determined. In
practice, f(x) is a result of experimental measurements and hence is given
only at a finite set of points that is conveniently patched up into a continuous
function or an L?-function. This is an interpolation problem. Interpolation is
a delicate process, and, in general, it is difficult to know the number of points

D.D. Ang, R. Gorenflo, V.K. Le, and D.D. Trong: LNM 1791, pp. 1-3, 2002.
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2 Introduction

needed to achieve a desired degree of approximation unless the function f(x)
is sufficiently smooth. The case that the function represented by the integral
in the above equation can be extended to a function complex analytic in a
strip of the complex plane C containing the real interval [a, b] is of special
interest. Indeed, under the analyticity assumption, if the left hand side of
the equation is known on a bounded sequence (x,,) in (a,b) with z; # z; for
i # j, then by a well-known property of analytic functions, the function is
known in the strip and a fortiori in (a,b). It follows that the above integral
equation is equivalent to the following moment problem

b
/ K(tny)u@)dy = f(z.), n=12, ... (0.7)

In some examples to be given in later chapters, we also have moment problems
of the foregoing form with (z,) unbounded and satisfying certain properties.
We shall also deal with multidimensional moment problems

/Q K(zp,y)u(y)dy = f(z,), n=12.. (0.8)

where 2 is a domain in R?, d > 1 and (x,) is some infinite sequence (not
necessarily in £2).

As mentioned earlier, we can have moment problems of the form (0.1)
above, with the do,’s being Dirac measures. This moment problem will arise
in the reconstruction of a function u analytic in the unit disc U of C from
its values at a given sequence of points (z,) of U,

w(zn) = tn, n=12 ... (0.9)

Moment problems are similar to integral equations except that we now
deal with mappings between different spaces. Hence special techniques are
required.

The purpose of this monograph is to present some basic techniques for
treatments of moment problems. We note that classical treatments are con-
cerned primarily with questions of existence (and uniqueness). For the classi-
cal theory, the reader is referred to, e.g., the monograph of Akhiezer [Ak] and
the article of Landau [La]. From our point of view, however, the given data
are results of experimental measurements and hence are given only at finite
sets of points that are conveniently patched up into functions in appropriate
spaces, and consequently, a solution may not exist. Furthermore, moment
problems are ill-posed in the sense that solutions usually do not exist and
that in the case of existence, there is no continuous dependence on the given
data. The present monograph presents some regularization methods.

Parallel to the theory of moments, we shall consider various inverse prob-
lems in Potential Theory and in Heat Conduction. These inverse problems
provide important examples in illustration of moment theory, however, they
are also investigated for their own sake. In order to convey the full flavor of
the subject, we have tried to explain in detail the physical models.
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The book consists of seven chapters. The first five chapters deal with
mathematical preliminaries (Chapter 1) and mathematical aspects of moment
theory (Chapters 2 to 5). The remaining two chapters are devoted to concrete
inverse problems in Potential Theory and in Heat Conduction.

Chapter 1 contains the mathematical preliminaries in preparation for the
subsequent chapters. Chapter 2 presents various methods of regularization
for moment problems: the method of truncated expansion and the method of
Tikhonov in Hilbert spaces and in reflexive Banach spaces. Chapter 3 is de-
voted to the Backus-Gilbert theory in Hilbert spaces and in reflexive Banach
spaces. Chapter 4 deals with the Hausdorff moment problem in one dimen-
sion and in several dimensions. Chapter 5 deals with the reconstruction of an
analytic function in the unit disc using approximations by finite moments (i.e.
by a finite set of values of moments) and the method of optimal recovery. In
the same chapter, we establish a theorem on cardinal series representation in
the two-dimensional case and a theorem of approximation by Sinc functions.
The results of Chapter 5 are used repeatedly in subsequent chapters.

The last two chapters of the book deal with some inverse problem in Ap-
plied Sciences. Chapter 6 presents some basic properties of harmonic func-
tions and treatments of various regularization methods for Cauchy’s problem
with applications in Medicine and Geophysics. Chapter 7 is concerned with
some inverse problems in heat conduction (the backward heat equation, the
problem of surface temperature determination from borehole measurements,
the inverse Stefan problem) and presents some methods of regularization for
these problems.The book closes with an Epilogue giving an example of a
nonlinear moment problem from Gravimetry.

For some chapters, under the heading ”Notes and remarks”, results are
presented as supplements to the main text. At the end of the book, there is
a bibliography on all the topics covered in the volume.

This monograph is an introduction to the theory of moments and to some
inverse problems in the physical sciences formulated as moment problems. It
is not meant to be an exhaustive treatment of moment theory, and we beg
pardon, in advance, for the many omissions of important topics (such as, e.g.,
the maximum entropy method). For further developments in moment theory
and in inverse problems in Potential Theory and in Heat Conduction, the
reader would do well to consult the references listed at the end of the book
as well as the current literature on the subject.

The book can be used as a supplementary text for graduate or advanced
undergraduate courses in Inverse Problems or in Mathematical Methods in
the Physical Sciences.



1 Mathematical preliminaries

In this short chapter, we collect some results on Banach spaces, in particular
on Hilbert spaces, on operator theory, on function spaces (spaces of contin-
uous functions, Lebesgue spaces, Sobolev spaces), on analytic functions, on
harmonic functions and on integral transforms (Laplace transform, Fourier
transform) for use in subsequent chapters. The results are stated without
proof or as consequences of general theorems. References are given to appro-
priate sources (textbooks or papers).

1.1 Banach spaces

Let X be a Banach space. A subset K of X is called compact if each sequence
in K has a subsequence converging to an element of K. A subset K is called
relatively compact if its closure K is compact. One has (see, e.g., [Br], page
92)

Theorem 1.1. (Riesz) Let X be a Banach space such that the open ball
B1(0) centered at 0 with radius 1 is relatively compact. Then X is a finite
dimensional vector space.

Let X, Y be two Banach spaces with respect to the norms || . ||x, || - ||v-
We denote by £(X,Y) the space of all continuous linear operators A from X
to Y with the norm

[Allz(xyy = sup |[Azy
lzllx <1
With the latter norm, £(X,Y) is a Banach space. If X =Y then we denote
L(X,Y) by L(X). An operator A in £(X,Y) is said to be compact if the set
A(K) has compact closure in Y for each bounded set K in X.
If X is a Banach space, we write X* for L(X, C), i.e., X* is the set of all
continuous linear functionals on X. If f € X*, we write

< f,x>= f(xr) forxin X,
[fllxe= sup |<fiz>]
llzllx <1

X* together with the norm || . || x~ is a Banach space and X* is called the
dual of X. We set X** = (X*)*.

D.D. Ang, R. Gorenflo, V.K. Le, and D.D. Trong: LNM 1791, pp. 5-16, 2002.
© Springer-Verlag Berlin Heidelberg 2002



6 1 Mathematical preliminaries
Let x be in X. If we put
T.f=<f,z> for fin X™.

then T, : X* — C is a continuous linear functional, i.e., T,, € X**, and
T || x++ = ||z]|x. Letting j(x) = T, we obtain an isometric linear map

jr X — X

Since j is injective, we can identify X with the subspace j(X) of X**. The
Banach space X is called reflezive if 7(X) = X**. In this case j is an isometry
from X onto X**, and we write X = X**.

A sequence (z,,) in the Banach space X is said to be weakly convergent
to x in X if, for all f in X*,

< fixp >—< f,x> asn— oo,
and we write

Ty, — T as n — oo.

We have (see, e.g., [Br], p. 44)

Theorem 1.2. (Kakutani) Each bounded sequence in a reflexive Banach
space has a weakly convergent subsequence.

In Chapter 3, we shall give some special results related to Banach spaces
and their duals.

1.2 Hilbert spaces

In the remainder of this chapter, the symbol H denotes a complex Hilbert
space. We say that x € H is orthogonal to y € H, and write L vy, if
(z,y)g = 0, where (.,.) g is the inner product of H. For any linear subspace
M of H, put

M* ={yc H: (z,y)g =0 forall z € M}

If M = {x} then we denote M+ by . We have (cf. [Ru], Chap. 4 or [Br],
Chap. 5)

Theorem 1.3 Let M be a closed subspace of H. Then there exists a unique
pair of continuous linear operators

P: H—M, Q: H— M

such that
a) x=Px+ Qu,
b) Ifx € M then Pr =z, Qx =0 and if x € M~ then Px =0, Qz =z,
o) llel? = 1Pzl + 11Qzl3.

and we write
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H=M&M™*.

From the latter theorem, we deduce Riesz’s representation for continuous
linear functionals.

Theorem 1.4. If f € H* then there exists a uniquely determined element v
of H such that
f(x) = (x,v)g for all x € H.

Moreover || f|lm- = ||v]|a-

Consider the bilinear form a(u,v) on H, i.e., a function a: H x H — C
such that

a(x + Az,y) = alz,y) + Aa(z,y)

a(z,y+ Az) = alx,y) + Aa(z, 2)

for all z,y,z € H, A € C.
Using Theorem 1.4, we get the following theorem (cf. [Br]).

Theorem 1.5. (Lax-Milgram’s theorem) Let a : H x H — C be a bilinear
form. Assume that
a) a is bounded, i.e., there is a C' > 0 such that

la(z,y)| < Cllzllalylla  for z,y € H,
b) a is coercive, i.e., there is a Cy > 0 such that
a(z,x) > Collz||% for x € H.
Then, for each f in H*, there is a unique element w in H such that
a(u,v) = f(v) for v € H.

The mapping f — wu is a one-to-one continuous linear map from H* onto
H.

A set of vectors u, in a Hilbert space H, where a runs through some
index set I, is said to be an orthonormal basis of H if

(1) (va,ug)g =0 for all & # B,, B in I,

(ii) |uallg =1 for all a € I,

(iii) the set of all finite linear combinations of members of {u,} is dense
in H.

In particular, if I = N, then, the space H has a countable orthonormal
basis {un}. In the latter case, one has

Theorem 1.6. (Riesz-Fisher) Let {u,} be a countable orthonormal basis of
H. The element x is in H if and only if there exists a complex sequence (cy,)
satisfying > ooy |cn]? < 0o such that one has the expansion
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00
T = E Cp Uy, -
n=1

Moreover, one has ¢, = (x,u,) g and

oo
lzl1F = lenl®.
n=1

Let Hy, Hs be two Hilbert spaces with respect to the inner products
(v )my, ()m,. I A: Hy — Hs is a continuous linear operator, then the
adjoint of A is the operator A* : Hs; — H; satisfying

(Az,y)m, = (2, A"Y)m, for all x € Hy,y € Ho.
If HH = H, = H and A = A*, then A is called self-adjoint. One has the
following spectral theorem (see, e.g.,[Br], chap. 6).

Theorem 1.7. Let H be a Hilbert space having a countable orthonormal basis
.If A: H — H is an arbitrary self-adjoint compact operator, then there
exists an orthonormal basis {e,} and a real sequence (\,) tending to zero
such that Ae,, = \,e,.

A continuous linear operator A: H — H is called positive if
(Az,z)g >0 for all z € H.
One has the following result (see, e.g.,[LS]).
Theorem 1.8. If A: H — H is an arbitrary positive self-adjoint contin-

uous linear operator, then there exists uniquely a positive continuous linear
operator B: H — H such that B> = A.

In particular, for A in £(H;, H2), the operator A*A : H; — Hp is a
positive self-adjoint continuous linear operator. Hence, Theorem 1.8 implies

that there is a unique positive continuous linear operator C : H; — H;
such that C? = A*A.

1.3 Some useful function spaces

1.3.1 Spaces of continuous functions

Let K be a compact subset of R¥. We denote by C(K) the Banach space of
continuous functions f from K to C with the norm

I fllex) = sup [ f(2)].
reK
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Let D be a bounded domain of R¥, k > 1. For m = 1,2, ..., we consider
the space C™ (D) (C™(D)) of all functions

f: D—C (orR)
(f: D — C (or R)) such that the derivatives

olal f

DY = — - —
/ Ox{*...0xp*

are continuous on D (D) for a = (ay, ..., ax), |a| = a3 +...+a and |a < m.
We denote by C°°(D) the space of functions which are infinitely differen-
tiable.
The space C™ (D) is a Banach space with respect to the norm

||f||cm(ﬁ) = Z SuB|Daf($)"

la|<m xeD

Let Go be in C(D x D) . We have (cf. [Mi], §8, Chap. 2)

Theorem 1.9. Let D be a bounded domain in R*. For 0 < a < k, the
mapping

Tf(x) = /D Golw. )|z — y|*f(w)dy, | (D),

is a compact linear operator on C(D).
T is called a Fredholm integral operator.

The following theorems give some properties of continuous functions on a
compact subset. In fact, one has (cf. [Br], Chap. 4, and [HSt]) the following
two theorems.

Theorem 1.10. (Ascoli) Let K be a compact set in R¥ and let K be a bounded
subset of C(K). Suppose that K is equicontinuous, i.e., for every e > 0, there
exists 6 > 0 such that

@)= f) <€ forall fin K, d(z,y) <6, z,y€ K,
where d(x,y) is the distance between x and y in R¥. Then K is relatively

compact in C(K).

Theorem 1.11. (Dini ) Let K be a compact subset of R* and let (f,) be
a monotone sequence in C(K) that converges pointwise to a function f in
C(K). Then f, — f uniformly on K.

1.3.2 Spaces of integrable functions

Let X be a measure space with a positive measure p. For 1 < p < oo, we
denote by LP(X, i) the Banach space of complex measurable functions f on
X to C with respect to the norm
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1/p
171 2o ey = ( /X |f|pdu> .

For a measurable function f, we put

[flloe o = infla e R: p({z € X - [f(2)] > a}) = 0}

We denote by L*(X,u) the Banach space of all measurable functions f
satisfying Hf”Loo(X”u) < 0.
One has (cf [Ru], Chap. 1)

Theorem 1.12. (Lebesgue’s Dominated Convergence Theorem) Let (X, p)
be a measure space. Suppose (fy,) is a sequence in L'(X,u) such that

f@) = lim_ fu()

exists almost everywhere on X. If there is a function g € L*(X, ) such that,
for almost all x in X, n=1,2,...,

()] < g(2),
then f € LY (X, ) and

i [ 14, = Slau =0,

n—oo

If X = 2 ¢ R¥ and if p is the Lebesgue measure, we write LP(2) instead
of LP(X,pu), 1 < p < oco. If p is the counting measure on X = N (or Z),
i.e., p(A) is the number of elements in A for A C X, then the corresponding
space LP(X, u) is denoted by [P (or IP(Z)). An element of [P can be seen as a
complex sequence & = (£,),>1 with the norm

[e%) l/p
el — (z w) C i<p<on,
n=1

[/l = sup |-
neN

Similarly, an element of I?(Z) can be seen as a complex sequence y = (&, )nez
with the norm

1Yl

%) 1/p
< Z §n|p> > 1<p<oq,

n=—oo

[ylliee = sup [&nl.
neZz

1.3.3 Sobolev spaces

Let 2 be a bounded domain in R* (k = 1,2,...). For a = (ay, ..., ), D®
is defined as in Subsection 1.3.1. We denote by L¥ (£2) (p > 1) the set of

loc
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Lebesgue measurable functions f on {2 such that f € LP(D) for all open
subsets D of (2 satisfying D C £2. We denote by C°(§2) the set of infinitely
differentiable functions f on (2 such that supp f C (2, where supp f is the
closure of the set of points z of {2 such that f(z) # 0. Let u,w € L}, .(£2).
Then w is called a generalized derivative of u of mixed order « if

/ uD%pdx = (—1)‘“'/ wodx: for ¢ € C°(92).
7 7

We denote w by D*u. The Sobolev space W™P({2), where m is a positive
integer, is the set of all functions u having generalized derivatives up to order
m such that

D%y € LP(02) for |a| < m.
For m = 0, we set WOP(2) = LP(2). For p = 2, we write H™(§2) for
Wm™2(£2). For 0 < p < oo, W™P(£2) is a Banach space with respect to the
norm

1/p

||f||Wm*p(Q) = Z ||Daf||ip(_o) ) for 1 < p < 00,

la|<m

1 llwm () = max [ Df| Lo (q)-

lex]

The space H™({2) is a Hilbert space with respect to the inner product

(f,9)um = Z /QDaf Degdr  for f,g € H™(02).

lal<m

The closure of CZ°(§2) in H™(£2) is denoted by H[*(12).

For 0 < o < 1, the Sobolev space (of fractional order) WP(£2),1 <p <
00, is defined in Chapter 3 (cf. also [Br], p. 196).

Now we state some Sobolev imbedding theorems. Let X, Y be two Banach
spaces, X C Y. The operator j : X — Y defined by j(u) = u for all u € X
is called the embedding operator of X into Y. One has (cf. [Br], Chap. IX)

Theorem 1.13. Let 2 be a bounded domain in R* such that 082 is C* —
smooth.
a) If 1 <p <k then

1
WYP(02) c LI(2) for all ¢ in [1,p%), — =
p

SR
| =

b) If p =k then
WhP(02) c LY(92) for all ¢ € [1, 00),

c) If p > k then -
wWhr(0) c C(2),

where the corresponding embedding operators in a)-c) are compact.
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1.4 Analytic functions and harmonic functions

Let 2 be a domain (i.e. an open, connected subset) of the complex plane C
and let f be a complex function defined on 2. We say that f is analytic at

zg € Cif
po 1) = 1 G0)
Z— 20 zZ— 20

exists. The function f is said to be analytic on (2 if it is analytic at each
point of 2. One has (cf. [Ru], Chap. 10)

Theorem 1.14. Let f be an analytic function on 2 C C and let zy € 2, r >0
be such that By (zy) C {2, where B,(zo) is the (open) disc of radius r centered
at zg. Then f is representable by the power series

flz) = Zan(z — z)" for z € By(20)
n=0

where

an 1 / Ld(.
a

2w B, (z0) (C — 20)"T!

Theorem 1.15. (Identity Theorem) Let f1, fo be analytic functions on a
domain 2 C C such that f1(z) = f2(2) on a set of points of 2 with an
accumulation point in 2. Then f1 = fo on (2.

Let £2 be a domain in R*, k > 2. A C?-function f on 2 is said to be
harmonic if it satisfies the Laplace equation

Af=0 on 2
where
0? 0? 0?
A:Tﬁ+87$%++aixi f0r$:(ﬂfl7x2,...,xk).

One has the following result related to the eigenfunctions of the Laplace
operator (cf. [Br], Chap. 9)

Theorem 1.16. Let 2 be a bounded domain in R¥. Then there exists an
orthonormal basis (e,) of L?(£2) and a sequence (\,) of positive numbers
tending to infinity for n — oo such that e, € H}(2) N C>®(£2) and that

—Ae,, = Apen on 2.

Let Iy be an open subset of 9f2. A Cauchy problem for the Laplace
equation is one of finding a function u satisfying
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Au=0 on {2 (1.1)
subject to the conditions

ou

ulr, = fo, .= fi (1.2)

where 0/0n is the normal derivative to Iy. We say that u is a weak solution
of (1.1)-(1.2) if u satisfies

/ uApdr = foa—qbda — | figdx (1.3)
Q r,~ on ?

for all ¢ € C?(£2), ¢ = 0 on a neighborhood of 92 \ I}, where do is the
surface area element of 9f2. The problem (1.1)-(1.2), under some appropriate
assumptions, has at most one solution. In fact, one has

Theorem 1.17. Let Iy be C*-smooth, let fy, fi be functions in L*(Iy). Then
(1.1)-(1.2) has at most one weak solution u in L*(2).

Proof. For the proof, we rely on the unique continuation property of
harmonic functions, according to which, a harmonic function on (2 that is
known on an open subset of a domain {2, is uniquely extendable to a harmonic
function on all of £2 (cf. [Pe] where the uniqueness of continuation for solutions
of elliptic equations is proved). Indeed, let u;, us be two weak solutions in
L2(02) of (1.1)-(1.2). We shall prove that u; = uy. Putting w = u; — ug, one
gets in view of (1.3)

/ wApdr =0 (1.4)
¢
for all ¢ in C?(£2), ¢ = 0 on a neighborhood of 92\ I'y. Let D be a connected
component of R* \ 2 such that 2U Iy U D is connected. Put

w(z) = w(x) for x in (2,
=0 for x in Iy U D.

From (1.4), we get
/ WApdr = 0 for ¢ in C°(2U LU D).
QUILLUD

It follows that @ is a weak solution of the Laplace equation Au = 0 on
QU Iy UD. Since w is in L2(2U Iy U D), using Theorem 16.1 of [Fr], p.
54, we get w € C*°(2U Iy U D). Now, by the unique continuation property
of harmonic functions (cf. [Pe]), we get in view of the fact @ = 0 on D that
w=0on 2UIyUD. It follows that u; = us on §2. This completes the proof
of Theorem 1.17.
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1.5 Fourier transform and Laplace transform

For f in L'(R), we define the Fourier transform of f by
fa) = [ etsar
For f in L%(R), putting for € > 0,
Fi(z,e) = / et giat f(t)dt,

we define the Fourier transform of f as
f(z) = lim F :
f(z) = lim Fy (z, €)

One has (cf. [St])

Theorem 1.18. One can associate to each f in L2(R) a function f in L*(R)
so that
a) If f is in LY(R) N L?(R) then

fw) = [ e by,

— 00

b) For f in L?>(R) one has

Il = <=l lm)
and - -
| swama =5 [ fwiw
¢) One has
13ﬁ)1||f— Fr(.,6)llr2m) =0
%1?01 1f=G(0)z2m) =0
where ™
Gf(t,é) =5 /_OO e Olle=imt £ da,

d) For f, g in L*>(R?), one has f/*\g = f§ where

o= [ (e — )
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Similarly, we define the n-dimensional Fourier transform. In fact, if u is
in L2(R%), the Fourier transform @ in L?(R¥) is defined by

u(y) = / e Yy(x)da,
RE
rY = T1Y1 + ... + TeYk for x = (xla "'axk)vy = (yla -~'7yk)‘

the latter integral converging in the L?-sense. Similar to the one-dimensional
case, we have the inversion formula

1 —iT.Y 5
u(z) = W /Rk e a(y)dy

and )
£l 22 ) = W"f”LQ(Rk)-

We denote by R the set (0,00). If f is a function in L?(R. ), we define
the Laplace transform of f by the integral

g(s) = Lf(s) = /OOO e SUf(t)dt.

Upon setting s = x + iy in the latter equality, we get

glx +1y) = /000 (e™™ f(t)) e~ ¥ dt.

Hence, we may think of the Laplace transforms as a Fourier transform. The
following theorems are due to Paley and Wiener (cf. [Ru], Chap. 19)

Theorem 1.19. Suppose g is an analytic function on the half plane Im z > 0

and let | oo
sup — lg(x + iy)|*dr = C < co.
0<y<oo 2T J o

Then there exists an f in L*>(Ry) such that

9(z) = / ft)et=at for Im 2 >0
0

and

| ispa=c
0

Theorem 1.20. Suppose A and C are positive constants and g is an entire
function (i.e. analytic on C) such that
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g(2)] < CeAll for all z € C

and

/ lg(x)]?dz < oco.

Then there exists an f in L?(—A, A) such that

A
9(z) = /_ ) f(t)e'tdt.



2 Regularization of moment problems by
truncated expansion and by the Tikhonov
method

In the Introduction of the book, we have defined the concept of moment prob-
lem in a rather general setting (cf. (0.1)). In this chapter, we shall consider
moment problems of the conventional form (cf. (0.3)):

(MP) Find a function u on a domain 2 C R? satisfying the sequence of
equations

/ u(z)gn(x)dx = pn, n €N, (2.1)
2
where (g,) is a given sequence of functions lying in L*(2).

The Hausdorff moment problem is a classical example of a moment prob-
lem:

Find a function u on (a,b) such that

b
/ uw(z)zPde = g, ke N. (2.2)

We also have moment problems of the form
T .
/ u(t)em“’jtdt = C25—1,
0

T
/ u(t)e ?itdt = co;, (2.3)
0

where i = y/—1 and (w;), j € N, is a sequence of real numbers.

Moment problems of the form (2.3) are called trigonometric moment prob-
lems, they occur in the theory of control and are discussed in Krabs’ mono-
graph [Kr] (cf. also [AGI] for more general trigonometric moment problems).
Hausdorff moment problems occupy a central place in Analysis and in the
Applied Sciences, they will be discussed in Chapter 4. Other examples of
moment problems will be given in Chapters 5, 6, 7.

Moment problems are usually ill-posed in the sense that they have no
solution and that in the case of existence of solutions, there is no continu-
ous dependence on the given data. The present chapter is devoted to some
methods of constructing regularized solutions, that is, approximate solutions
stable with respect to the given data. Such a construction process is called

D.D. Ang, R. Gorenflo, V.K. Le, and D.D. Trong: LNM 1791, pp. 17-49, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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reqularization. There are various methods of regularization. Two of them will
be considered in this chapter: the method of truncated expansion and the
method of Tikhonov (also called the Tikhonov-Phillips method).

The method of truncated expansion consists in approximating (2.1) by
finite moment problems

/{ )Wy =y G= L. (2.4)

Solved in the subspace < g1, ..,g, > generated by g1, ..., gn, (2.4) is stable.
Moreover, with n € N chosen appropriately, solutions of (2.4) approximate
those of the original problem (2.1). Considering the case where the data
w = (u1,.., n) are inexact, we derive some convergence theorems and error
estimates for the regularized solutions.

In the method of Tikhonov, we write (2.1) in the form

Au=p
with

Au = (/ Ugl,/ ugs,...), = ({1, p2,...)
Q Q

and regularize it by the problem of finding a function u € L?(2) satisfying
the variational equation

B(u,v)r2(0) + (Au, Av)z = (1, Av)e, Vo € L*(12) (2.5)

((+-)z2(e2) and (., .);2 are respectively the usual inner products on L*(£2) and
12, and 8 > 0). With some smoothness conditions on the solutions u of (2.1),
we derive some error estimates for the approximate solutions. Furthermore,
we also prove a convergence result when no further assumptions are made
on u. This method applies to more general moment problems, such as mo-
ment problems in L¥(£2) (1 < o < o0). We note that another regularization
method, based on the Backus-Gilbert approach, will be presented in chapter
3. It is similar to the first method of this chapter, except that, instead of
using an orthonormal system generated by g1, g2, ..., the approximate solu-
tions are constructed as combinations of some predetermined basis functions
(called the Backus-Gilbert basis functions). This leads to different results,
with different conditions and error estimates.

The remainder of the present chapter is divided into two sections. The
first method is studied in Section 2.1 which consists of three subsections 2.1.1,
2.1.2, 2.1.3. In Subsection 2.1.1, we shall give a construction of regularized
solutions using the method of orthogonal projection in Hilbert space. Subsec-
tion 2.1.2 is devoted to the regularization results and error estimates in case of
L?-exact solutions and of H™-exact solutions. Another error estimate, based
on results concerning eigenvalues of the Laplacian, is considered in Section
2.1.3. Section 2.2 consisting of three subsections 2.2.1, 2.2.2, 2.2.3 is devoted
to the second regularization method. A convergence result for L -solutions
(1 < a* < o0) of Problem (2.1) is shown in Subsection 2.2.2 while error es-
timates between regularized solutions and exact solutions in the L?(£2) case
and in the H'(£2) case are derived in Subsections 2.2.1, 2.2.3 respectively.
In Subsection 2.2.2, a Banach space version of the Tikhonov method is pre-
sented.
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2.1 Method of truncated expansion

This regularization method is based on the properties of orthogonal projec-
tions in the real L?(£2). Throughout this Section 2.1 we work in the real
L?(92).

2.1.1 A construction of regularized solutions

In the sequel, unless stated otherwise, we assume that gi, go, ... are linearly
independent (in the algebraic sense) and that the vector space generated by
g1, 92, --- is dense in L2(£2). We denote by || . || and (.,.) the usual norm and
inner product of L?({2).

Let {ej, ez, ...} be the orthonormal system constructed from {g1, g2, ...}
by the Gram-Schmidt orthogonalization method as follows

e1 = gi/llg1ll
n—1 n—1
en = lgn =Y _(gn-e)eill ™ [ gn =D (gn€))e; (2.6)
j=1 j=1
(n=2,3,...).

Then {eq, e, ...} is an orthonormal basis of L?({2) and moreover, there exist
unique constants C;;, M;; € R (i,j € N) such that C;; = M;; =01if ¢ < j,
and that

i i
ei:ZCijgj, gi:ZMijej, Vi € N.
j=1 j=1
Hence, if we consider the matrices
Cn = [Cijlicij<n, Mn=[Mjli<ij<n,
then M, = C 1.
We can calculate Cj;, M;; as follows.

From (2.6), we have Cy; = ||g1]|~*. Suppose Cjg, j = 1,..,n—1, k =
1,..,7 are known. Then

—1/2

Chnr = Z CriCri(gj. 1) Couk (1<k<n)
jl=1
with

n—1 J
Cok=—> (Z cjl<gmgl)> Cir  (1<k<n-1),
j=k \I=1

énn =1

The M;;’s are calculated via the Cj;’s by
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M guej chk glagk iaj € N.

Now, we associate to each sequence of real numbers pu = (u1, po,...) the
sequence A = A(u) = (A1, Mg, ...) defined by

= U):ZOijuja i=1,2,... (27)

(If u is a finite sequence, p = (U1, o, ..., tn) then A = A(p) is also a finite
sequence with the A\;’s (i = 1,..,n) given by (2.7)).

The following result characterizes the solution of minimal norm of the
finite moment problem (2.4).

Proposition 2.1. Let p = (u1, po,..) be a sequence of real numbers, let
u € L2(02), and n € N. Then, the following statements are equivalent
(i) w €< g1, .., gn > (the linear space generated by {gi,..,9n}) and

(u,g5) = pj, 1<j<n (2.8)
(i) u satisfies (2.8) and
Jull = min{lol] - © € L3(2) and (v, ;) = g for 1< j <n}.

(iii)

Proof.
(1) & (ii1). Let u €< g1,.,9n >, u = Y5 aje;. Then

n

n
(u, g:) Z (e5,9:) ZajMij 1<i<n,
=1

o (1) oy (0, g0 ))* = My (i, ooy )T

Hence, u satisfies (2.8) <

& My(ar, ey )T = (15 eees i) T

S (a1, ey an)T = Cnlr, ooy pin)T = A1y ey M) T

= U= Z?:l i€

(14) < (741). Suppose u satisfies (i¢). Consider the decomposition u = v+w
where v €< g1, ..., gn >, W €< g1, ..., gn >—. One has

Hence, by the above proof, v = Y7 | A;e;. On the other hand, |v|| < [jul,
and then ||v|| = |Jul| (by (%)). Thus
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[wl® = [lull* = Jv]|* = 0,

Le.u=v=>"" \e;. We have (iii).
Conversely, suppose (iii) holds. Let v € L?(£2) be such that (v,g;) =

1, 7 = 1,..,n. Let Pv be the orthogonal projection of v on < g1,.., g, >.
Then, as above, we have

(Pv,gj) = (v,g5) = pj, 1<j<m,

i.e., Pv satisfies (i). Hence,
Po=Y XNei=u, |uf=|Pv| <ol
i=1
i.e., (i) holds for w. Our proof is completed.

Let u be a sequence of real numbers. For each n = 1,2,.., we denote
by p® = p"(u) the unique element of L2({2) that satisfies the equivalent
conditions in Proposition 2.1. Remark that p™ can be defined by (2.7) and
(#i7), Proposition 2.1 or by (4), Proposition 2.1. Indeed, by putting

n
p"(p) = Zﬁz’gi,
i=1
we have, from (2.8),
n
Zfi(gugj) =uj, J=12,...,n
i=1

This is a Cramer system of linear equations. By the linear independence of
g1, -5 gn, We have
det((gi, 9j))1<i.j<n # 0.

Hence &1, ..., &, are determined uniquely.
In fact, one has
é-T _ G;l,uT

for £ = (51, ~~7£n)7 no= (/~L1’ "'7#774)7 G, = [(giagj)hﬁi,jﬁna where AT
is the transpose of the matrix A. We note that the Gram matrix G, =
[(9i, 9j)]1<i,j<n in the above linear system may be ill-conditioned, depending
on the g;’s. Now, if the g;’s are near-orthogonal then G,, is well-conditioned
(the condition number of G,, is 1 if {g; : i € N} is an orthogonal sequence).
However, G,, may be severely ill-conditioned, in general. For example, in the
Hausdorff moment problem on {2 = (0, 1), the Gram matrices are segments
of the Hilbert matrix ((g;,g;) = (i +j — 1)7',Vi,j € N) and the condition
numbers are very large. In fact, as proved in Section 3 of [Tay1], the condition
number P(G,,) of G,, satisfies

)2 16
P(G,) > [((n';j ~
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We also refer to this paper and the references therein for many interesting
issues related to Gram matrices and their condition numbers. In the case G,,
is ill-conditioned, various regularization methods in numerical linear algebra
can be used to find stabilized approximate solutions for p™(u). However, we
will not get into the numerical calculations of p™(u) here.

The continuous dependence of p™(u) on u is shown in the following

Proposition 2.2. Let u™ = (uj"), p = (p;), m=1,2,..., be sequences of real
numbers such that

Wit — py  asm—> o0, Vj€N.
Then, for each n € N fized,
P (™) — p"(p) in L*(2) as m — oco.

This proposition is a direct consequence of the representation in (i), Propo-
sition 2.1.

2.1.2 Convergence of regularized solutions and error estimates

In what follows, we shall occasionally assume the following approximation
property of V,, =< g1, .., gn > to L?(£2):

For each m € N, there exists C = C(m, 2) > 0 such that for all v €
H™(Q2),
|lv— Py,vl| < Clvllgm@n™™, n=12,.... (2.9)

Here H™({2), m = 1,2, .. are the usual Sobolev spaces on {2 and Py, de-
notes the orthogonal projection of L?(§2) onto V;,. Note that (2.9) is satisfied
if the V},’s are spaces of polynomials or finite element spaces (see e.g. [Ci]).

We now prove the convergence of the approximate solutions p™(u) in the
case of ezact data.

Theorem 2.3. Let i = (u;) be a sequence of real numbers. Then
(i) (2.1) has at most one solution in L*(12).
(i1) A necessary and sufficient condition for the existence of a solution of

(2.1) is that
2

Z ZCijuj < o0. (2.10)

i=1 \j=1
(it3) If w is the (unique) solution of (2.1) then
p"(p) — u in L*(2) as n — oo.
Moreover, if u € H™(§2) and (2.9) holds, then

1" (1) = ull < Cllullgm(@n™, ¥neN. (2.11)
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Proof. (i) is obvious since < g1, g2, ... > is dense in L?(2).
(ii) Let u be a solution of (2.1). We have, for i € N,

(u, ;) = u7zcijgj = ZCZ-j,uj.
J=1 j=1

Hence,
2

o0
Ciju; | = Z(Ua €i)® = |lul* < oo,
1 =1

i=1 \j=
i.e., (2.12) holds. Conversely, if (2.12) holds, then we see, by direct computa-
tion, that

0o %

u = Z Ciij €; (2.12)
1

=1 \j=
belongs to L?(£2) and is a solution of (2.1).

(iii) Let u € L?(£2) be a solution of (2.1). Then u is, by (ii), of the form
(2.12). Hence, from (2.7),
u= Z Ai(p)e;.
i=1

By Proposition 2.1, (iii), we have, for n € N

p" (1) = Py, (u). (2.13)

The convergence of p™(u) to u (in L?(£2)) thus follows from a well-known
property of Hilbert spaces.

Inequality (2.11) is a direct consequence of (2.13) and (2.9). This com-
pletes the proof of Theorem 2.3.

The following theorem shows that in the case of inexact data, solutions
of the finite moment problems (2.8) are stabilized approximations of those of
the original problem (2.1). As usual, we denote by ||zt|loo the sup-norm of the
element p = (p;) of I*°

l1tlloo = sup{|pi = @ € N}.

Theorem 2.4. Let ug € L?(§2) be the solution of (2.1) corresponding to
p0 = (13, ..). For 0 <e<l|lgi|? let

n(e) = [f~H e V2)]  (f is given by (2.17),(2.18)). (2.14)

Then there exists a function n(e) such that 1111(1)7’](6) = 0 and that for all
e—
sequences [ satisfying
1t = 1°lloe <,

we have
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1" (1) = ol < ne).
Moreover, if (2.9) holds and if ug € H™(§2), then

157 () — o] < e1/2 4 ol

(n(e))™
Proof. We have
1" (1) — woll < llp"™ (1) = 2" (W) | + lIp" (1) = wol| (2.15)
We denote by || . ||2 and || . ||eo respectively the Euclidean norm and the
sup-norm in R™, and by || C,, || the norm of C,, = [Cy;]i,j=1,2,...n, regarded
as a linear mapping of (R", | . ||) to (R™, || . ||l2) :

| Co || = sup{[| Co" fl2: v € R, || v oo < 1}.
Hence
™ (1) = " (WO = 11D (i) = Xi(u®))es|
i=1

= [ (i) = A (1), s A1) = A (1)
= Cpr = 13, s i — )"
< NGl = 1, 1 = 1) Tl

< NCall Nl = 1°lloo- (2.16)
Let f be a strictly increasing function of [1,00) onto [|lg1]|~!,00) such
that
[Cnll < f(n), Vn=>1 (2.17)
We can choose, for example,
[t]
FO) =t =1+ = DICH+ll + Y IC 1, (2.18)
j=1

in which,
F) =lCil = llgull ™" f(n) =n—1+> " |ICll,
j=1

and f is affine in each interval [n,n + 1], n € N.
For 0 < ¢ < |lg1]|?, we have € /2 > |lg1|| =" and f~'(¢~/2) > 1. With
n(e) given by (2.14), n(e) < f~'(e='/?) and thus
ch(E)H < f(n(e)) < el/?.
This and (2.16) imply

2" () =™ ()] < €2, (2.19)
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On the other hand,

1/2
™) —woll = | D )] (2.20)
j=n(et1)
Put
) 2\ 1/2
oo J
ne) =+ > (Z Cjiu?>
j=n(e)+1 \i=1
We have from(2.15), (2.19), (2.20),
Ip™ (1) —uoll <m(e), 0 <e< gl

As € — 0, we have f~'(e7'/2) = oo and n(e) — co. By Theorem 2.3,

2

S (L) o

j=n()+1 \i=1

Thus n(e) — 0 as e — 0.
Now suppose ug € H™({2) and that (2.9) holds. By Theorem 2.3,

Ip™ (1°) = uoll < Cllug | gm(yn™™
Together with (2.15), (2.19), this gives
1" (1) = ol < €2 + Clluo| srm () (n(€) ™™

Our proof is completed.

It would be interesting to give some estimates of ||C,, || and a more explicit
form of f(n) (in the statement of Theorem 2.4) using the condition number
of the Gram matrix [(g;, g;)]1<i,j<n. We have the representation

i
9i = E Mijej;,
Jj=1

where, we recall, M;; =0 for ¢ < j and
M, =C;" for M, =[Mili<ij<n.
Hence, using the orthonormality of (e;) one has
(9i:95) = ZMiijk~
k=1

It follows that
G,=M,M" G;'=crc,.
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The condition number of G,, is
P(Gn) - )\maz(Gn)Amaz(Ggl)

where Apqaz(A) denotes the largest eigenvalue of the (symmetric, positive
definite) matrix A. One has

Amaz(Grn) = sup (anT,xT)
llzll,<1

= Sup (MnngTa xT)
=l <1

= sup (Mya", Mya") = M]3
lell, <1

where ||z||2 denotes the Euclidean norm of z € R™ and ||A|2 denotes the
norm of the matrix A regarded as a linear operator on R™ with the Euclidean
norm.
Similary
Amaz(Gr') = [|Call3-
It follows that
P(Gn) = M, 31Call3-

We recall that, in Theorem 2.4,
|Cnll = Sup{HCan”Z :veR", ”vHoo < 1}’
By direct computation, one has
10T Iz < [Callzllvllz < [Callzv/nllv]lo
which implies

n
[Call < VACull < /PTG

Hence, we have a relation between ||C,|| and the condition number of the
Gram matrix G,,.

Let f be a function giving the dimension of the approximation as in
Theorem 2.4 (cf.(2.14)). We shall derive a simplified expression for f(n). To
this end, we first give an estimate of || M ||5. For v = (1,0,...,0) € R", one
has

MIvT = (Mq1,0,...,00" = (||lg1],0, ..., 0) .

Hence
lgall < [IM 0" ll2 < IMTl2llv" |2 = 1M,) ]Iz

and

1Cull < lfnx/man).

We can therefore choose a function f such that

fn) = Y /PG,

ol
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2.1.3 Error estimates using eigenvalues of the Laplacian

In this subsection, with other assumptions on ug, u°, we shall get more
specific error estimates. The subsection is divided into two parts. In the first
part, we shall give some definitions and notations. The second part is devoted
to a derivation of error estimates.

Definitions and notations.

We assume in this section that {2 is a bounded domain with smooth
boundary. It is known that the eigenvalue problem for the Laplacian:

—Au = au in §2,
u=20 on 02

has an increasing sequence of eigenvalues
O<ap<ag<..<a, <.

such that
(i) ap — 00 as n — 0.
(ii) The corresponding sequence of (normalized) eigenfunctions by, b, . . .

is an orthonormal system of L?(2).
For k € N, we put (see e.g. Chap. 3, [Th] or Chap. IV [Mi])

};k (2)={vel*N): i ok (v,bm)? < oo}
m=1

Then H* (£2) is a Hilbert space with inner product

k 7k
V,W) o = g o (U, b)) (W, b)), v, w €H" (12
( ) o) A ( ) ) (2)

and norm

1/2
ol = [0 ]

We need the following property of H* (£2).

Lemma 2.1. Let 2 be a bounded domain in R*. We have
H* (2)={ve H*(Q): Alv =0 on 002 for j < k/2}

and the norms ||.|| o and ||.|| gr (o) are equivalent on H” (£2). Moreover,
H

(£2)

lull o <dlolia,  weH" (2), (2.21)
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with
1/2

lulwe = | D 1Dl

[v|=k

Proof. The first part of this lemma is the content of Lemma 1, Chap. 3,
[Th]. The proof of (2.21) is also based on that of the quoted lemma.
For k = 2p even, we have

ull o = [[APull
H*(02)

= > Dl

[v|=p

< fulzpe 3 Oy

[v|=p

(

== dk/z"’”k,ﬂa

where

p!
cy = m for v = (ki,..,ka).

For k = 2p + 1 odd, we have

d

0
ul|? = [|V(APw)|? n = APy
7, ) = IV = 3 | (40
But by the above proof, for 1 < i <d,
0 ou ou
AP = ||AP <d? <d? .
Haﬂfi( ¥ H (3%) H T 0%l 0 T ebp+1.

Hence,
d
[ul®s <> dPluf} o = d*|ul} o
Hk(£2) i—1
This completes the proof of Lemma 2.1.

Error Estimates

Since e, g, .. is an orthonormal system in L2({2), there exists a unique
linear mapping ¢ of L?(£2) onto L?(£2) such that ¢(e;) = b;, Vi € N. It is
clear that ¢ is a Hilbert isomorphism,

oo

) => (ve)bi, Ve L),

i=1

and that ¢ is fully determined by the set of functions g1, go, . ... We have the

Theorem 2.5. Suppose ug is a solution of (2.1), corresponding to p° =
(19, 149, ...) and that u° satisfies
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> b (> Cyul)? < B (2.22)
i=1  j=1
for some E >0, k € N.
Then, for all sequences p such that
H/L*/‘O”OO < €>0,

we have, with n(€) as in Theorem 2.4,

—k/2

157 (1) — woll < €2 + B2, (2:23)
or equivalently
n(e k/2
1p™ (1) = woll < €2 + d*/?p(uo) /o 42 (2.24)
Proof. For n € N, we decompose 1y = v + w with v = Py, ug. Hence
up —p"(p) = (v —p" (1) + w.
Since v — p™ (i) € Vi, w € V-, we have
n n 1/2
1" (1) = woll = (Ilp" (1) = v[I* + [Jw]|?)
< ™ () = vl + Jlwl]. (2.25)
As in (2.13), we have v = Py, ug = p"(u°). For n = n(e),
1™ (1) = ol = [lp" (") = p" ()| < €2 (2.26)
(see (2.19)).
On the other hand, since for ¢ € N,
(p(w), bi) = (p(w), p(ei)) = (w,e;) =
o ifi <n
| (uo,e) ifi>n
_Jo ifi <n
L (p(uo), by) if i > m,
one has
le()* =D (p(w), b;)?
i=1
= > (p(uo),b:)
1=n—+1
<oyt ai (p(uo), bi)®
i1=n-+1
< apfalle(uo)|% . (2.27)
H ()

< dka;flho(uo)@ﬂ (by Lemma 2.1). (2.28)
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But
oo
2 k 2
Pluo) |« = a; (Uo, €4
[l ( )HHk(Q) ; i (uo, €:)
, 2
oo K3
=> af | D Cij(uo, gy)
i=1 j=1
, 2
oo 3
Sy (o) <
i=1 =1
Hence,

—k/2
lw]| = p(w)|| < Ed*/?a, 1.

In view of (2.25), (2.26), (2.28), this completes our proof.

2.2 Method of Tikhonov

This regularization method consists in approximating (2.1) by coercive vari-
ational equations. We consider three cases (corresponding to three subsec-
tions). In the first case (Subsection 2.2.1), we assume that the exact solu-
tions are in L?(§2). In the second case (Subsection 2.2.2), exact solutions are
in L (22), (1 < o* < 00). Finally, Subsection 2.2.3 gives error estimates
corresponding to the exact solution in H'(f2). As in the preceding section,
we also take L2(£2) as the real L?({2), and likewise we work in the real spaces
LY(2), L* () and H'(12).

2.2.1 Case 1: exact solutions in L2($2)

Statement of the problem.

Before presenting our method of regularization, we first remark that (2.1)
is equivalent to the problem of finding u € L?(£2) such that

with

9 =2"Ngil " gs» B3 =27 gl "My, G=12,

Hence, replacing g;, p; by g;, [ij, we can assume without loss of generality

that
oo
> lgill? < oo
j=1

Let 12 be the usual Hilbert space of real sequences (1, fi2, ..) such that

o0
> luyl? < oo
j=1
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A= </ng1,/9ug2,...>. (2.29)
> (f) <3 (L) ()

Jj=1 Jj=1

= ul*> llg;l?,  Vue L*(12),
j=1

For u € L?(2), define

Since

we see that A is a continuous linear mapping of L?(£2) into [? with

1A <> lgsl*.

j=1
The equation (2.1) thus can be written in the form
Au = p, with = (1, po, ..) € 1%

In what follows (except in Section 2.3.), we do not assume that < g1, ga, ... >
is dense in L?(£2). Thus A may not be injective and (2.1) may fail to have a
unique solution.

The Problem in a Hilbert space setting.

The following results hold for linear equations in Hilbert spaces. Hence
they are stated in an abstract setting:

Let (X, (.,.),|I-) and (Y, (., )y, ||-Ily) be (real) Hilbert spaces and let A
be a continuous linear mapping from X to Y. For u € Y, we consider the
equation

Au = p, u e X. (2.30)

When A~! does not exist or does exist but is not bounded (this is often
the case in moment problems, see ”Notes and remarks” of this chapter), this
problem is ill-posed. We shall regularize it by considering the following family
of coercive variational equations of finding © € X such that

B(u,v) + (Au, Av)y = (u, Av)y, Vv e X, (2.31)
with 8> 0.
The stable solvability of (2.31) is shown in the following

Proposition 2.6. For each § > 0 fized, (2.31) has a unique solution u =
uB () which depends continuously on p €Y.

This is a direct consequence of the Lax-Milgram theorem (cf. Chapter 1).
We only need to remark that
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[ () = (W) < WAL B =K lly,  mop' €Y

Now, since A : X — Y is linear and continuous, we know that the adjoint
operator A* : Y — X is also linear and continuous. Moreover, A*A is a
positive, self-adjoint operator in X. By Theorem 1.8, there exists a unique
positive, self-adjoint operator C' : X — X such that C? = A*A. The following
result shows that we can regularize (2.30) by the solutions u(u) of (2.31).

Theorem 2.7. Let ug € X, u° € Y be such that
Aug = pi°. (2.32)

(a) Suppose ug = A*py for some puy € Y. For e > 0, we choose B(e) = e.
Then, if p € Y satisfies
= 10lly <€ (2.33)

we have 1
17 () = woll < GO0+ aally e .

(b) Suppose ug = Cuy for some uy € X. Fore > 0, we choose (B(e) = /3.

Then, for all p satisfying (2.33), we have

1™ (1) = woll < (A] + [lua || /V2)e /2.

Proof. Equation (2.32) gives
(Aug, Av)y = (u°, Av)y, Vv e X.

Subtracting this from (2.31), and letting v = u — ug in the equation thus
obtained, we get

Bllu—uoll* + [ A(u — uo) |3 =
= (pu—p®, A — ug)) — Blug,u — ug). (2.34)

(a) We have in this case

RHS of (2.34) = (1 — i, A(u — u0)) — Blp1, Alu — up))
(= °lly + Bllanlly) 1AG = uo) v
1

2
7 (=2l + Bllunlly)” + A = wo)ll3-

IN

IN

For 8 = ((e) = ¢, one has

[u” (1) — ol = [[u — uo|
< 2\% (e = plly + Bllpally)
1

IN

T\ﬁ(e + ellplly)

1
= 30+ il ).
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(b) Noting that

1A = uo)ll3- = (A" A(u — o), u — uo)
= (C*(u—uo),u—ug) = [|Clu—muo)ll?,

we have, from (2.34)

Bllu—uol* +[|C(u — uo)||* <
< Al e = 6l llu = wol| + Bl (us, C(u — uo))]

16 1
< Sl = ol g5 A - w0l +
2 2 2
P + 10— wo)

Thus
2

Ié; 1
gl = ol < %IIAHQII# = 1015+ P,

ie.,
1 3 1/2
= woll < (A1l = 2 + S hua?)
1 1/2
< (B + Sapers)
<Qmu+]wwm)é@
V2

This completes the proof of Theorem 2.7.

The Moment Problem in an L?(f2)-setting.

33

We now consider the particular case of the moment problem (2.1), i.e.,

when A is given by (2.29), X = L?(2), Y =%
In this case, A* is given by

o
A =" pig;, pel?
=1

(2.35)

In fact, one can check that the latter series is convergent in L?(§2). Moreover,

for u € L*(£2),

> wigiu | = ni(Au);
j=1 j=1
= (‘LL,A'UJ)lz = (A*,u,u)

which proves (2.35).
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The relation (2.35) implies that

oo

A Au = Z(u,gj)gj.

Jj=1

Hence (2.31) becomes

B/QUUJrg:l(/QUgj) </Qvgj)_§#j (/Q’Ugj>a Vo € L*(2),

or in equivalent form

5“+Z (/ Ugj) g; = Z,Ujgj a.e. on {2.
j=1 2 j=1

We now check that the condition A*p = ug in Theorem 2.7 is equivalent
to the following:

pd = "ui(gig;), i=1,2,., p1=(ul,p3,.) €
j=1

Indeed, if A*py = ug, p1 € 2 then for i € N,

M? = (ungi)
= (A1, 9:)

o0
> 1595, 9i
j=1

= 195, 9)-
i=1

Conversely, if these equalities hold for all i=1,2,.. then it is easily seen that
(A*,ul - u07gi) = 07 Vi e N7 i'e'a A*,ul = Uop-

Concerning the condition in (b) of Theorem 2.7, it is more convenient
to use the spectral decomposition of A*A. As noted above, A* A is positive

and self-adjoint. Let us check that A*A is a compact operator from L?(2) to
L?(£2). Assume u,, converges to u weakly in L?(§2). We need to show that

A*Au, — A*Au  (strongly) in L*(12). (2.36)

In fact, it follows from the weak convergence of (u,) that

/ungj —>/ ug;, (2.37)
0 19,

for each j € N. Also, M; = sup{||u,|| : n € N} < co. Let € > 0. Since
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o0
> llgsl? < oo,
j=1

there exists ng € N such that

oo
> llgl? <e

Jj=no

On the other hand, from (2.37), there exists ny € N such that

)

|<un—u,gj>|=\/ ungy — [ gy <
0 2

for all n > nq, all j in {1,2,...,n9 — 1}. Put My = sup{||g;|| : j € N} < o0.
For n > ny, we have

||A* Aw,, — A% Aul| = Z —u,9;)9
i=1

o0

M

—u, ;)| [lg;ll
j:

< Z = u,95)| llg;ll + Z [n — ullllg;11?
Jj=1 Jj=no
oo
< Ma(no — e+ un —ul Y llg;]1?
j=no

€(Ma(no — 1) + (M + [|ul])).

This shows (2.36) and thus the compactness of A*A. By the well known
spectral theorem for self-adjoint compact operators in Hilbert spaces (cf.
Theorem 1.7), A*A has a sequence of eigenvalues {A\, : n € N} and a
sequence of eigenfunction {e, : n € N}, which forms an orthonormal basis
of L?(2). Note that since A* A is positive, \,, > 0 for all n € N. We put

I={neN: \, =0}

Note that I # ) if the set spanned by {g; : j € N} is not dense in L?({2).
For each u € L?(£2), u has the expansion with respect to {e, : n € N}

e’}
u = E Ujigj,
j=1

where u; = (u,e;). A*Au is written as a Fourier series

A*Au = Z)\jujej = Z)\j(u, ej)e;

Jj=1 JEI
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We show that C'u (C is the square root of A*A) is given by

Cu= Z A;/Q(u, ej)e; (2.38)

j=1
In fact, it is easy to check that the operator Cj defined by the right hand
side of the equation in (2.38) is well defined, linear, self-adjoint, and satisfies
Cgu = C()(CQU) = Z )\jujej = A*Au.
j=1

From the uniqueness of the square root operator, C = Cy and we have (2.38).
From that equation, we immediately have Ce; = /\jl./ 2ej for all 7 € N.
The condition ug = Cuy in Theorem 2.7 (b) is now equivalent to

(Uo,ej) = (Cul,ej) = (ul,C’ej) = )\;/2(114763‘), fOT all ] € N.
This is equivalent to
(ug,e;) =0 forall j €N (2.39)

and o
(uve;) = A; (o, ej),  forall j & 1.

By the Riesz-Fisher theorem (see Theorem 1.6 ), the sequence ((u1,€;))jen
determines a function in L?({2) (with respect to the orthonormal basis (e;))

if and only if
o0
D (1,
j=1

Therefore, ug = Cuy for some u; € L%(£2) if and only if (2.39) holds and

E )\ u07ej < o0.

JEN\I

Note that (2.39) is equivalent to ug L Ker(A*A).

2.2.2 Case 2: exact solutions in L* (£2), 1 < a* < oo
So far, we have considered moment problems in L?(£2) (cf. Eq. (2.1)). It turns

out that moment problems can in a natural way be formulated in L*({2) for
1 < @ < 00. The problem is then to find a function w in L* (£2) such that

[ sy =, i=12 (MP)

Here a* is the conjugate exponent of «, (2 is as before a bounded domain
in R, g1, 92, .. is a given sequence of functions in L%(2) and puy, o, .. is a
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sequence of real numbers. The problem is most conveniently formulated as a
linear equation in a reflexive Banach space.

The problem in a Banach space setting.

We consider the equation (2.30) where (X, |.||), (Y, ||.||)y are reflexive
Banach spaces, and A: X — Y is linear and continuous.

By known properties of reflexive Banach spaces (see e.g. Ch. 2, [Li]), there
exists a norm ||.||p on X (resp. ||.||1 on Y) which is equivalent to ||.|| (resp.
Illly), such that (X, ||.]lo) (resp. (Y, ||.|[1)) is strictly convex.

We have, in this case, the following results (see e.g. Sec. 2.2, Ch. 2, [Li])

(1) (X, [lllo) (vesp. (¥, [l[l1)) and its dual (X, |.[l5) (resp. (Y, |[.[I7))
are strictly convex .

(i) If x,, = « in X-weak (resp. y, — y in Y-weak) and ||z,|0 — ||zlo
(resp. ||ynlli — llyll1) then &, — = in X-strong (resp. y, — y in Y-strong).

(iii) For each = € X (resp. y € Y) there exists a unique J(z) € X* (resp.
L(y) € Y*) such that

17@)ll5 = lzllo and < J(x),2 >= |l=[l3

(resp.
LW =yl and < L(y),y >= lly[?)-
Here, we use < .,. > to denote both the pairings between X, X* and
Y, Y*.
The mapping J : X — X* (resp. L : Y — Y™*) is called the duality
mapping corresponding to ||.|lo (resp. ||.]1). We know that J (resp. L) is a
homeomorphism of X onto X* (resp. of Y onto Y*).

For 8 > 0, consider the following problem of finding u € X such that

B < J(u),v>+ < L(Au), Av >=< L(u), Av >, YvelX. (2.40)

Proposition 2.8. For each § > 0 fized, (2.40) has a unique solution u =
uP(n) depending continuously on .

Proof. From (i)-(iii), we see that 8J + A*LA is coercive and strictly
monotone from X to X*. The existence and uniqueness of a solution of (2.40)
thus follow from well-known results concerning variational inequalities (see
e.g., Theorem 8.2, 8.3, [Li]). We now prove the continuous dependence of
u () on . Suppose by contradiction that there is a sequence (u™) C Y such
that 4™ — p in Y and that

[ (5") — w0 > e >0, V. (2.41)
Put u, = v?(u") and let u = p", v = u, in (2.40). We have

Bllunll + | Aun ]| = < L(p"), Auy >
[l [ [[nlo [ Al

IN
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(J|A|| is the norm of A : (X, ||-|lo) = (Y, ||-]l1))- Since (u™) is bounded, so is
(u). Hence we can take a subsequence (u,, ) C (uy) such that

Up, — U in X —weak. (2.42)

Letting p = p™, v = up, — uo in (2.40), we get
B < J(un,), Un, —ug >+ < L(Auy, ) — L(Aug), Ay, — Aug >

=< L(p"*) — L(Aug), A(tn, — up) > . (2.43)
But from (2.42), Au,, — Aug in Y-weak, and thus, from L(u™) — L(u) in
Y -strong, one has
< L(p"™*) — L(Aug), A(upn, —ug) >—0 ask — oo.

Letting k£ — oo in (2.43), we obtain

limsup < J(un,) — J(u), Un, — ug >=
= limsup < J(un,), Un, —uo >< 0. (2.44)

But, it is easy to check that

< J(un,) = J(uo), tn,, — o > = (|[un, [lo — uoflo)*
+ (T (un)llolluollo—= < J (uny.), uo >)
+ (1 (wo)llolluni o= < T (uo), uny, >)

> (|luny o = lluollo)?.

Hence
[tnillo = lluollo, &k — oo

This, together with (ii) and (2.42) gives
Up, — Uy n X — strong. (2.45)

Now, letting ¢ = p™* in (2.40), and letting k — oo, taking account of this
limit, we have

B < J(ug),v >+ < L(Aug), Av >=< L(u), Av >, Vv e X,

i.e., ug is a solution of (2.40).

By the uniqueness of the solution of (2.40), we must have ug = u” ().
This and (2.45) contradict (2.41), which completes the proof of Proposition
2.8.

An error estimate

Since A may not be one-to-one, the set of solutions of (2.30) may contain
more than one element. But this set is closed and convex in X. Hence, by the
strict convexity of ||.||o, it can be seen that if (2.30) is solvable then it has
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a unique solution which minimizes ||.||o. In the following theorem, we show
that this solution can be approximated by those of (2.40).

Let u° € Y be such that (2.30) with g = u° has a solution. Let ug be its
solution with minimal [|.||o-norm. Let ¢ be the modulus of continuity at u°
of L (which, we recall, is the duality mapping as in (2.40))

o(t) =sup {|L(w) = LT+ lu—p’ <t}, t>0.

The function ¢ depends only on L and p®. We have o(t) > 0, Vt > 0,
and o(t) - 0 ast — 0.

Theorem 2.9. Let B(e) = [p(e)]*/? (¢ > 0). Then, for each n > 0, there
exists an € > 0 such that for all p € Y satisfying || — p°lly < €, we have

1™ (1) = uoll < 1.

Proof. Suppose by contradiction that there exist an 7y > 0 and a se-
quence (p") C Y such that

|u™ — pllly < 1/n and ||u, — uol| > no, Vn.
Here u,, = u®/™) (u™). Letting pn = ™, v = u, — ug in (2.40), one has
B(1/n) < J(up), tn —ug > + < L(Auy,), Au, — Aug >

=< L(p"), A(up —ug) > . (2.46)

Since
< L(Aug), A(un —ug) >=< L(po), A(un — ug) >,

we get

(p(1/n)) /2 < J(un), un —uo > + < L(Au,) — L(Aug), Au, — Aug >

< L(Mn) - L(MO>7A(un - UO) >
1L (sn) = LGOI AN n — wollo
%(@(1/71))71“&(“”) — L(p")[7)* +
+%w(1/n)||AH2(||un||o +|uoll0)?

IA

IN

1
< 5e(1/n) + @(1/n) AP ([lun 5 + luoll5)
(remark that

IL(™) = L)} < e(llu™ = 1°lly) < e(1/n)).

Hence, by the monotony of L, we have
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1
< J(un), un —uo >< S (p(1/m))"% + (p(1/n) 2| Al (fun 1§ + [[uol?)-
(2.47)
For n sufficiently large (so that (¢(1/n))Y/?||A||?> < 1/2), we have
lunllg =< J(un), un >
1 1
< S p(1/m)"2 + S (lunld + luolI3)+ < J (un), uo >
1 1
< S (p(1/m)"2 4 S (llunllg + luoll3) + lunllofluollo
1 3 3
< S(e(/m)% + Zllunl§ + 5 luol.

This means that (u,) is bounded in X. Taking account of (2.47), we get

lim sup < J(uy), un —ug >< 0. (2.48)
But
< J(up), Uy —ug > = ||un||g— < J(un),uq >
> [Junllo([[unllo = [luollo),
i.e.
[unllo = lluollo > lluollg* < J(tn), un — uo > .
Hence
limsup(|[unlo — fluollo) > 0,
ie.,

lim sup ||unllo > |luollo- (2.49)

On the other hand, by the boundedness of (u,,), we can choose a subsequence
(tun,) C (uy) such that

Up, = u*  in X —weak. (2.50)
It follows that
Aup, — Au* inY —weak (2.51)
and that
[lw*]lo < liminf ||un, ||o- (2.52)

Now, letting u = p™, v = uy,, —u* in (2.40) (with 8 = G(1/nk))we have,
for all k,

((1 /)% < J(un, ), tin,, — u* > + < L(Auy, ), Au,, — Au* >

=< L(u™), A(tp, —u™) >.

Since (uy,,) is bounded, 3(1/nx) — 0 and L(u™) — L(u°) (strong) as
k — 0o, we have

(e(1/r))? < J(tn,), tn,, — u* >— 0 as k — oo

and
< L(p"™*), A(up, —u*) >—=0 as k — oo.
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Now, letting k& — oo in the latter relation, we obtain
lim < L(Auy, ), A(up, —u*) >=0.
Arguing as in the proof of (2.45), we have from (2.51),
A(un,) = Au*  in'Y — strong. (2.53)

Consequently,
L(Auy, ) = L(Au™)  inY — strong.

Now, letting p = u™, 8 = B(1/nk) in (2.40) and then letting k — oo,
one gets

< L(Au*), Av >=< L(p°), Av >=< L(Aug), Av >, Yov € X.
With v = u* — ug, this gives
< L(Au*) — L(Aug), Au™ — Aug >= 0.
Since L is strictly monotone, this implies
Au* = Aug = 1°,

i.e., u* is a solution of (2.30).
On the other hand, we have, by (2.49) and (2.52),

lu*lo < [luollo-

By the definition of u, one must have u* = wug. Using arguments similar to
those leading to (2.53), we obtain from this, (2.48), (2.50), that

Up, — Uy N X — strong.

But this contradicts the choice of (u,) and completes the proof of Theorem
2.9.

Remark 2.1. When Y is a Hilbert space, L = Iy is the identity mapping of
Y. Hence ¢(t) =t (t > 0) and in Theorem 2.9, 3(e) = /e (e > 0).

The moment problem in an L% (2)-setting.

We now consider the moment problem in L*({2), 1 < o < 00, and state
it as follows.

Let g1, g2, ... be a linear independent sequence of functions in L¥(f2). Let
w = (p1, p2,...) be a sequence of real numbers. We are to find a function
u € L* () (a* is the conjugate exponent of a) such that

/ngj =p;, jEN. (2.54)

By dividing both sides of (2.54) by appropriate constants (as in the beginning
of Sec. 2.1.), we can assume in addition that
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oo
Z ||9j||2La(rz) < 0.
j=1

Under these conditions, one can check that the operator A defined by (2.29)
is linear and continuous from L% (§2) to ?. In this case, X = L% (£2) is a
uniformly convex Banach space with the usual norm ||.HLQ*(Q), ie.

[-llo = [l = [l e () -
The duality mapping
J: LY(2) = L) (= L (2)])
is given by

J() = ol 2L DO Vsgno, for v#£0, J(0)=0, ve L ().

On the other hand, Y = [? is a Hilbert space, and as remarked above,
L(y) =y, Yy € Y and B(¢) = /e (e > 0). Theorem 2.9 gives us a stabilized
approximation of the solution ug of (2.54) which minimizes the usual norm

Ize (2)-

2.2.3 Case 3: exact solutions in H!(2)

In this subsection, we regularize (2.1) by variational equations similar to
(2.31). We assume here that < g1, g2, .. > is dense in L?(£2). Hence A (defined
by (2.29)) is one-to-one from L?(£2) to I2. We denote by (.,.); and ||.|[; the
usual inner product and norm on H'(£2).

For 3 > 0, consider the following problem of finding u € H!(§2) such that
Blu,v)1 + (Au, Av)e = (u, Av);2, Yo € HY(2). (2.55)

The following stability result is similar to Proposition 2.6 and Proposition
2.8, and its proof is omitted.

Proposition 2.10. For each 3 > 0, (2.55) has a unique solution u = uP(u)
which depends continuously (with respect to ||.|[1) on u € I2.

Now, since A is injective and since the embedding
HY () — L*(0)
is compact, we claim that the mapping
¢ : [0,00) — [0,00)
defined by

o) =t+ sup 2], >0, (2.56)
x€B(t)

B(t)={z e H(2): |z|1 <1 and |Az|;2 < t}, t>0.
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is increasing, and continuous at 0, and ¢(0) = 0. In fact, for 0 < ¢; < to, if
x € B(t1) then
Jally <1 and [ Aalli <t < s,

i.e.,, x € B(t2). Hence B(t1) C B(tz), which gives

sup |[lzf < sup |lz]].
r€B(t1) zE€B(t2)

From the latter inequality, we get

pt1) =t1+ sup |[lz|| <ta+ sup |zf = ¢(t2),
z€B(t1) 2€B(ts)

i.e.,  is increasing. We now prove that ¢(0) = 0. If z € B(0), one has by
the definition of B(t) that Az = 0. Since A is injective, the latter equality
implies z = 0. Hence, B(0) = {0} and ¢(0) = 0+ sup,¢ p(g) ||z[| = 0. Finally,
we prove that ¢ is continuous at ¢ = 0. Suppose by contradiction that ¢ is
not continuous at ¢ = 0. Then, there exists a sequence (t,) of nonnegative
numbers and an ¢y > 0 such that

t, 40 and ¢(t,) > € > 0. (2.57)

By the definition of ¢, for each n we can find an z,, € B(t,) such that

@(tn) =t + ||lznll + % (2.58)
Letting n — oo in (2.57), (2.58), we get
liminf [[z,,[| > €o. (2.59)
On the other hand, since the embedding
HY(92) — L*(2)

is compact, we can find a subsequence (z,, ) C (z,,) and an 2o € L?({2) such
that x,, — zo in L?(£2). Noting that

1
1Az 2 < -

we get after letting k — oo in the latter inequality that Azg = 0, which gives
xo = 0. This contradicts (2.59). Hence ¢ is continuous at ¢t = 0.

The following theorem gives a regularization of (2.1) by the solution of
(2.55)

Theorem 2.11. Suppose the solution uy of (2.1) corresponding to p = u° is
in HY(£2). Then, by choosing B = B(e) = ¢, 0 < € < 1, we have, for all p
satisfying
e = 10llz <,
the estimate
[ (1) = o]l < (1 + [[uoll1)p (/).
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Proof. Since H(£2) is dense in L%(£2), (2.1) (with u = ug, p = u°)
implies
(Aug, Av)z = (p, Av)z, Yo € HY(R).

Subtracting this equality from (2.55), and letting

w= (), v =u— g, B=Ble) = €,

we get
ellu — uoll} + [[A(u — uo)|72 =
= (=% Alu = u))p2 + e(ug, u — uo)1
<l = 102 | ACw = uo) iz + €lluollflu — uollx
1
< 1”/1 —p0 + I A(u — uo) I +
1
+§€(||U0H§+ lu — uol|7). (2.60)
Hence
2 1 2
lu—uollf < Zet [[uolly
<1+ [Juoll}
< (L+ [uoll)?,
ie.,
Ju—uollr <1+ [luolr- (2.61)

On the other hand, one can check from (2.56) that ¢ is strictly increasing
from [0, 00) onto [0, 00), and that

2]l < e (llAzli2),

ie.,

[Az]lie > o7 (), Vo€ H'(2), [lzlly < 1.
By (2.61), we have ||z||; <1 with

v = (1+ uolls) ™" (u — uo)

In particular,

1 -1 . , > ol [[u—uoll1) ) )
(1 ol A = o)l > o7 (Aol (2.62)

On the other hand, it can be seen from (2.60) that
ellu — uoll§ + | A(w — uo)ll> =

1 1
< sl = w0l + 5 1A = wo)lE +

1
+Z€||Uo||f + €llu — uo |3
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Hence
2 2 1 2
[A(u —uo)lljz < € + §€||U0||1
< e(1+ [JuollD),

ie.,
1w = wo)lliz < €/2(1 + fluo]r)-

This and (2.62) imply
o1 (”U_“OHl)) < 61/2,
1+ [uollx

lu = ol < (1 + [luoll1)p(e!/?).
Theorem 2.11 is proved.

that is,

Remark 2.2.

(i) We can replace H!'(§2) by H™(£2) in Theorem 2.11 without any notable
change. By choosing m > 1 such that H™(£2) < L (£2) is compact, we can
apply the above arguments to the moment problem in L*({2).

(ii) Since they are coercive, the variational equations (2.31), (2.40), (2.55)
can be solved by the usual Galerkin method. Detailed discussions can be
found, e.g., in [Ci].

2.3 Notes and remarks

At the beginning of the chapter, we gave two examples of moment problems,
namely, the Hausdorff moment problem and the trigonometric problem. Fol-
lowing are a few more examples. Consider the problem of finding « in L?(R.,.)
satisfying the sequence of equations

/ u(z)e "dx = py, n € N. (2.63)
0

where (u,) is a given real sequence. Then the mapping A associated with
this moment problem

(Au)(n) = /000 u(z)e "dx, necN

takes L?(R.) into (2. Indeed, by a result of Hilbert and Hardy [DS], p.533,
the mapping Ag defined by

(Aou)(p) = /000 u(z)e Prdx, p>0 (2.64)
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takes L?(R.) into itself, from which it immediately follows that A takes
L?(R;) into [?, as claimed.
Now consider the Stieltjes transform
< o(t)dt
o T+t

(Ag)(z) = > 0. (2.65)

The function A¢(z) can be extended to a complex analytic function on a

strip about the positive real axis of the complex plane. Hence if (z,,) is any

bounded sequence of positive numbers such that z; # x; for ¢ # j, then the
moment problem

< g(t)dt

0o Tntt

= Un, n €N, (2.66)

admits at most one solution in L?(R.).
Now let
A:E—F

be a continuous injective linear map of a Banach space E into a Banach
space F (both E and F are infinite dimensional). If A is compact then A~! :
A(F) — F is unbounded. As we will see below, there are infinitely many
examples of noncompact maps A such that A~! is unbounded.

Our first example of a noncompact operator A such that A~! is un-
bounded is the Fourier transform F of L!(R) into Cy(R), the Banach space of
functions continuous on R vanishing at infinity endowed with the sup-norm
topology

F: LYR) — Co(R)

Fft) = /_OO f(x)e " dx.

We first have that 7! is unbounded. Indeed the range of F is a dense proper
subspace of Cy(R) and thus by a theorem of Banach F~! is not continuous.
We show next that F is noncompact. Indeed, consider the sequence f,(z) =
Xin,n+1](2) Where X[ 5, 41] is the characteristic function of [n,n +1]. We have
| fallLrr) = 1. We claim that the closure of {Ff,} is noncompact. In fact

writing fn for Ff,, we have

R n+1 . ) 1 _ e_it
fn= / R (zt) . (2.67)
n

Suppose by contradiction that there exists a subsequence (f,,) such that

(fn,) converge to a g in Co(R). Then for each interval (a,b) C R, we have
that for all ¢ in L?(a,b),

b —q b
/ et (T) o(t)dt — / godt  for n — oo

On the other hand, we have

b ) 1— —it
/ et <2te> o(t)dt — 0 for n — oo
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It follows that .
/ gpdt =0  for all ¢ € L*(a,b).

Thus g = 0 on (a,b). Since (a,b) is arbitrary, we deduce that ¢ = 0 on R,
and hence that .
fu, — 0 in Cy(R) for k — oo.

Therefore .
| frxlloo — 0 for k — oo. (2.68)

By (2.67) .,
1—e

= const >0
it

1 lloo = sup]
teR

which contradicts (2.68). This contradiction shows that (f,) is not compact.
We conclude that F is a noncompact map.

Concerning the operator A of the Hausdorffl moment problem taking
L?(0,1) into [?, it is known that A~! is unbounded. B. Hofmann [H] has raised
the question whether A is or is not compact. The answer which is negative is
given by A. Neubauer to whom we owe the counterexample x,(t) = /n t".

For completeness, we show that A~! is unbounded. In fact, consider the
operator A : L?(0,1) — [? defined by

Au = (IU’O?/"LI? )
with

1
pk:/ Fu(z)de.
0

We claim that A~! is unbounded. In fact, let u,(z) = z~1/2"m2/p p =
1,2,.... Then

1
W = / xk—l/?—lnx/pdx
0

_/oo —t(k1/2) 1 fp gy < L
A S k+1/2

Hence,
[e%e} 1 -2
| Awy ]2 g;_()(k—&-?) <oo Vp>D0.

But we have after some computations

o0
||upH%2 = vp/2/0 efyzdy — o0 for p— 0.

It follows that A~! is unbounded (cf. Inglese [In]).
On the other hand, A is not compact. In fact, let z,(t) = \/nt", n =
1,2,.... Then all z,, € L?(0,1). We shall prove that z,, — 0 as n — co and
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Az, |z —
sl — [ 1oz >0

It will then follow that A is not compact.

We first prove that z,, — 0 in L?(0,1) as n — oco. Indeed, let ¢ € L?(0,1)
and let 0 < 6, <1, §, — 0 as n — oo, be a sequence of numbers to be
specified later and let

on(t) = @(t) for 1 -4, <t <1,
=0 for 0 <t <y,

Then

1 1- 5n
/ xn(t dt = / Vnt"p(t)dt
0 0 72
1-6, 1/2 1 1/2
</ tz”dt> lellze + (/ ntQ"dt> llonllL2
0 1-6,,

(1 n+1/2

IA

lellzz + llenllze-
Now, for the choice §,, = 1/4/n, one has

1
lonl2: = / lo(t)2dt = 0 as 1 — oo
17

n

and
(1-0,)""Y2 50 asn— oco.

It follows that x,, — 0 in L%(0,1).
On the other hand,

1
o= Az, = [ tF t”dt:i.
fin = (A, ) / vttt = —

Hence,

A% =
4ol = 13 T

oo

B 1/n
n Z (14 (k+1)/n)

— as m — 00.
/ 1+9c2

From the above argument, it follows that A is not compact as claimed.

We conclude with an example of a moment problem of the form (0.2) of
the Introduction, corresponding to 2 = (0,27), g, (t) = e, i.e.,
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2T
/ €intd0'(t) = Hn, n=0,1,2,.. fin = C—n, (269)
0

where the unknown function o(¢) is a nondecreasing function on [0, 2x]. This
is a trigonometric moment problem, a special case of which was given in (2.3).
Trigonometric moment problems are discussed in, e.g., [AGl], [RN], [Kr]. We
have

Proposition 2.12. (i) Suppose there exists a nondecreasing function o(t) on
[0, 27] satisfying (2.69). Then the nonnegativity of the trigonometric sum

n==k
Y &e™, k=0,1,2,..., forall t € 0,27],
n=—=k

implies the inequality

n=~k
Z Entln > 0.

n=—k

(ii) Suppose that for any real number x, the expressions
S (1)
n=—k

are nonnegative. Then there exists a nondecreasing function o(t) on [0, 2]

satisfying (2.69).

A proof of the preceding proposition is given in [AGI] where the problem
of the number of solutions of (2.69) is also discussed.



3 Backus-Gilbert regularization of a moment
problem

3.1 Introduction

In Chapter 2, we presented two methods of regularization for the moment
problem, namely, the method of truncated expansion in L?(£2) and the
method of regularization by coercive variational equations (the Tikhonov
method) in LP(§2),1 < p < co.

In the method of truncated expansion of Chapter 2, we used an orthonor-
malization of the system (g,). In the present chapter, we also use truncated
expansion, however, the approximate solutions, instead of being built from
an orthonormalized system, are constructed as combinations of some pre-
determined basis functions (called the Backus-Gilbert basis functions). The
natural framework for this method is an LP(§2) space for 1 < p < oco. In
Chapter 4 (Notes and remarks) we shall apply the Backus-Gilbert method
to regularize the Hausdorff moment problem in an LP-setting, 1 < p < oo.
Thus we shall consider the problem

(MP) Find a function u in LP(2) such that
/QU(y)gj(y)dy =p,  J=12..,

where (2 is a bounded domain in R?, ¢ is the conjugate exponent of p, 1 <
p < 00, g1, g2, ... is a given sequence of functions in L((2) and (u1, pa,...) is
a sequence of real numbers.

We shall briefly go over the motivation of the method and, for illustra-
tive purposes, calculate explicitly the Backus-Gilbert solutions in a standard
Hausdorff problem for some standard choices of the parameters therein.

Let vq, ..., v, be functions defined on (2. Let A and B be the linear oper-
ators defined by

Au = (/Q U(y)gl(y)d%---7/(ZU(y)gn(y)dy),

(u is in an appropriate function space) and

By(p) =u" =Y pjv; (n=(p1,..., 1) €R").
j=1

The Backus-Gilbert method is to find the functions v = (vy,...,v,) mak-
ing the composition B, A as close to the identity mapping as possible. The
approximation B, Au of u is related to the original function u by the equation

D.D. Ang, R. Gorenflo, V.K. Le, and D.D. Trong: LNM 1791, pp. 51-81, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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B, Au(x / Zgj u(y)dy. (3.1)
The resolvent function (also called the averaging kernel) is thus

z,y) =Y 9;(y)v;(x)
j=1

If Sv(x, y) approximates the Delta function §(z —y) (in an appropriate sense)
then we hope that B, A is close to the identity mapping. The Backus-Gilbert
method aims to minimize the ”spread” of 0, (x,y) (that is, to maximize the
resolving power). For this purpose, Backus and Gilbert (see [KSB], [HSo],
[BG]) proposed a measure of this spread of é,(z,y) (at each value of z) by
the convolution-type integral

- / & — Y2, y)d
2

B,Au=u for u = const (3.2)

In fact, we shall find v such

and that
| By Au(x) — u(x)| is as small as possible for each = € (2.

One has in view of (3.1), (3.2)

Z e / y)dy =1 (3.3)

and
B, Au(x) — u(z) = B,Au(x) — u(z) B, Al
= [ () = u@))é, (.

Using standard arguments of functional analysis, we get, from the latter
equality, the ”spread” of d,(z,y) as

sup | By Au(z) - u(z)[? = /Q & — 520 (@, )2y = S7(v)

UELy
|u
L, {uEC’ / |y—x\2 ygl .

Hence, one has

where

min S”(v) = min sup |B, Au(z) — u(z)|?
v v UELT
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where v satisfies (3.3). For fixed n, the functions v?, i = 1,...,n, (V" =

(v}, ..., vl)) satisfying the foregoing minimization procedure are called the

Backus-Gilbert functions (see Sect. 3.1. for details). The solution u of the
problem (MP) will be approximated by

n
u" = BynAu = Z,ujv?

Jj=1

(called Backus-Gilbert solution).

Now, we present an example in which the Backus-Gilbert functions are
calculated explicity. We consider the Hausdorff moment problem on {2 =
(0,1), that is g;(y) =y’ for y € (0,1), j € N. Accordingly, the functional
S™ and the constraint (3.3) become

2

1 n
S(v) = / =y S vt | dy
j=1

and

Let
y=(1,1/2,..,1/n)T e R®

and let G(x) be the n x n matrix with entries

1
Gij(z) :/ (z—y)Py' "y dy
0
1 ) 2 1
— T = ——r+ ——
1+7—1 1+ 1+j+1

(i,5 € {1,..,n}).

Using the Lagrange multiplier rule, we see that the constrained minimization
problem
min 57 (v)
for v satisfying (3.3) is equivalent to the problem of finding (v,\) € R**+!
such that
Gx)v+Av=0
{ vy =1

that is, (v, A) is the (unique) solution of the linear system

Gx) v\(v)_ (0O

AT 0 A1
(cf. [KSB], [HSo]). Also, according to Lemma 2.2 in [KSB], for each n € N,
the Backus-Gilbert functions v;(z) = v7(z) (j = 1,...,n) are rational func-
tions whose numerators and denominators are polynomials of degrees at most
2(n — 1). The denominators have no zeros in (0, 1). Therefore, the approxi-
mate solutions u™(z) are always rational functions with no singularities on
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(0,1). Using the latter linear system, together with interpolation and other
numerical methods, one can find the functions v}'. For example, in the case
n = 4, the Backus-Gilbert solutions are:

v4(x) _ 188225352845 +5852x% —5208z% 4262522 —7002+75
1 — 27 4412°—132325+16032%— 100125+ 34322 — 63216

vi(z) =7 1262° —5042* 4+8363° —6545>+2250—25
2 44125—-132325+16032z% —10012°+34322—632+6

v4(33) _ 21 1262* —5042° 456622 —22424-25

3 — "2 24126-1323z5+160321—100123 +34322 —637+6
3 2

v ( ) 126 14z° —21z“+9z—1

4 - 44125132325 +1603x1— 100123134322 — 63246 °

For further illustrations, let us calculate the Backus-Gilbert approximation
u*(x) for the (original) function

u(z) =e®, x € (0,1).
The moments are, in this case,
M1 :e_lalu2:17/’(‘3:€_27

e = —2e+ 6, us =9e — 24, ug = —44e + 120, ...

and the Backus-Gilbert approximation is the rational function

[882(e — 1)x% + (5292 — 3528¢)x° + (8498¢ — 18200)x*

u'(z) =

l\')\»—l

+(59248 — 22848¢)2” + (5095¢ — 673052)z>
+(26866 — 9940¢)x — 2987 + 1104¢]
x (4412* — 13232° + 1603z — 10012> + 34322 — 632 +6) !

The remainder of the chapter consists of two sections. In Section 3.2, we
extend the concept of Backus-Gilbert solution (henceforth, also written BG
solution, for short) to the case where ¢ € (1,00) and the exponent of the
weight function is a positive real number (Sect. 3.2.1). In Sect. 3.2.2, the sta-
bility of BG solutions is proved. Section 3.3 is devoted to our regularization
of (MP) via the Backus-Gilbert solutions. Some preliminary lemmas are pre-
sented in Sect. 3.3.1. For the proofs of these lemmas, we have used ideas from
[KSBJ. Sect. 3.3.2 contains the main results of the chapter, namely Theorem
2 and Theorem 3, which give stability estimates for the BG solutions. The
paper concludes with Theorems 3.6 and 3.7, which extend Theorem 3.1 and
Theorem 4.2 of [KSB]. Compare also [AGV1].

3.2 Backus-Gilbert solutions and their stability

3.2.1 Definition of the Backus-Gilbert solutions

We consider problem (MP) with the following assumptions :
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The vector space spanned by g1, ¢2,... is dense in LI({2). (3.4)

J1,---, gn are linearly independent for all n € N. (3.5)

The Backus-Gilbert method consists in approximating the solution u of (MP)
by an appropriate sequence of functions u™ = u™(., u), stable with respect to
variations in y, that are linear combinations of some predetermined functions
called Backus-Gilbert basis functions (see [KSB]).

For z € R?, the values of the Backus-Gilbert basis functions at = are
defined by the following minimization procedure :

Minyer, Sy (V) (3.6)
where .
L,={veR" : Zvj/ g;(y)dy = 1}
= Q
and

q

52(0) = 5,00 = [ o =9l |3 w0 o

Here n € N, and ( is a fixed positive number (when ¢ = 2 and 8 = 2k,
k € N, this reduces to the problem considered in [KSB]).

The following proposition guarantees the existence and uniqueness of the
Backus-Gilbert (BG) basis functions.

Proposition 3.1. For each € R?, the functional S, is continuous, strictly
convex and coercive on R™ in the sense that there exists C > 0 such that

Sz (v) > Clv|?, YveR".
Consequently, the minimization problem (8.6) has a unique solution.
Proof.
Let v,, = v in R™. Then

n n
vajgj — Zngj in LI(£2)
j=1 j=1

and thus
q q

n n
vajgj — Z’Ujgj in Ll(Q)
j=1 =1

Therefore,

q

q
/Q &= 17 |3 g5 (w)| dy = /Q o=yl |3 v0;)| dy (m — o0).
Jj=1 j=1
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This means
Se(vm) = Sz (v)  (m — ).

Hence S, is continuous on R™.

For the proof of the strict convexity of S, observe first that the function
t — 9 from [0, 00) to [0, 00) is strictly convex.

For v,w € R™, y € {2, we put

n

(v,w) => vjw; and g(y) = (91(y), .-, gn(¥))-

j=1

Now, let v,w € R™, A\, x> 0 and A+ p = 1. We have

S (W + ) = / o= 1P|+ o, g(0) "y
<) /Q & — 17| (v, 9(y))|9dy

+u /Q 1z — y1?|(w, g(y))|*dy
= AS;(v) + pSz(w). (3.7)

Suppose 0 < A\, u < 1 and that equality holds in (3.7). Then we have

|(Av + paw, g(y) |9 = {N (v, ()| + pl(w, g(y)) [}
= M(v, g@)I* + pl(w, g(y)|*  ae., ye Q.

It follows from the first equality that (v, g(y)) and (w, g(y)) have the same
sign.
From the second equality the strict convexity of the function ¢? implies

[(v; 9())] = [(w, g(y))|-

Then
(v,9(y) = (w,9(y)) ae., ye

This and the linear independence of gy, ..., g, imply
v=w (3.8)

and the strict convexity of S, follows.
We can also conclude from the linear independence of ¢y, ..., g, that

Sz (v) >0 if veR"\{(0,...,0)}.

Hence C' = ‘Hllin Sz(v) > 0. On the other hand, it is easy to prove that
v|=1

S.(Av) = [A|7S,(v) Vv e R™, VA € R. (3.9)

Then, for v # (0, ...,0),
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0] 7154 (v) = Su (o] ~1o) 2 C,
ie.
Se(v) > Clv|?, VYveR".

This implies S, (v) — oo as |v] — oo.

Now, since L, is closed in R™ and by the continuity of S,, the foregoing
relation implies the existence of a solution of (3.6). By the strict convexity of
Sz, we get the uniqueness of the solution of (3.6). This completes the proof
of Proposition 3.1.

From Proposition 3.1, we can define a function from R% to R™ :
x = o(x) =0"(x)

such that v™(z) € L,, and

SH(v"™(x)) = min SI(w). (3.10)

weL,

Definition 3.1. (a) Let v"(x) = (v} (), ...,v2(x)) = (v1(x),...,v,(x)), = €

R? be defined by (3.10). We call v7,...,v" the Backus-Gilbert functions of
order n.

(b) For py,..., pin € R,

n

u” = ’U,n(/.l,l, 7/-/’77,) = ZIJ’]’U;L
j=1

is called the Backus-Gilbert solution corresponding to fi1, ..., i (and g1, ..., gn ).

The following proposition gives us an elementary property of the BG basis
functions.

Proposition 3.2. The Backus-Gilbert basis functions are continuous on RY.

Proof . Let vy, ..., v, be the BG basis functions and let z,, — z in R%.
Remark first that

Sy, — Sz uniformly on A ={w € R" : |w| =1}. (3.11)

where |.| is Euclidean norm in R". Indeed, for w € A, we have

q
Sen) = S0 < [ Jlem —ol? = b= ol?] (S hosllaston |
Jj=1
q

< <sup||zmylﬁlzy|ﬁ|)/ S lgiw)l | dy.
Q 2\

ye
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Using the inequalities
@ =y’ <lo—yl” (2,920, 0<B<1)

and
|27 — | < Bla — y[{max(z,y)}’ ™" (z,y >0, B>1),

we can prove directly that

sup ||z, — y|ﬁ — |z — y|ﬁ| -0 (m — o) (3.12)
yen

and then obtain (3.11).
It can be shown as in the proof of Proposition 3.1 that there exists C' > 0
so that
Sy(w) > C, Yw € A.

From (3.11), there is an mg € N such that
Sy, (w) >C, Ywe A, VYm>myg.

By (3.9),
Se,, (W) > Clw|?  YweR"™ Vm > my.

Now, fix wg € L,. We have, for m > my,
C|U(xm)‘q < Swm( (Tm)) < Smn( 0)-

Since SUPyeq msmo |[Tm — Y7 < oo, this means that {v(zp)}m is a
bounded sequence in R™. Suppose T is a limit point of (v(z,)), i.e.,

V(@m,) 2T (k= o0)
for a subsequence (z,, ) of (z,,). We have, for w € L, k> 1,
Sery 0m) = [ Vo =91 (0l ). g0l

< / [, = y1%|(w, g(y))|*dy.

= Sz, (). (3.13)
From (3.12) and the fact that

|(0(@m, ), 9)|" = (@ 9)|* in L'(£2)

we obtain

/Q |, — Y% (0(@m,, ), 9(1))|*dy — /Q lz —yl°| (0, 9())|dy (k — ).

Similarly,

/ |Zm, — 1P |(w, g(y))|%dy — / |z —y|°1(9, g(y))|%dy.
(9] (9]
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Letting k& — oo in (3.13), we obtain
Sz (T) < Sp(w).

Since this holds for every w € L,,, we have, by the uniqueness of the solution
of (3.6), 7 = v(x).

Therefore, v(x) is the unique limit point of the bounded sequence {v(z,)}.
Hence v(z,,) — v(z) (m — o0) and Proposition 3.2 is proved.

3.2.2 Stability of the Backus-Gilbert solutions

In view of Definition 3.1 (b), we can prove for a fixed n, that the BG solutions
depend continuously on p1, ..., i,. We give here a somewhat stronger stability
property of the BG solutions.

Theorem 3.3. (a) Let (g7, ..., ) )aen be a sequence in [L1(§2)]" such that
g} —g; in LY02),j=1,..n.

Then g3, ..., g are linearly independent for all X sufficiently large, and

v;‘ — v; uniformly on compact subsets of RY,

where vy, .., vy (Tesp. vi,...,v,) denote the BG solutions corresponding to

91y s G (T€SD. g1y ey Gn)-
(b) Suppose furthermore that (i3, ..., g ) xeN is a sequence in R™ and that

(13 s i) = (B2, oo i) i R (A = 00).

Let u¥ (resp. u™) be the BG solution corresponding to Uy ey it and g3, ..., g1

TESP. U1y -y b ONA g1,y .evy Gn ). Then ul — u™ uniformly on compact subsets
A

of R%. In particular, ul — u™ uniformly on 9.

Proof. (a) Let V be the subspace of L4(f2) generated by gi, ..., gn. Since
dimV < oo, there exists an inner product (.,.)y in V, and V' admits a topo-
logical complement in L?(£2), that is, there exists a bounded linear mapping

P:LYN)—>V

such that
P(g) =g, VgeV.

We claim that P(g7),..., P(g;) are linearly independent for A\ sufficiently
large. This will hold if the Gram determinant of P(g}), ..., P(g;) is different
from 0. Since

P(g}) = P(g)) =g; im V. (A—=00), j=1,2,.,n,
we see that

det[(P(g;), P(9}))v]ij=1,...n = det[(gi,95)v]ij=1,.n as A — o0,
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But det[(g;,9;)v]i,j=1,....n # 0. Then, for A sufficiently large,

det[(P(g;), P(9))v]ij=1,.... # O

This means the linear independence of P(g7), ..., P(g)), and then of g7, ..., g
for A sufficiently large, e.g., for A > Ao (A\g € N). Now, we prove that the set

{0* = (0}, ...,v)) : A> )Xo}

e n

is equicontinuous on each compact subset K of R?.
Suppose by contradiction that there exist a compact set K in R?% ey > 0
and sequences (A ), (Tm ), (Ym) such that @, ym € K,

|Zm — Ym| < 1/m and [0 (2,,) — 0™ (y)| > €0, Ym € N, (3.14)

If A\, = A for all m sufficiently large then v*» = v* and by the uniform

continuity of v* on K (Proposition 3.2), the conditions in (3.14) cannot hold
at the same time. Therefore, by extracting a subsequence of {\,,}, we can
assume that \,, — oo as m — co. Similarly, we can also assume that z,, —
x € K (m — o0). By (3.14), the latter assumption implies y,, — .

By the definition of v*, we have

S;‘(vk(a?)) = min S’)‘( ),

weL)

where

L%: w = (wy,.,w,) € R" ij (/ dy)
and
n
= / e —yl” | Y wig (y)
Q =
We show that
Som(w) — Sy (w) uniformly on A (A is defined in (3.11)). (3.15)
We have, for w € A,

1Sy (w) — Sy(w)| < IT" + I3

with

n
A'f’b
:/ 2 — yl? || wig) *IE w;g;(y)|?| dy,
0 o
q

n
I;”=/ lom =9l — o = 9l?] |3 w05)
2 =
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By direct computations, it follows that

"< Q/lem*y\ﬁ > w; [gjm(y)*gj(y)} X
j=1

g—1
n n
x [max > wigt ()|, > wigi(y) dy
=1 =1
qg—1
n n n
A'm >\7n
<a [ Jon ol (X lg ) - sl | | Slad 1+ Y lastl | dy
“ J=1 j=1 j=1
1
<gq sup Iwm—y\ﬁ/ Dolgmw) =gl | dy| x
yeN,m>1 o \io
g—1
n n 4 a
TR RIS NI
2 \j=1 j=1
But sup |z, —y|® < oo, the sequence
yeR,m>1
q
n n
X @i+ Y lswl | d
¢ \s=t =1 meN

is bounded and

q
n

/Q Z‘gj'\m(y)_gj(yﬂ dy — 0 as m — oco.

Jj=1

Hence I7* — 0 uniformly on A (m — o0). On the other hand, as in (3.11),
we can show that I3” — 0 uniformly on A. These imply (3.15).

From (3.15) and the fact that Sy(w) > C (Vw € A) for some C' > 0, we
have an mg € N such that

Sam(w) > C, Yw € A, ¥Ym > my.

T

Therefore,
Spm(w) > Clw|?,  Vw € R"™, ¥Ym > my.

Now, fix an element w € L,, and define

v = </ 917---7/971), Vim = </ gfm,---,/gﬁ’")
2 2 2 2

W = (W, ) tw (m > 1). (3.16)
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Since v, — v in R™, wy, is well defined and w,,, € L™ for all large m. Then

Ol (@)l < S5 (0 ()
< 827 (wn)

Tm,
q

n
Am
< /Q o — 9 [ 3 wmslla )] | dy
=1

n
< o o l? s ol [ (Sl
yEQ,m21| | 1<5< | mj| 0 ;M ()|

As shown above, the set
q

/ Z |g;\m W] dy is bounded.
e \io

m>1
Since (w,¥m) = (w,y) =1 (m — o0), we have
w, — w in R™.

Hence, {max{ |wy,;| : 1<j<n}} o, isalso bounded.
It follows that the sequence {v)‘m (xm)}m is bounded in R"™. Similarly,

{v)"” (ym)}m is bounded. Hence, by passing to a subsequence, we can assume
that

VM (2) = vo, V" (ym) — v1 (M — 00). (3.17)

Now, let w € L, and define w,, from w by (3.16). We have, for all m suffi-
ciently large

Sam (A (@m)) < Sy (wim)- (3.18)
However,

S (VM (2m)) = Sa(v0)| < |S27m (V™ (2m)) — S (v0) | + S (v0) — Sa (vo).

Tm

Hence

1S3 (A (@m)) = S (vo)| <

Tm

n

§A|$m_y|ﬁ |Z[ /\m(xm jgj _‘ZUOJQJ
j=1

Since

Z "™ (2m)) ;95 %Zvojg] in LY(S2),

Jj=1 j=1

we have
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|S)"" (X)) — S;‘:n’f(voﬂ =0 (m— o).

As in the proof of (3.15), we can show that

Sam(vo) = Su(ve) (M — 00).
Then

S;\;f (0 (2m)) = Sz(vo) as m — oo.

Similarly, from w,, — w in R™, we obtain

Spm (W) — Sy(w) as m — oo.
Letting m — oo in (3.18), we have S, (vg) < S, (w). Since this holds for every
w € L,, we have, via Proposition 3.1,

vy = v(). (3.19)

Similarly, v1 = v(z); i.e., vo = v1. This and (3.17) contradict (3.14). Hence
{v)‘} A>), 1S equicontinuous on every compact subset of R4,

Now, let z € R As in the above proof, we can show that there exist
C > 0, g € N such that

S2 (M) > C [ (@)]", YA > o

Repeating the proof of the boundedness of {v*= (zm)}m we have that
{v )}, is bounded in R™. Suppose ¥ is a limit point of this sequence.
By a proof similar to that of (3.19), we obtain ¥ = v(x). Therefore v(x) is
the unique limit point of the bounded sequence {v)‘ (J:)} 5, - 1t follows that

lim v*(z) = v(z), =€ R (3.20)
A—00

Let K be a compact subset of R. Ascoli’s theorem shows that the set
{v MK+ A> N}

is relatively compact in C(K). (3.20) also implies that v|x is the unique
limit point of {v*|k}x in C(K). Hence v*| — v|g in C(K), ie., v} — v
uniformly on compact subsets of R?.

(b) From (a) and the definitions of u¥, u", we have

n n

n __ A A _.n

uy = E pivy = E Wiv; = u
j=1

j=1

uniformly on compact subsets of R? as A — oo. This completes the proof of
Theorem 3.3.

3.3 Regularization via Backus-Gilbert solutions

In view of the discussion in Introduction of the present chapter, (MP) is often
ill-posed, and a regularization is in order. We shall present here a regulariza-
tion method based on the Backus-Gilbert solutions. We show that with an
appropriate order n, the BG solution u™ (1) can be regarded as a stabilized
approximate solution of (MP). This is the content of Section 3.2.2. In Section
3.2.1, we prove some preparatory lemmas needed for the analysis in Section
3.2.2.
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3.3.1 Definitions and notations

For n € N, let V,, be the subspace of L?({2) generated by g1, ..., g,. Put
W{UELq(Q) : /vl} and W, =wWnV, (n=>1).
Q
For z € R?, n > 1, put

€n(2) = min / |z — y|v(y)|%dy = min S, (w).
7 wELy,

UEWn
By Definition 3.1 (a),
en(z) = Sz (v™(2)). (3.21)

We also need some geometrical properties of 2.
As in [KSB], we say that (2 satisfies a cone condition if

Vo € 92,3\, € (0,1),Ja, € R? such that |a,| =1 and
C(z,az, ) C L2
Here
Clz,a,\) = {y € Re: |z —y|<Xand T (z —y) > (L=XN)|z—y|}.

We say that (2 satisfies a uniform cone condition if there exists a A € (0,1)
satisfying

Vz € 2,3a, € R? such that |a,| = 1 and C(z,a,, \) C £2.
The following proposition presents some properties of €,,.

Proposition 3.3. (a) {e,}nen s a nonincreasing sequence of continuous
functions on RY.

(b) If B> (q — 1)d then €, — 0 uniformly on compact subsets of 2. If 2
satisfies a cone condition, then €, — 0 uniformly on (2.

(c) If B < (q — 1)d then €, converges to the function

1—q
€:x— (/ |z — y|5/(1_(”dy>
2

uniformly on compact subsets of R%. Consequently, there exists an mg > 0
such that .
en(z) > mo, YV € {2, Vn > 1.

Proof.
(a) It is clear that the sequence (e, (7)), (z € RY) is nonincreasing. The
continuity of €, is a consequence of (3.21) and of Proposition 2.
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(b) For our proof, we use some ideas in the proof of Lemma 3.2 of [KSB].
Let us recall first a well known result concerning integrals : For A € (0,1),a €
R |a| =1,

/ || Vde =00 v >d
C(0,a,\)

|z|T7de = 00 & v > d,
B(0,1)

(3.22)

where B(0, 1) is the unit ball in R%.
Suppose now that ¢ = /(¢ — 1) > d. Fix € £2 and choose, for each
n € N, a function 7,, satisfying :

v, € C(0)
0<Tu(y) < |z —y|™, Vyeh
w(y) =lz—yl=¢ if fz -yl =>1/n.

-1
vn(/”n) UnGI/Vna
(9]
0< e / & — 41 on () |4y

< ( IE ) /Q & — P~ 5, (y)dy
()

Since x € 2, B(z,r) C {2 for some r > 0, and by (3.22),

/va* chy*/ )Ir*y\’cdy:oo

Z,

@ \

Since

we have

and then
liminf/ Tp > liminf/ |z —y|~Sdy
neee Jo T J{ ye : Ja—y|21/n }
= / | —y|~¢dy = o0
Q
It follows that
lim e,(z) =0 (x € £2). (3.23)

n—oo

By (a) and Dini’s theorem, we see that €,, — 0 uniformly on compact subsets
of £2.

Now suppose furthermore that (2 satisfies a cone condition. Then (3.23)
holds also for z € 0f2. Indeed, let x € 912. Since C(x,a,A) C {2 for some
A€ (0,1),a € R4, Ja| = 1, it follows that
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/ Ix—y\’cdyZ/ |z —y|~Cdy = co.
2 C(z,a,\)

Hence the arguments for the case x € {2 still hold in this case. Thus, we have
(3.23) for every x € 2. Applying Dini’s theorem for {2, we obtain ¢, — 0
uniformly on (2.

(c) Suppose ¢ = 3/(q — 1) < d. Fix = € R%. For each v € W,,, one has

1= [ vz [ e = ol — ol oy
0] n

1/q 1-1/q
< (/ Iw—ylﬁlv(y)lqdy> (/ Ix—ylﬁ/“‘q)dy> :
(] (93
1—gq
[re=slbtr = ([ - o<a)
(9] (]

Since this holds for every v € W,,, we have

enlz) 2 ( [1o- y|—<dy)1_q (neN)

lim_ e, (z) > ( / |x—y|-<dy)1_q=e<x>. (3.24)

n— o0

i.e.

and

Now for y # «x, define
~1
v(y) = valy) = (/Q @ — n‘cdn) o —y| ¢

By (3.22), v € L'(£2), v > 0 and / v(y)dy = 1. There exists a sequence
Q
{wy} in L1(§2) such that

wy, —v in L'(2) and a.e.in 2.

Replacing w,, by min(|w,|,v), we can assume that 0 < w, < v in 2.

Put
—1
v, = </ wn> Wy,
2

inf [ |z — )’ |w(y)|1dy < / & — y|? o (y)|9dy
weW Jo Q

-(/ w) [ = o (o) (3:25)

However, for all n € N and almost all y € (2,

Since v,, € W, we have
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0= lo =Pl <o =l = ([ lo—al ) ool
and the last function is in L; (£2). On the other hand,

& =y Twn ()] = |z =y’ [v(y)]? (n — co).

Then, by the dominated convergence theorem,

[ o= sl lwnwidn [ o=y i - ( / x—y—<dy)1_q.

Letting n — oo in (3.25), we obtain

inf / & — y1Plw(y)7dy < e(z).
(9]

weWw

Now, let § > 0 and choose W = w(d) € W such that

[ o= sttty < int [ fo—yPlolidy+ 6 < o)+

0 weWw Jo

It is easy to show that there exists a sequence {p,}, pn, € W,,, Vn, such that
pn — W in LI(§2).

We have, for each n € N,

en() < /Q & — 1°|pu(y) | dy.

But
[ o= sl ltdy = [ 2=y iy as 0 oc.
Then
lim e (x) < lim / & — 1P |pa ()| “dy
n—oo n—00
=/ |z — |’ [w(y)|*dy
(9]
e(x) + 0.

Since this holds for every § > 0,

nh_)rr;o en(x) < e(x). (3.26)
(3.24) and (3.26) imply

nh_{{.lo en(x) = ().
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By the properties of the Fredholm integral operator ( cf Chapter 1), € is
continuous in R?. Applying Dini’s theorem once more, we have €, — € uni-
formly on compact subsets of RY. Since ¢(z) > 0, Vz € R? and ¢, > ¢, the
last conclusion of (c¢) follows. This completes the proof of Proposition 3.4.

Now we consider a concrete estimate for €, when the subspaces V,, ap-
proximate L4(f2) in the following sense :

For m > 1, there exists Cy = Co(m,§2) > 0 such that for all u €
Wm4(§2), there is p, € V,, salisfying

[u = pally < Collullmgn™™. (3.27)
Here, as usual, we use the notations

g = ll-lzacys Hlmg = [I-lwm.ace)

withm>1and 1 < ¢ < 0.
In view of Proposition 3.4, we see that €, — 0 if and only if 8 > (¢ —1)d.
The following proposition gives the order of convergence of €, in this case.

Proposition 3.5. Suppose (3.27) holds and that §2 satisfies a uniform cone
condition.
If 8 > (¢ — 1)d, then for all

s

0<s< ———d,
q—1

there exists C = C(q, 3, s,{2) > 0 so that
llenlloo < CRZ1=9),

If 8 = (q— 1)d, then there exists C = C(q,3,12) > 0 so that
llenlloo < C(lnn)t 9.

Proof . The proof is divided into three steps

Step 1. Put v = 3/(¢q—1) (y > d). Let m € N, x € 2 and § € (0,1). We
show that there exists a function 75 with the following properties :

vs € C™(R2), B5 >0 on 2
Us(y) = |z —y[77if |o —y[ =6
sup { max|Dpv(;(y)} <Cyo,

ye,|lz—y|<s L IpI<i
0 S .7 S m, Cl = Cl(mvg)

(3.28)

Indeed, by classical extension theorems (see for example Theorem 1, §4, ch.
II1, [Mi]), there exists w; € C™(R?) such that w; > 0 in R? and w(y) =
ly|~7 if |y| > 1. Put

C(m)= sup  [D%wi(y)]
ly|<1,]q|<m
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and
ws(y) = 5 7w(y/8) (0 <6 < 1).

It is clear that
ws € C™(RY),ws > 0in R, and ws(y) = |y| =7 if |y| > 6.
For |y| <4, |p| < 4,7 =0,1,...,m, we have

[DPws(y)| = 67(1/8)P D7 (3/5) |
< 677 DPwq(y/d)] < C(m)d—777.

Then, it can be shown that the function
Us(y) = ws(z —y) (y €RY)

satisfies (3.28).
In the following, we fix m € N and define

§=06(n) =n""with I =1(m) =mg[mq+ B+ (¢—1)d]~'.  (3.29)

~1
Uy = (/ U5> Us.
o)
We estimate ||vy, ||lm,q-

From (3.28) and the uniform cone condition :

/ vs > / o — y[dy
n {ye | |[xz—y|>d}

A
> C/ p7p? tdp
§

@) e

C'ln(A\/6) (v =d).

Fix x € {2 and put

For ¢ sufficiently small (i.e. n sufficiently large), for example n > ng,ng =
n0(>‘757 7)7 we havea with CQ = CQ(Avdv 7) = 02(11757 Qam)7

T Co(1/6)= (v > d)
/Q R { CoIn(1/8) (v = d). (3.30)

By induction, we can prove that, with C = C(m,~),
[DP(fy|=")| < Cly[~7
for all y € R\ {(0,...,0)}, V|p|<j, j=0,1,....,m.
Then '
|IDP(Jle —y|™")| < Clz —y|7777 ae. y € £2.

Letting |p| = j < m, one has
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| DP; |4 = (/ +/ ) | DPvs(y)|?dy
{yeR : |z—y|<5} {yeR : |z—y|>d}

Sc(g)('vﬂ)q/o pdp +

+C |DP(|lx —y| ™)y (R = diam{?2)
{ye :0<]z—y|<R}

1 , )
< C«(,)q(vﬂ)—d +C lz —y|~"dy
0 {ye : 6<|z—y|<R}

1 . R )
< C(g)q('y+])fd+c/6 p~ 1= pd=1g

1

= C(%)Q(%j)—d +C {(é)q(vﬂ')—d — (=)10+s)—d

R
< C(%)q(vﬂ')—d

with C = C(q,5,12,m), j=0,1,...m
It follows that, with C = C(q, 8, £2,m),

||U6Hm,q ZZ/ DPos(y |qdy<C(1/6)Q(’Y+m) d

7=0 |p|=j

This and (3.30) imply

—q
lonllt,, = ( / va) 1wl

(1/8)yam+la=Ld (v > d)
s { [ In.6]=9(1/8)am+@=Dd (y = d)

with Cg = Cg(q,ﬁ, Q,m)

Now from (3.27), for every n, there exists a function p,, € V,, such that

lvn = pallg < Collv]m,gn™™

llgm~+(g—1)d]/q
1/q —m n (’7 > d)
< C3""Con { ﬁnl[qmﬂq*l)d]/q (y=d)

I(m-+d/p)—m (v>d
n v > d)
<

> 04 { (lnn)flnl(m+d/p)fm (,Y —_ d)

with C4 = 04((],,6, Q,m)
Step 2. Let

-1
p’n = </ pn) ﬁn
[0}

We estimate ||v, — pn|ln. We have
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‘/(Unf/pn
2 2

< lvn = Pullr
< [21Y7]|vn = Polly

2

l(m+d/p)—m d)
< 1/p J T (ry >
> C4|Q| { (lnn)flnl(m%»d/p)fm ('}/ _ d) (331)
But from (3.29),
mf3/q
I(m+d -m=—-———- .
( /p) m+d/p+B/q

Then there exists n; = n1(q, 5,2, m) > ng such that the term in RHS of
(3.31) is bounded by 1/2 for all n > n;. Hence in this case, / D, > 1/2.
Q

[
[0}

Then p,, is defined and p,, € W,,. Moreover,
-1
170 =2l = 2l 1= [ 70

<2p |1~ [ .
0
U(m~+d/p)—m d
1/p||5 n V> )
< 2C4|Q‘ Hanq { (lnn)flnl(erd/p)fm (,Y — d) (332)
But, from the above estimate for ||vy||m,q, we have (for m = 0)
-1 ld/p (
_ _ n v >d)
= <
foull = f 35| st < i 07 )
Hence
[Pnllg < llonllq + llvn = Pullq
<C nld/p  plim+d/p)—m (v > d)
- (Inn)~tpld/P 4 pllmtd/P)=m] ( = q)
nld/r (v >d)
<
- 20{ (Inn)~'n!ld/P (y = d).
Substituting this into (3.32), we obtain, with Cs = C5(q, 83, £2,m),
B nl(m+2d/p)7m (7 > d)
[Pn — Pullg < Cs { (lnn)flnl(erQd/P)fm (v = d).
It follows that
[vn = Pnllg < lvn = Pullg + [1Pn — Pallg
<C nl(m-‘rd/p)—m + nl(m+2d/p)—m (,\/ > d)
> (hl n)—l[nl(m-i-d/p)—m + nl(m+2d/p)—m] (’Y — d)
nl(m+2d/p)7m (,.y > d)
> Le { (11’1 n)flnl(m+2d/p)fm (’7 _ d) (333)
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Now, using the arguments in [KSB], we shall obtain an estimate for

/ & — y1?|on (y)]*dy.
0

In fact, we have, with C = C(q, 8, £2,m),

/ |z — y|®|75 (y)|?dy = (/ ) |z — y|[vs(y)|*dy
n {ye : |z—y|<s u{yeR : |z—y|>d}

4 R
< C/ P61 N dp + C/ P’ p™ 1 p* dp
0 §

oo { (- WR 0>

(/9 (v =),
(1/57 (2> )
<c{iily 020 .

This and (3.30) give, with C7 = C7(q, B, £2,m),

o= wPusay = ( [ 6) [ ool las(o)dy

<c { (1/)-0070 (3 > g

]

o'~ (y=d).
- n=00=9 (y > q)
")t (y=d).

Step 3. Since p, € W,, (n > n;), we have (by the elementary inequality
(z+y)? <207 (274 y9) for 2,y > 0,q > 1),

enlz) < /Q & — y1°1pn ()] 7dy
< / 12— 9 (wn )] + [Pa(y) — va(v)])%dy
N
<217t UQ |z — y|Pon(y)|9dy + /Q |z —y|P|pn(y) — vn(y)lqdy}

<1 [ [ o= ety + R, - vnuz}

plA=a)(v=d) 4 pllgm+2(q—1)d]—qm (v >d)
<C 1 pl(1=a)(y=d) 4 pllam-+2(q—1)d)—qm 2. (3:39)
(mnye (lnn) =0

by (3.33) and (3.34). But from (3.29), it can be seen that

thn+2a = ) = am =10 - )y - ) { 01779

Then the term in RHS of (3.35) is bounded by
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(1/n)Ha=D0=4) (> )
alme 020 (330

for all n > ny, where Cs = Cs(q, 8, £2,m). Since n; = n1(q, B, 2, m), changing
the constant Cg, we can assume that (3.36) holds for every n.

If v > d, then from (3.29), [(m) — 1 as m — oo. Hence, for 0 < s < y—d,
there exists m = m(q, 5, 2,m) so that [[(m)](y — d) > s. Therefore, for
this m, the term in RHS of (3.36) is bounded by C(1/n)*(=) with Cs =
CS(ana va) = 08(q?ﬁ7 ‘Q’ S)' _

Since this is true for all z € {2, we obtain the first estimate of Proposition
3.5. If v = d, we choose m = 1 and then Cs = Cs(q, 53, 2), and (3.36) gives
us the second estimate of Proposition 3.5.

3.3.2 Main results
Let us recall first some definitions about Sobolev spaces and set some nota-

tions. For o € [0,1),q € (1, 00),

weWoI(Q) o W € L2 x ),

|u(z) —u(y)|? )é
Ullg,qg = dxdy | .
H ” ! (/.QX.Q |I - y|d+gq

For o € (0,1), ¢ = o0,
ueWo=(0) & W e L=(02 x 0),
T—y
w(x) —u
e~ sy ) )]

(zy)exe 1T —yl7

Here, W2°({2) is the space of functions which are Holder continuous in {2
with exponent o. For a sequence u = (1, pi2, -..) of real numbers, we denote
by ||¢|leo the sup norm of p :

ll1elloc = sup [p;].
JEN

For n € N, we denote by u"™(u) the BG solution corresponding to p1, ..., tin
and g1, ..., gn :

where v}, j =1,...,n, are the BG basis functions of order n, constructed in
Section 3.1 (remark that o7, ..., v)y depend only on n,q, 3, 2 and g1, ..., gn).

Theorem 3.6. Suppose {2 satisfies a cone condition and let u be the solution
of (MP) corresponding to the sequence

pl = (s, ).
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(a) If ug € Wo(2), o € (0,1) (i.e., ug is Holder continuous with exponent
o in $2), and
(¢—1)d<f<(qg—1d+oq,

then for each § € (0,00) (6o > 0), there exist n(d) and n(d) > 0 such that

lim n(§) =0 (3.37)
6—0

and for every sequence p satisfying
e = 10loe <6, (3.38)

we have
[u™® (1) — ugloe < 1(5).

(b) If ug € Wom(0P)(2), o € [0,1), v € [1,00), and

{(q—l)d<ﬁ<(q—1)d+aqifv>q
(q—1)d<p<(¢—1)d+oqify<gq,

then for each § € (0,dq) (do > 0), there exist n(d) € N and n(d) > 0 such
that (3.37) holds and that for every sequence p satisfying (3.38), we have

1™ (1) = wolly < n(8).
Here n(0), n(d) will be given explicitly by (3.42), (3.49), (5.53).
Proof.
(a) Observe first that for each n € N, the function (z,v) — SZ(v) is con-

tinuous on R? x R™. Now, since S”(v) > 0, Vz € RY, Yo € R"\ {(0,...,0)},
we see that

C(n) =min{ ST(v) : x €, |v|=Z|vj|=1 >0
j=1

(C(n) depends only on n,q, 3,2 and { g; : j € N }). This implies that
S™(v) > C(n)|v]?, Vv e R", Vx € 2.
Now, since / g1 # 0 for at least one n € N, we can assume without loss of
Q

generality that / g1 = 1. Since vg = (1,0, ...,0) € L,, n=1,2, ..., we have
o)

Cn)lo"™(x)|* < S7 (v"(x)) < 57 (vo)
= [ o= s lan(w)l"dy < (i @)
Since this holds for every = € (2, we obtain

["loe < (C(n))~"4(diam 2)/4g1]ly (n=1,2,...). (3.39)
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Let us now choose a function f continuous and strictly increasing on [1, 00)
to [(C(1))71/4,00) so that

f(n) > (C(n))~Y7 ¥n e N. (3.40)

We can choose, for example,

[¢]
FO) =t =1+ (=[O +1) 7+ (Ck) e (3.41)
k=1

where [t] denotes the (unique) integer such that [¢t] < ¢t < [t]+1. (The function
f defined by (3.41) is equal to

n—1+> (C(k)~"1
k=1
at each n € N and is affine in the interval [n,n + 1), n € N). Now let

5 = (C(1))*% = min /n & — 9191 (v)|*dy.

xre

For 0 < § < &, we have 6~1/2 > 5,/ = (C(1))=1/4, hence f~1(6-1/2) €
[1,00). We choose

n(8) = [f~1(67?)] eN. (3.42)
Then n(8) < f~1(67/2), and by (3.39), (3.40),
[0 loo < (diam )7/ ga[|4(C(n(3))) =/

(diam 2)79g114.f (n(5))

<
< (diam £2)7/7]|gy ],67/2. (3.43)

Now, let
n
W) = ) iy
j=1
be the BG solution corresponding to uY, ..., u% and g1, ..., gn. Then

lu™ (1) = wolloe < [lu™ (1) = ™ (1) oo + llu" (1°) = wollo. — (3.44)
We estimate the terms in the right-hand side of (3.44). One has

n

[u (1) = u" (1) |oo = Z(uj — uy)v}

n

< 0 n
< max | — sup ;Ivj (z)|
< =10 lso 0™ | so-
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(3.43) implies
")) = 0" (1) oo < 50" o
< (diam £2)7/7||g;|,6"/2. (3.45)
We next estimate ||u™(u°) — uo||so. Let © € £2. Then we have

" (1°) () = uo ()]
- Z’U'JUJ — uo()

n

- (/ uo<y>gj<y>dy) y(a) ~ (o) | Zvj

Jj=1

n

= /Q(uo — up(x Zv] dy

n

g/ﬂ\uo — ug(x |Zvj (3.46)

< [0 oo /Q =179 [ e — 17| v5()g;(0)]| | dy
j=1

1/p
< olloweo ( [ 1e- y|<“-ﬁ/q>pdy) ‘

q 1/q

x /Q |x—y|ﬂ;vj<x>gj<y> ay| (3.47)

But by hypothesis,

B q _pB—-oq
‘(“‘q)q—r -1 ¢

Hence the function

. / = y|(@=8/Dngy
2

is continuous on R?, and, therefore
1/p
C=C(q,pB,02,0) =sup </ |x — y|(°B/q)pdy) < 00.
zES? (9}

It follows that the right-hand side of (3.47) is bounded by C|ug ||s.c0 [€n ()] 2.
We then obtain

™ (1) () = uo ()| < Cluollocolen()] /2.

Since this holds for every x € {2, we have
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[ (1) = wolloo < Clluo]lo,o0llen |51 (3.48)
with C' = C(q, 8, 2,0). From (3.44), (3.45), (3.48), we see that ||u™® (1) —
Uolloo < M(d) with

1(6) = (diam 2)%/gy 1,672 + C (g, 8, 2,0 uollooo lenia | L7 (3.49)
Now, as § — 0, we have 6~/2 — oco. Hence, f~*(6~Y/2) = oo and n(d) =

[f71(671/%)] — oo. Therefore [|€,s)llc — O by Proposition 3.4(b). This
means that 7(d) — 0 as § — 0 and completes the proof of (a).

(b) Let u™(u®) be as in the proof of (a). By Proposition 3.2, u™(u") €
C(2) C L7(£2), and as in (3.44), we have
lu™ () — wolly < flu" (1) = u™ () |y + u" (1°) = wolly.  (3.50)
Choose dg and n(d) as in (a). In view of (3.45), we obtain
™ () = O (W)l < 121" () = O (1) ]
< 2]V (diam 2)7/]|gy|48"/2. (3.51)

Now, we estimate ||u"(u°) — uolly. We shall show that

lu™ (%) = wolly < Cllealldl1uollo,max(.p) (3.52)

where C' = C(q, 5,7, £2,0). We consider three cases.
Case (i): p <y < o0, (il) y=p, (iii) 1 <y < p.
In case (i), max(y,p) = v and there exists 1 < p < oo such that 1/p +

1/y=1/p.
Put A = d/v + 0. Then by hypothesis,

—~(A=B/e)p=(B/g—Np < (d/p+o—d/y—o)p=dp(l/p—1/y)=d
Therefore, the function

N / 2 — y|A=5/a)p gy
(9]

is continuous on R?, and

1/p
C=C(q,B3,7, 2,0) = sup (/ |z — yI(A_B/")pdy) < o0
(93

e

For x € §2, Holder’s inequality gives us
[ (@) = w0l |3 vy (@)gs )] a
j=1

= [ |z =y} P |z —yPe o(x)as [uo(z) — uo(y)l
I E D e

q 1/q

1/p n
< ( /Q |x—y|<k-ﬁ/q>pdy) /Q o= olf | vi@gw)| dy|
j=1

/|uo —uwl, N
[z —yM
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This and (3.46) imply

lu™ (1°) = uolly =

( - uo(z)de)lM
<{ / -y~ ‘3/‘””dy> " (€n(2))/9x
el
{ (en(2))/? (/ |uo( : _— U|§ﬂy (y)|” dy> dx}l/v

1/~
< Clle, 1/q</ [uo(z) —uo(y)” , dw) .
|| || P |CE y‘dJra'y
This is (3.52).

Case (ii) : vy =p. Put A =d/p+ 0. Then A — 8/q > 0 and the function
(z,y) — |z —y |*~P/9 is continuous on R? x R¥. Hence

C=C(q,p,2,0)= sup |z—y} P < 0.
(z,y)€N2X N

In this case,

/Q|u0 —uo(y Zv] ) dy =
= [ o (ix—yW >0y ) ) ol =il

Jj=1

T2 L SN B €O R 2 )l
<C/Q(| y ;g()gj(y)> e

q /a
<C (/Q =y’ zj:lvj(x)gj(y) dy) 1 (/Q Wdy)l/p
([ )

This and (3.46) imply

o) = wall, = ([ 1o _u()(x)pdx)””g

1/p
Uglx u
< Clleallf </Q ) o )
X
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We obtain (3.52).
Case (iii) : 1 < < p. We have max(y,p) = p and, by Holder’s inequality,
v/p
u" (1°) () = uo(x)|Vdz < ||/ (/ |u" (1) () — uo(x)lpdﬂﬁ) :
Q Q

This means
[u™ (1) = wolly < [P (1°) = ugl|p-

Applying (ii), we obtain (3.52) in this case.
We have just proved that (3.52) holds for all cases. It follows from (3.50),
(3.52), (3.52) that

0™ (1) — wolly < n(5)
with
n(6) = 2"/ (diam 2)°/9]gy[|46"/* +
+O(Qa /67 e Qa 0) ||u0 ||U,max(’y,p) ||€n(5) ||<1>éq (353)

As in (a), we have n(d) — oo as § — 0. Since 3 > (¢ — 1)d, Proposition 3.4
(b) implies that [[€,(5)]|oc — 0. Hence n(6) — 0 as § — 0 and our proof is
complete.

Combining Theorems 3.6 with Proposition 3.5, we obtain the following
result which gives concrete estimates for u™(®) () — ug.

Theorem 3.7. Suppose (3.27) holds and that (2 satisfies a uniform cone
condition. Let ug be the solution of (MP) corresponding to the sequence pu° =

(U(l)a“(2)7"')‘ Let
2/q
50— (mm / |w—y|ﬁ|gl<y>|wy)
2J0

€
and choose, for 0 < d < &g,

n(6) =[f1 ()] eN
(f is given by (3.40) or (3.41)).
(a) If the conditions of Theorem 3.6(a) hold, then for any sequence p
satisfying (3.38), we have
[u™® (1) = uolloo < C8% +

+C||U0

{ RO P (B> (g~ 1)d)
7L (lf (@A) TR (B = (g~ 1)d)
where 0 < s < f/(q—1) —d and C = C(q, B,0,s,12,]01llq)-

(b) If the conditions of Theorem 3.6(b) hold, then for any sequence
satisfying (3.38), we have

0@ (1) = uoll, < C8Y2 +

[f7H @A (B> (g~ 1)d
+ C”uOHa,maX(%P)' { (ln[ffl((;fl/?)])*l/P (B= (Z —1)d)

~—
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where 0 < s < /(¢ —1) —d and C = C(q,3,7,0,5,52,[lg1lq)-

Proof.
In view of Proposition 3.5 and of the choice of n(J), we have

. [P (B> (¢ —1)d)
Hen(&)Héé <C { (n[f~Y(~ Y2 ~YP (B = (¢ — 1)d)

where C = C(q,5,s,2) and 0 < s < 3/(q — 1) — d. Substituting this into
(3.49) and (3.53), we obtain the estimate in Theorem 3.7.

Theorems 3.6 and 3.7 above give stability estimates for the BG solutions
in case (MP) may not have a solution. In the case (MP) does have a solution,
we actually have convergence to the solution and moreover sharper estimates
are available. More precisely, we have the following two theorems, whose
proofs are essentially contained in the proofs of Theorems 3.6 and 3.7.

Theorem 3.8. Let u be the solution of (MP) corresponding to pi,ps, ...
and let u™ be the BG solution corresponding to ui, ..., by and g1, ..., gn (n =
1,2,...).

(a) Suppose u is Holder continuous with exponent o € (0,1] in 2 and
(¢g—1)d<pB<(g—1)d+oq. Then u™ — u uniformly on compact subsets of
2, and for all x € 12,

[u™ (2) = u(@)] < Clen(@)]"|[u]lg,00.

The convergence is uniform on £2 if §2 satisfies a cone condition (here C =
C(q,8,92,0)). If we suppose further that (3.27) holds and that {2 satisfies a

uniform cone condition, then

n=*P (B> (¢—1)d)
(Inn)=Y? (8= (q—1)d)

where C = C(q,B,0,8,2) and 0 < s < B/(q—1) —d.
(b) Suppose

hﬂumscmmm{

w e Wa,max(’hp)(_(])’ o €[0,1), v €[1,00),
and

(q—1)d<B<(qg—1)d+oqif v>gq,
(g—1)d<pB<(¢g—1)d+ogif y<gq

and that 2 satisfies a cone condition. Then u™ — w in L7(£2) and we have
the estimate
" = ully < Cllullomaxy.p €121

where C = C(q, 58,7, 2,0). If we suppose further that (3.27) holds and that
(2 satisfies a uniform cone condition, then

n= /P (B> (¢ 1)d)

Hun _ UH"/ < OHUHU,max('y,p) { (lnn)*l/” (/6 _ (q i l)d)
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where C = C(q,B3,7,0,8,2) and 0 < s < 3/(¢ — 1) — d.

It is also interesting to consider the case when ¢ = 2 and 8 = 2k. In this
particular case, Theorem 3.8 becomes

Theorem 3.9. Consider the case when ¢ = 2 and 8 = 2k, k € N, and let
u,u™ be as in Theorem 3.8.

(a) Suppose w is Hélder continuous with exponent o € (0,1] in §2 and
choose

b d/2 if d is even
Sl (d+1)/2 ifdisodd and 1/2 <o < 1.

Then u™ — u uniformly on compact subsets of {2 and there exists C' =

C(2,0) > 0 such that, for alln € N,z € (2,
[u" (@) = w(@)] < Clulgoolen()]/.

The convergence is uniform on 2 if {2 satisfies a cone condition. If we suppose
further that
2 satisfies a uniform cone condition

and (3.27) holds for ¢ = 2, (3.54)
then, with C = C(o, s, §2),

[u" = oo < Cllu

| n=%/2 if s € (0,1),d is odd and 1/2 < o < 1
7%\ (Inn)~Y2 if d is even.

In particular, these results hold if w is Lipschitz continuous in {2 and k =
[(d+1)/2].
(b) Suppose u € Womax2 () o € [0,1), v € [1,00), and that 2 satisfies
a cone condition. Choose
I — d/2if d is even
T ld+1)/2if disodd and 1/2 <o <1, or 1/2<o<1if v<2.

Then u™ — u in LY(§2) and there exists C = C(§2,0,7) such that

”un - u||7 < C||’LL| cr,ma)c(Q,'y)Hen‘léé2 vn.

If we suppose further that (3.54) holds, then, with C = C(~,0,s,12),

||Un — UH»Y < CHu”o,max(’y,Q) (11171)71/2

if d is even,
s/2

||un - UH’Y S CHU U,max('y,2)n7
if s€(0,1),disodd and 1/2 <o <1 (or1/2<o<1ify<2).

The foregoing Theorems 3.8 and 3.9 extend Theorem 3.1 and Theorem
4.2 of [KSB] where the solution (denoted by w) is either Lipschitzian or in
H*(2) for 0 < a < 1.



4 The Hausdorff moment problem:
regularization and error estimates

The Hausdorff moment problem has its origin in Mechanics. The prob-
lem consists in finding the distribution of (positive) mass on an interval
(a,b) C (—o0,0), given the moments of order k (k = 0,1,2,...) of the mass
distribution. If v = wu(x) is the mass distribution on (a,b), then the total
mass on the whole interval is given by

/a ’ u(z)dz,

while f; au(z)dzr represents the static moment of the mass distribution and
fab x?u(x)dx is the moment of inertia with respect to the point z = 0. Stieltjes

gave the name of generalized moment of order k to the integral ff Fu(z)dx
and studied the problem in the case (a,b) = (0, 00). The moment problem on
(—00, 00) was considered by Hamburger in 1920, while the Hausdorff moment
problem, which is concerned with the problem on (a,b) = (0,1), was first
investigated by Hausdorff in 1923.

The classical moment problems referred to above have connections with
several topics in both pure and applied mathematics, such as in spectral
representation of operators, partial fractions, theory of harmonic functions
on a half plane, inverse problems .... Moment problems constitute a typical
and very important class of ill-posed problems.

The ill-posedness of the Hausdorff moment problem and some of the regu-
larization procedures will be studied in detail in the sequel. We shall consider
the problem in the multidimensional case. Thus, let I = (0,1)? ¢ RY (d €
N). Consider the problem of finding u in L?(I) satisfying the sequence of
equations

kK
/u(ml, o xg)ey gt dry . deg = gy kg
I

ki =0,1,2...,i=1,...d (4.1)

where 1 = (pg,.k,) is a given bounded sequence. When d = 1 the problem
(4.1) is the classical Hausdorff moment problem. It can be shown that (4.1)
is ill-posed, i.e., solutions do not always exist, and in the case of existence
of solutions, these do not depend continuously on the given data (which,
in this case, are represented by the right hand side w). It is the purpose of
this chapter to give a regularization of the problem by finite moments. The
chapter is divided into two sections. Sect. 4.1 deals with the finite moment

D.D. Ang, R. Gorenflo, V.K. Le, and D.D. Trong: LNM 1791, pp. 83-97, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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approximation of (4.1). Here, while following the general approach of [AGT],
the treatment differs from the work of Chapter 2 in the crucial choice of
the function f(t), [f~'(¢~'/?)] being the dimension of the finite moment ap-
proximation. The exposition is here based on [AGT]. Sect. 4.2 deals with the
moment problem associated with the Laplace transform. Under the heading
”Notes and remarks” at the end of the chapter, we shall point to a sharpen-
ing of the results in Theorem 4.2. Under the same heading, we shall further
discuss the ill-posedness of the Hausdorff moment problem and the regular-
ization of the problem in an LP-setting, 1 < p < 0o, using the Backus-Gilbert
theory.

4.1 Finite moment approximation of (4.1)

The regularization method of moment problems in Chapter 2, we recall, is
based upon the Gram-Schmidt orthonormalization process. We shall regular-
ize (4.1) by a sequence of finite moment problems

/u(ncl7 ..,md)xlfl..x’;ddxldxg..dmd = lky. ks
I
ki=0,1,2,.,n, i=1,.,d. (4.2)

In our construction of finite dimensional approximations, we obtain an
orthonormalization of the basis functions {x’fl..xsd}, k;=0,1,..,i=1,..,d,
not through the orthonormalization process but by using products of one-
dimensional Gram-Schmidt orthonormalized polynomials.

Hence, a first step in our analysis is to orthonormalize the family (1, z, z2, ...).
The orthonormalization will be given in terms of Legendre polynomials. Let
P, (t) be the Legendre polynomial of degree n:

n

& k) ()
Falt) = kZ:o (n—R)I(k2 2 (43)

or equivalently (cf [Co3], p. 163)

1 a
T onpl din

Po(t) (2 - 1)". (4.4)

By direct computations from (4.3)-(4.4), we have
1

/ P,(t)Py(t)dt =0, n#m, (4.5)
1

_ /_11 P2(t)dt =

2
2n+1

Define
L,(x) =vV2n+1P,(1 — 2z). (4.7
Then we have by (4.5), (4.6)
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1
/ L,(t)Lg(t)dt =0, n#k, (4.8)
0

/ 1 L2 (t)dt = 1. (4.9)
0

Since L, is a polynomial of degree n, we have by (4.7)-(4.9) that (L,) is

a complete orthonormal sequence in L?(0,1). Note that (L,,) is the Gram-

Schmidt orthogonalization of (1,z,2?,..) and hence is complete in L?(0,1).
Substituting ¢t = 1 — 2z into (4.3), we get:

L, (x) = zn: Cra® (4.10)
k=0
where o
Cok = (20 + 1)1/2(—1)km(fz)!()k'!)2- (4.11)
Now put
Lkl“kd(xh..,xd) = Lkl(xl)...Lkd(l'd). (412)

Then by the completeness of (L, ),>0 in L2(0, 1), the sequence { Ly, 1, } forms
a complete orthonormal set in L2(I). In view of (4.10), (4.12), we have

kl kd
— D P
Lkl“kd(xl,..,xd)— E E Cklpl"ckdpdmll"xdd (413)
p1=0  pa=0

If u = (ur,.x,) is a real sequence, we define the sequence
A=Ap) = Mkyky), K1y ka=0,1,...,

as follows

k1 kq

)\k‘l..kd = )\klkd(,u) = Z e Z Cklpl"ckdpdﬂpl...pd‘

p1=0 pa=0
Now, put
pn = pn (/1‘) = Z )‘k1~kd (/'I’)Lklukd' (414)
k1,..,kq=0

Then p™ is a minimal norm solution of (4.3).
The main results of this chapter are Theorem 4.1 and Theorem 4.2 below.

Theorem 4.1. Let pp = (pg,.k,) be a given sequence of real numbers. Then
a necessary and sufficient condition for (4.1) to have a solution is that

o0 oo 2
Z ( Z Oklpl"ckdpduplupd) <0 (4.15)

k1,..,ka=0 \p1,..,pa=0
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where Cyj, 1,7 =0,.. is defined by (4.11) if j <i and C;; =0 if j > 1.
If u is the (unique) solution of (4.1) then

p"(p) = u in L*(I) as n — oo. (4.16)

Moreover, if the solution w is in H*(I) then

1
" - < — =1,2,.... 4.17
") =l < gy s, m=1,2, (417)

Remark 4.1. If the solution u is in H?(I), then it can be shown that

l[ull 2 (n + 1) 72 (4.18)

2V2

Note that this estimate is probably not optimal. The derivation of (4.18)
involves lengthy calculations not shown here. If w is in H™(I) then one would
have a similar estimate, through some elaborate estimates.

Ip" (1) —u <

Theorem 4.2. Let ug € L*(I) be the solution of (4.1) corresponding to
1 = (4R, x,) in the right hand side. Let

(27 L2a2t )"
ft) = <8\/5(2t+1) 3 ) , (4.19)

and for 0 < e <1, put
n(e) = [£71(e /)] (4.20)

where [x] is the largest integer < 1.
Then there exists a function n(e), 0 < e < 1, such that n(e) = 0 ase— 0
and that for all sequences p satisfying

1= 1°lloe = SUD |ty ey — 1y iyl <€ (4.21)
ki..kq

we have
1P (1) = woll < ne).
Moreover, if ug € H*(I), then

||U0||H1(I)

n(e) _ < 1/2

(4.22)
with

Ce) =2(2In3 + %1112)_1 In <278\/\§/52{yg>

Remark 4.2. If ug is in H?(I), then using Remark 4.1, one can take the
right hand side of (4.22) as
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(2
o, e

2v/2C (e)
where

Cl(e) = (2In3 + %1n2)_21n2 ( 8V5 ) .

27V2 /e

Before giving the proofs of Theorem 4.1 and Theorem 4.2, we first state
(and prove) the following Lemma 4.1 which is crucial for the proof of these
theorems. The idea of the following simplified proof of Lemma 4.1 was kindly
suggested to us by one of the referees.

Lemma 4.1. For every v in H*(0,1), we have
o0 1
> 4k |y < / ' ()] da (4.23)
k=1 0

where
ar = (v, Ly) and (.,.) is the L*(0,1) — inner product.

Proof
We rely on the differential equation for shifted Legendre polynomials (see,
e.g., [AS])
[z(1—2)L)(2)] = k(k+1)Lg(x), k=0,1,2,....

We first consider the case v € C?[0,1]. From the foregoing equations, we
can calculate the Fourier-Legendre coefficients of [x(1 — z)v]" as

(le(1 = 2)0')', L) = k(k + Do, k=0,1,2,...,

where ay, = (v, Lg).
Using the Parseval theorem for two functions v and [z(1—x)v']’, the latter
equialities imply

/0 (21— 2)0 (@) a)de = 3 (k + Daray.

k=0

It follows that

/O 21— o) (2)Pde = 3 h(k+ 1Dl (4.24)

k=0

Since C2[0,1] is dense in H'(0,1), the latter equality also holds for every
ve HY0,1).
Now, one has
z(x —1) <1/4 for all x € [0,1].

Hence, (4.24) gives (4.23). This completes the proof of Lemma 4.1.

We now give the proofs of Theorem 4.1 and Theorem 4.2.
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4.1.1 Proof of Theorem 4.1.

We easily get the first result of Theorem 4.1 using the completeness and or-
thonormality of the family (Ly, . r,) and considering the series representation

Z Ner ok (1) Ly kg (4.25)
k1,..kqa=0

for every u in L?(I). From (4.14) and the latter relation, we shall get (4.15),
(4.16). For the proof of (4.17), we rely on Lemma 4.1. From that lemma, one
has

(oo}

ou |?
2412
> AR Lk, S/Ila%

k1,..,kq=0

dzy..dzg (4.26)

for j =1,2,..,d.
Letting j = 1,..,d in (4.26) and adding together the results thus obtained,
we get

[e'S) d

Z 4ij2 Moy oky < ||“H12L11(1)~ (4.27)

k1,..,ka=0 j=1

Now, subtracting (4.14) from (4.25), we have

D D
maxi<i<d |ki|>n
Hence
AR S 29
maxi<i<d |ki|>n
Note that

d
Z j2 > 4(n+1)? as max |k;| > n. (4.29)
— 1<i<d

Combining (4.27)-(4.29) gives

(n +1)?[lp" (1) — ull® < Y (1A,

maxi<i<d |ki|>n

which is the desired inequality. This completes the proof of Theorem 4.1.
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4.1.2 Proof of Theorem 4.2.

We have

1P (1) — woll < ™ (1) — p™ (LO)|| + [Ip" (1°) — uo|- (4.30)
Using (4.14), we have

o0

p"(n) — pn(HO) = Z Z Cripr--Chrapa (Hpy..pa — Ngl..pd)Lplnpd'
ki,..,ka=0 p1,..,pa=0

Here we recall that Cj; = 0 if ¢ < j.
Hence:

oo oo 2
Ip™ () = p" (WO = > ( > C/clpl--%pd(upli.pd—ugl..pd)>

k1,..,kq=0 \p1,..,pa=0
e’} oo 2
2
<e E E ‘Cklpl"ckdpd‘ . (4‘31)
ki,..,ka=0 \p1,..,pa=0

From (4.11) one has

: + j)!
Cons = (2m 4 1)/2(—1)) D
= Y (D2 (m — j)!
But ( )
m+] . m+j m+j
< (1414 1)m7 =3,
@2 - = D
Hence .
|Cyjl < V2i+13mH.
Therefore
D ICy] < 20+ 1) > 3 (4.32)
j=0 7=0
'31'-&-1 -1
=V 277/ + 1 3237
3 )
<V2n+1 5.32’. (4.33)
Since Cj; = 0 for j > ¢, we have
S k1 kq
Z |Ck1P1"'de,;Dd| = <Z |Ck1p1|> (Z |depd,|> (434)
P1,--,pa=0 p1=0 pa=0

In view of (4.33), (4.34), we see that

0o 2
( Z |C/€1;01 "'depd|>

P1,--,pa=0
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2d d d
<(“;’> [1 2k +1) 3125k (4.35)

Jj=1

From (4.35) one has

n oo 2
> < > |ck1p1...ckdpd|>
P1,--

k1,..,ka=0 pa=0
d
3\ 24
4
< <2> (2n+1)? Z:w
7=0
Hence
n o0 2
Z Cklpl"'ckdpd,|>
k1,..,ka=0 \p1,..,pa=0
2d 4(n+1)-1\ ¢
3 a3
<[ = 2 1 —
<2> (n+)<34_1>
3\ ¢ 81\ ¢
< (2 9 e (&2 4nd_ 4.
@
Put

ft) = @)d (:é)d/z (2t 4 1)4/23%

27 d
S (2t+1 1/23%) )
(m( )

Then we have in view of (4.36)

1" (1) = p™ O ()] < €2, (4.37)

If we put

1/2

00 2
n(e) = e/ + 3 ( S cklpl...ckdpdugl_,pd)

maxi<i<d [ki|>n(e) \P1,--,pa=0
then by (4.30), (4.37), it follows that
1" (1) = ol < ne).
As € — 0, we have f~1(¢7'/2) — oo and n(e) — oo. By (4.15)

o 2
Z ( Z Cklpl...depd,uglnpd> —0 fore—0.
(e)

maxi<i<q |ki|>n P1,--,pa=0
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Hence 7n(e) — 0 for ¢ — 0.
Finally, let ug € H*(I). By Theorem 4.1 one has

1
Q) (1) — < — . 4.38

We estimate n(e). From the definition of n(e), one has
n(e) +1> fHe /2.
Since f is a monotone increasing function, the foregoing inequality gives

flnle) +1) > 2,

i.e.
27
=2t + 1 3% > /2
8v/5
with
te =n(e) + 1.
Since
te+1< 2t
we have

27
7\/5 2255/2.32te > 671/2
8V5

which gives
e(21n3+%1n2)t5 8\/5

> —.
27V2\/e
Hence
—1
1
te > (21n3—|— ln2> In & . (4.39)
2 27/2/€
In view of (4.39), inequality (4.38) gives
1
n(e 0
1P (1°) = uol| < m”UOHHl(z) (4.40)

where

Cle) =2 (21n3—|— ;mz)_ In (27%5\&) .

By (4.37), (4.40), the proof of Theorem 4.2 is completed.
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4.2 A moment problem from Laplace transform

We consider the problem of approximating ug € L?(0,c0) such that
/ uo(z)e *de = pf),  k=1,2,.... (4.41)
0

Put t = e ", wp(t) = tug(—Int). It follows from (4.41) that wy satisfies

1
/ wo(t)tFdt = pd 5,  k=0,1,2,.... (4.42)
0

Note that

1 [e%s}
/|w0(t)|2dt:/ o () 2657
0 0

Hence, since ug € L?(0,00), we have wy € L?(0,1). Using Theorem 4.2
(d =1) for the system (4.42), one has the following

Theorem 4.3. Let ug € L2(0,00) be the solution of (4.41) corresponding
to u® = (ul, 19, ..) € 1°° in the right hand side of (4.41). Let

_ 2T 1/292t
ft) = g2+ )23

and for 0 < e <1, put
n(e) = [f (/).

Then there exists a function n(e), 0 < e <1 such that n(e) — 0 ase — 0 and
that for all sequences p = (1, o, -.) satisfying

= plli <€

we have

g™ (1) — woll, < nle) (4.43)

where

qn(e)(lu) — expn(e)(la)(efz)’ i = (2, i3, - . .).
The norm | - | is defined by [ = [~ [h(o)Peda.
0

and p™ ) (1) is as in Theorem 4.2.
Moreover, if ug € H*(0,00) then

3lluoll 710,00

n(e) _ < (172
”q (M) UOHp S¢€ + C(E)

(4.44)
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where C(e) is as in Theorem 4.2.

Proof.

From Theorem 4.2, one gets

1p™ (7)) = woll <nle), = (na,ps. ) (4.45)

where
wo (t) = tuo(— In t).

But
lIp™ (1) — wol* = / 1™ (1) (£) — wo(£)|?dt
= [ e - e runto)Pe s
= [ e e - u)Pe s

= [lg™ () — ol (4.46)
By (4.45), (4.46), inequality (4.43) holds. Now if ug € H'(0,00) then
wh = up(—Int) — uy(—Int).

Hence

1 1/2
lwollf1(0,1) < (/ |tu0(—lnt)|2dt> +
0

+ </01 |UO(_lnt)l2dt)l/z + </01 u/o(—lnt)|2dt>
() ) y ([ matorpear) 12
+ (/OOO |u6(x)|2e_wdx>1/z

< 3|uollz1(0,00)- (4.47)

1/2

From Theorem 4.2, one has

n(e) =\ _ < (1/2 Hw0||H1(0,1)
P (1) — woll < €/ + o
In view of (4.46) and (4.47) the latter inequality gives

3|uoll 771 (0,00)

n(e) . < 172
Hq (:u‘) uO”P > € + C(E)

This completes the proof of the theorem.
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4.3 Notes and remarks

1. Using Theorem 2 in [AGT], we can get an estimate which is sharper than
the last one of Theorem 4.2. In fact, one has

fi(e) < /2 HUOHHl(I)
I~ woll < 24 B
where
i(e) =[fH V)], f)= )d(3+2\@)dt+d
s
and

In(v/27(3 — 2v/2)) and Ch < 1
In(3 + 2v/2) *7 2dIn(3+ 2v2)

Moreover, in [AGT], we also proved that the order magnitude O(m) of
the above estimate is optimal in an appropriate sense.

2. In Chapter 2 (Notes and Remarks) was presented an example show-
ing the ill-posedness of the Hausdorff moment problem. Following is another
example. Consider the sequence

C =

un(x) = cos 2nrx, 0<z<1.

By direct computation, one has
1
2
||un||L2(071) =5 n=12....

Consider the map A : L?(0,1) —» 2 defined by
1
(Au)y :/ u(z)zfder  k=0,1,2,....
0

Then we have

1
A < —.
(el < 5

k+1
element of [2. By the dominated convergence theorem (applied to N with the
counting measure), we have that

Since (L) € 12, we see that the sequence (Au,) is bounded by a fixed

Au, — 0 in 2.

Since [[un || z2(0,1) = 1/V2 Vn, we see that A~! is not continuously invertible
on R(A), i.e. the problem is ill-posed.

3. Although, as shown above, the Hausdorff moment problem is ill-posed,
it is controllable, with A as defined in 2. above, which means that the range
R(A) of A is dense in [%. Indeed, we claim that if p € [? is such that

(u, Au) =0  Yu e L*(0,1)
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or equivalently

Z [k (/ )dw) =0, VYueL?0,1), (4.48)

then p = 0. In fact, let v € L?(0,1/2), and let ¥ be the natural extension of
v on (0,1),

i(z)=v(z) f0<z<1/2
-0 if1/2<z<l, (4.49)

then ¢ € L?(0,1) and by the condition (4.48) above

oo 1 1/2
0= Z 2* ppi(x)de = 2* ppu(x)de. (4.50)
n=0"0 0

Since |z*| < 1/2% on [0,1/2] and since sup |ux| < oo, the series
kEN

o0
= Z pra® (4.51)
k=0

converges uniformly and absolutely on [0, 1/2] and defines a continuous func-
tion on [0,1/2]. Now, interchanging the order of integration and summation
in (4.51) and recalling the definition (4.51) of F'(x) we have

/1/2 v(x)F(x)de =0, Vve L*0,1/2).
0

It follows that F(x) = 0 Va € [0,1/2]. As a consequence ur = 0 Vk =
0,1,2,... (i.e. u = 0). We have completed the proof that R(A) is dense in /2.

4. As shown in 3., R(A) = 12. Now, R(A) # I2. In fact, we claim that

=(1,0,0,...) isin 2 \ R(A) since there is no function in L?(0,1) such that

1141; = e1, or equivalently, that fol u(z)dz = 1 and fol hu(z)dr = 0 Vk =

The fact that R(A) = 12 and R(A) # I? can be used to prove that A= is
unbounded on R(A) to L? ( 1), i.e., that the Hausdorff moment problem is
ill-posed.

5. This section is devoted to a regularization of the Hausdorff moment
problem by the Backus-Gilbert method (BG method for short).

Consider the Hausdorff moment problem on (0, 1).

Find w in LP(0,1), 1 < p < oo, satisfying

1
/ xku(x)dx:,uk, k=0,1,2,....
0

Following the BG method, we approximate the solution u € LP(0,1) of
the moment problem by finite combinations

n
w=>_ nvy
j=1
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where v, j =1,...,n, are the BG basis functions. The construction of these
basis functions, we recall, is done according to the following procedure:

For z € R, the value of v} at z is defined as a solution of the following
minimization problem

min S7 (v)

vELy,

where L,, is the hyperplane

and
1 n )
- / 2 — ol [ vy )y
0 =

Here n € N and 8 > 0 is fixed.

Now L, is closed and convex and by the results of Chapter 3, S7 is strictly
convex, continuous and coercive. Hence the above minimization problem has
a unique solution v"(z) € L,, such that

Sr(v™(x)) = min S7(w).

weELy,
Defining v"(x) for each # € R by this procedure, we obtain the basis functions
o™ = (v}, ...,v7) on R. One can show that the v,’s are continuous on R. For

€ 10,1) and ¢ € [0,00), let (W®9(0,1),]|| . |lo,q) be the fractional Sobolev
space defined as in Chapter 3. Then we have

Proposition 4.4. Let ug be the solution of the Hausdorff moment problem
above, associated with a sequence u° = (ud, uf, ...).

Let
2/q
_ B
= (013;31/ |z =yl dy)
C(n) = min{S}(v)| z € [0,1], |[v| = Z|v]\ =1}

and choose, for ¢ € (0,4),
n(d) =[f'("*)) eN

where f is chosen to be continuous and strictly increasing on [0,00) to
[(C(0))~Y9,00) such that

f(n) > (C(n))~Ya Vn € N.

a) Suppose u € Wo>(0,1), o € (0,1] and
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q—1<p<(c+1)g—1, ||n—p’le <0

Then the following estimate of the error between the exact solution and the
finite dimensional approzimation u™®) holds:

[u™® (1) = wo|| oo <

—1(5-1/2Y-s/p  if -1
C (51/2 + [Jullo,00 {H[f(l(glg]?)]l/p if g i Z -1 )

where 0 < s < q% — 1 and C depends only on q,3,0 and s.
b) Let ug € Wome(0:P)(0,1) with o € [0,1), v € [1,00) and let
g—1<f<(c+1)g—1ify>4
or
G—1<B<(o+1)g—1ify<0.
Suppose
= 0|z < 6.

Then we have the following error estimate in the LY -norm

1™ () = wol| v <

“15-12)-s/p i -1
C (51/2 + ullo,maz(y.p) {l[i[f(l((sl}]z)]l/p 1f g i Z -1 ) |

Here s is as in a) and depends only on q,3,7v,d and s.

The above proposition is a consequence of Theorem 3.7 since (0, 1) satis-
fies the uniform cone condition. In the above proposition, there may be no
solution to (M P) associated with p. In the case a solution corresponding to
1 does exist, we can obtain a sharper error estimate. We do not pursue the
matter any further but instead, leave it to the reader to derive approximate
estimates, using the general results of Chapter 3.



5 Analytic functions: reconstruction and Sinc
approximations

In this chapter, we address two problems in function theory:

- The problem of reconstructing an analytic function in the Hardy space
H?(U) of the unit disc from a sequence of moments.

- A cardinal series representation theorem in the two dimensional case.

Both problems can be viewed as moment problems. The results of this
chapter, beside their intrinsic interest, will play an important role in our
regularization of the inverse problems in Potential Theory and in Heat Con-
duction to be considered in the chapters to follow.

As is known, the problem of reconstructing an analytic function from its
values at a sequence of points of its domain is an ill-posed problem. Two
approaches will be followed: the first one is by polynomial approximation,
and the second one is through optimal recovery.

In the case of analytic functions of one complex variable, it follows from
the Paley-Wiener theorem that a function in L?(R) admits a cardinal series
representation iff its Fourier transform has bounded support. For functions in
L?(R?), whose Fourier transforms have bounded supports, we shall establish
a theorem of representation in terms of one-dimensional Sinc functions. This
Sinc representation theorem will be used in our approximation of functions
in L?(R?).

All function spaces in this chapter are complex function spaces. For no-
tational simplicity, we use the same notations as in previous chapters to
denote function spaces. Similarly, all sequences in this chapter are complex
sequences.

The remainder of this chapter consists of three sections. Section 5.1 is
concerned with a reconstruction of functions in H?(U) using approximating
polynomials. Section 5.2 deals with the same problem, using the approach
of optimal recovery. The final Section 5.3 is devoted to two-dimensional Sinc
theory and a moment problem on R?2.

5.1 Reconstruction of functions in H?(U):
approximation by polynomials

Let U be the open unit disc of C. We consider the problem of reconstructing
a function u in H(U) (the space of functions analytic on U) satisfying the
following moment problem

w(zn) = tn, n=12,.., (5.1)
where (z,) is a sequence in U such that z, # z, for n # m, z, — 0 as

n — oo and (uy,) € 1.

D.D. Ang, R. Gorenflo, V.K. Le, and D.D. Trong: LNM 1791, pp. 99-130, 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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For definiteness, we take

1
Zn = — n:1,2,....
n+1

Let u® = (1) € 1°° be a sequence such that the following problem has a
(unique) solution ug in H(U)

wo(zn) = 13, (5.2)
Let p = (up) € 1°° satisfy
I — 10l oe = sup |pn — p0| < e.

We shall construct a polynomial that, in a sense to be specified, approximates
the exact solution ug. For m € N, we consider the following system of linear
equations

m—1
Z amkzﬁ = fip, n=12,.,m. (5.3)
k=0

Put

P,(z) = Z Ampz". (5.4)

0<k<m/2

We shall give an estimate of the error between P, and the exact solution
ug corresponding to the exact data pu® € [°°.

Before stating our main result, we set some notations. The Hardy space
H?(U) is the class of all analytic functions F' on U having the form

F(z) = Z 2"
k=0

with
oo
Z lo|? < oo.
k=0

Writing H? for H2(U), we define the norm

- 1/2
|1 F|| 2 = (Z |O‘k|2>

k=0

(see, e.g. [Ho]).
We now state the main result of this section.

Theorem 5.1. Let ug € H?(U) be the solution of (5.2) corresponding to
O = (ul). Let
O = ()

2\ 0
326(9+1)) ’ 60,

10 =6+ (2
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and for 0 < e <1, put
m(e) = [f~H(e™")]

where [z] is the largest integer < x.

101

Then there exists a function n(e), 0 < e <1 such that n(e) - 0 ase — 0

and that, for all sequences p = (u,) € 1% satisfying
e = 1lloc = sup |pn — pp| <,
n

we have
[0 = Prnge)llzr> < me)
where Py, () is defined by (5.4) for m =m(e).
If, in addition uf, € H*(U), then for ¢ — 0,
[0 = Prnell7r < 6(e)

where

510 = e+ 16l atm(o) +2) e

m(e)

Proof. Since ug € H?(U), uy is represented by a series

oo
up(z) = Z apz”
k=0

where
o0
Z lax|? < oc.
k=0
On the other hand,
ug(2z,) = p, n=12....
Hence, (5.5) gives
m—1 0o
ok == " ansh
k=0 k=m
Subtracting (5.7) from (5.3) gives
m—1
CmkZp = Pmn, n=12.,m,
k=0
where
Cmk = Qmk — af, k:O,l,..m—l,
o0
Pmn = €n + Z akzylia

k=m

0
€n = HUn — My, n=12.,m.

32 )’"“) Al|uf|2,

(5.8)
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We wish to estimate |¢;x|. For this purpose, we shall give an explicit form of
(cmk). Put
-1

Qm(z) = Cmpz”. (5.9)

3

>
Il
o

Eq. (5.8) gives
Qm(zn) :Qomn, n = 1,2,..,m.

Hence, using Lagrange’s interpolation formula (cf. [MSM]), we get:

Qm(z) = Z@mn (2(2_21)“(2:_2:”_1)(2;_Zn+1)”(z_zm> . (510)
n=1

n—21)(2n — 2n—1)(2n — Znt1)--(2n — 2m)

We shall rewrite (5.10) in a more convenient form. Let us first set some
notations. For 5 =1,2,..,m, put

5. — m—1
Zj —(Zl,..,Zj_l,Zj+1,..,Zm) R .

Letting t = (t1,..,tm_1) € R™7!, we define the elementary symmetric func-
tions 0; (j =1,2,..,m — 1) (see [MSM]) of t by

Uo(t) = 1,
Ul(t) =t +to+..+tm-1,

o)=Y ity

1<j1<je<m—1

o3(t) = Z tistiatiss

1<j1<j2<js<m—1

Om_1(t) = tito. tm_1.
We next set
Smn = (2n — 21)-(2n — 2n—1)(Zn — 2n41)--(Zn — Zm).
Using these notations, we can rewrite (5.10) as

m—1

Qm(z) = Z PrnSn Zk(_l)m_k_lamfkfl(én)
n=1 k=0
Combining (5.9) with (5.11) gives
Cmk = Z Sam,nSZn}m(*l)mikilam—k—l(én)' (512)
n=1

Now, we have
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%)
|<pmn| < |€n| + Z |ak||zn|k'

k=m

Noting that |ag| < |Jug|| g2, we get after some computations:

[[uoll 2] 2n|™

<
ol S T

Since z, =1/(n+1) <1/2, n=1,2,.., the latter inequality gives

2||uol| a2

mng T AN
[$rmnl 6+(n+1)m

We propose to estimate |s;} |. We have

Smn = (zn — 21)--(2n — 2n—1)(Zn — Zn+1)--(Zn — 2m)

- 1 1 1 1 1 1 1 1
" \n+1 2/ \n+1 3/ \n+1 n)\n+1 n+2

1 1
“"\n+1 m+1

_ (=) L(n —1)!(m —n)!
(n+1)m2(m+1)!

Hence
(n+1)™=2(m+ 1)!

(n—1D!(m —n)!

|5mn|_1 =
To estimate |0y, —k—1(2k)| we note that if
>ty > .. >tmo1 >0
then

o-m*kfl(t)l = E tjlt.jZ"tjmfkfl
1< <o <m-k—1<m—1

< tite.bm—k—1 Z 1
1<ji<..<jm-k—1<m—1
t = (t1,..,t;m). Note that the quantity

> 1

1<j1<..<jm—-k—1<m—1
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(5.13)

(5.14)

(5.15)

is the number of (m — k — 1)-element subsets of the set {1,2,.,m —1}. Hence

> =)

1<ji<..<Jjm-k—1<m—1

(5.16)
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We get in view of (5.15), (5.16)

| ()] < tita..t m—1
Om—k—1 > 01t2-bm—k—1 m—k—1 .

For t = Z,,, the latter inequality gives

(Ot (3] < ﬁ (m”j i 1). (5.17)

In view of (5.13), (5.14), (5.17), the relation (5.12) implies

“ 2||uwol| g2 m—1
|emi| < 2;< nff{><m—k—1)x
1 (n+1)""2(m+1)!
=B (- Dlm—n)!
Gmm " (n 1m2m+1
( ?Z + ( )!

- (m k n=1 n_l n)'
2|u HH2(mm ) (m+1)!
0 ),’f :1 CESIE n—l))!(m—n)!' (5.18)
But, we have
(m+ 1) (m+1)! _ (m+1
(n+1)*(n —1){(m —n)! = (n+1)!(m—n) (n+ 1)- (5.19)

On the other hand,

ﬁi() A+1)P=2°, p=12.... (5.20)

k=0

From (5.18), (5.19), (5.20) we get after some computations

2" m+1)" < (m+1
P
lemk] < (m — k)! 2; n+1

2™ ||ug || g2 U (m + 1)

_|_

(m—k)! c=\n+1
e4m(m—|— 1)m 4m+1||u0||Hz
21
S TR m—k) (5:21)

k=0,1,.,m—1.
Stirling’s formula (cf. [Tay]) gives

m—k

(m — k)l = ( )m_k 21 (m — k)e"

e
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where
1 < < 1
12m—k) S 12m—k—1)
Hence
(m k> (MF "
- e
For 0 < k < m/2, one has
| m—k\" " mym/2
— k) > > — =1,2,.... 22
m-n= (T2E) = ()" mee, (5.22)

Substituting (5.22) into (5.22), one gets, for 0 < k < m/2,

wmwecmj%ﬂﬂ +mwm<?%>. (523

Now, we have

P (2) —up(z) = Z Cmi 2" + Z apz”

0<k<m/2 k>m/2

where
P,(z) = Z Ampz”.
0<k<m/2
Hence
1P —wollze = Y lemal*+ D laxl*

0<k<m/2 k>m/2

Using (5.23) and the inequality
(a+b)* < 2(a® + b?), Va,b € R,

we get

m 32e(m +1)2\" 32e\"™
1P = ol <2 (5 e (ZLEEN v+ D)ol (22

+ >0 Jal® (5.24)

k>m/2

Now choosing

with

we have
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32e(m(e) + 1>2>”“) <,

m(e)

() +2) (

Hence, (5.24) implies

, ) 3% m(€)
1Pmey = wollzr> < €+ 16|uoll7=(m(e) +2) { —

+ > > =n(e).
E>m(e)/2

Now, if uf, € H?(U) then

(o]
S Rl = [lup|%- < .
k=0

Hence
Y lal s 3 Rl
— m?(e)
k>m(e)/2 k>m(e)/2
Al |72
- m?(e)

From (5.22), (5.23), we get

9 9 32e m(€)
[ Praey — uollzr> < €+ 16[uol| 2 (m(e) +2) py oY +

m(e
Al up |7
m?(e)

This completes the proof of Theorem 5.1.

(5.25)

(5.26)

5.2 Reconstruction of an analytic function: a problem of

optimal recovery

In the preceding section, we considered the problem of recovering an an-
alytic function in H2(U) from its values on the sequence of points z, =
(n+1)71, n=1,2,.... If (2,) is an infinite sequence of points in U, then
a regularization can be performed using any of the methods presented in
previous chapters. However, to obtain error estimates is a more subtle prob-
lem. In this chapter, following an alternate approach, we shall find functions

bm1(2), -, bmm (%) (m € N) such that
b1 ()1 + o« 4+ b (2)pomy, > u as m — 0.

To this end, for each z € U, we put

px(x) = Zakzk7 x = (ap)pz0 € 1.
k=0
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Then ¢, : 12 — C is a continuous linear mapping. Moreover, if the function

u has the expansion
oo
u(z) = E apz",
k=0

then, putting xo = (ag)k>0, one has
. (x0) = u(2), Vz e U.

Hence

0=(%0) = Y bmj(2) Y arzf| = |u(z) = Y bm;(2) > arzl|.
j k=0 k=0

Jj=1 Jj=1

Therefore, our problem here is to find b,,1(2), .., bym(2) such that the se-
quence

oo

P:(x) =D bims(2) D _azf|,  x = (ar)rzo,
k

=1 =0

tends to 0 as fast as possible as m — oo for x in an appropriately chosen
bounded subset of [2. In the latter form, our problem can be seen as one of
optimal recovery.

The method is based on the following

Proposition 5.2. Let H be a complex Hilbert space, and let
p: H—-C, &: H—-C™
be linear continuous mappings, ® = (F1, .., F,,). Then
a) there is by, = (b1, .oy bmm) € C™ such that

p(x) — ibijj (x) =0, Vxe¢ (ker®)*, (5.27)

where

kerf ={xe H: f(x)=0}, feH"
Wt={xcH:(x,y)=0 Vy e W}, W CH,
and (.,.), H* are the inner product and the dual of H respectively.
b) For any by, = (b1, -, bnm) € C™ satisfying (5.27) one has
le = bmiFjllas = sup  [o(x)|
=1 z€B;(0)nkerd

where B-(0) (r > 0) is the open ball of radius r in H centered at 0 € H.

Margaril-Il’yaev and Le [ML] (see also [Lel], [Le2]) proved a theorem for
optimal recovery of functionals in general linear spaces. In the case that the
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linear space is a Hilbert space, the above proposition gives a stronger result
and moreover it has a constructive character. In fact, since the (complex)

dimensions dim (ker Fj)L =1, y=1,2,..,m, and since

(ker &)t = (ker F})* + ... 4 (ker F,,)*

we have dim (ker &)+ < m. Hence, in Part a) of Proposition 5.2, we can find
the quantities b, = (b1, -y bnm) € C™ by solving a finite system of linear

algebraic equations.

Proof of Proposition 5.2.

a) By the representation theorem for linear functionals in Hilbert spaces,

we can find elements ¢, ¢1,..., ¢, in H such that

p(x) = (x,0), Fj(x) = (x,9)

where (.,.) is the inner product in H.
From (5.28), one has x € ker @ iff

(X7¢j):0» 7=12,..,m.
Hence

(ker &)t =< @1, .., by >

where < ¢1, .., ¢, > is the linear space generated by {¢1, .., dm }-

Using (5.28), we can rewrite (5.27) in the form

X, =Y bmjd; | =0, Vx € (kerd)t,
j=1

Noting that
H =ker® @ (ker &)+

one has
¢=¢ +¢n  where ¢/ € ker®, ¢1 € (ker &)t

Substituting the latter relations into (5.30), one gets

X, QI — ngj(bj =0, Vxe& (kerd)t.

j=1

Hence (5.27) holds iff there is by, = (b1, -, bmm ) such that

gf)// = Z ij¢j'

Jj=1

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)
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Since ¢/ € (ker @), this gives in view of (5.29)

¢/, e< ¢17 "7¢m >

Therefore, there are (31, .., 3,, such that

=" Brnjd;-

j=1

Putting ~ ~
b = (671117 7ﬂmm)
one then has (5.33). This completes the proof of Part a).
b) For any y € B1(0), we can, in view of (5.31), write

Y=Yy1+y2 y1 € ker®, yo € (ker &)t
Since y1, yo are mutually orthogonal, one has

Iy W7 = ly1llZ + ly=17-

Hence
2 2
Iyl <yl <1

which gives

y1 € ker @ N By (0). (5.34)
Now, one has
o(y) — Z b Fi(y) =
j=1
= ¢(y1) + | ¢(y2) Z : (5.35)

(Here we use the fact y; € ker @, i.e., Fj(y1) =0, j=1,2,..,m).
On the other hand, b,, = (b1, --, bmm) satisfies (5.27), and, hence

- f: bijj(YQ) = 0. (536)

From (5.35), (5.36), we get in view of (5.34)

m

=D b 59| = le(y)]

< sup o e(x)]
xeker #n B, (0)
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Since y is any element in B;(0), the latter inequality implies
m
lo = bmiFylla- < sup |p(x)]. (5.37)
j=1 xeker #nB; (0)

Conversely, for x € ker @ N B1(0), one has
()] = lo(x) = Y by Fj (%))
j=1

< llo = bug -
j=1

It follows that

sup ()| < o =D bmiFilla- (5.38)
xeker $NB;1(0) j=1

Combining (5.37), (5.38) completes the proof of Proposition 5.2.

We shall consider the case that the Hilbert space H is the set of all
complex sequences (o )k>0 such that

00 1/2
()l = (Icvo2 + ZkzlakF) < 00,

k=1

On H, we consider the linear forms

F,(x) = Zakz’;, x = (o)k>0, n=1,2,...,
k=0
& = (F1,.., Fp). (5.39)

We recall that
Px(x) = Zakzk; x = (ag)r>0 € H,
k=0

where (z,,) is a given sequence in U and z is a point of U.

In our newly introduced notations, the reconstruction problem (5.1) is
equivalent to one of solving an infinite system of linear algebraic equations
in infinitely many unknowns «g, «sq, .., that is,

Fo(x)=pn, n=12.... (5.40)

Our aim is to find an estimate of the asymptotic behavior for m — oo of
the quantities
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sup Zb COHSOZ me] )Zasz”H*
k=0

xEBcU(O) j=1

where b(z) = (bpn1(2), -, bnm(2)) is a solution of

- Z bimj(2) Z asz
= k=0

1
=0, Vx= (Oék)kzo S (kersﬁ)L. (5.41)

<
Il
—_

<

In other words, we want to estimate the degree of accuracy of finite di-
mensional approximations to equations (5.40).
In fact, we have

Theorem 5.3. Let z € U, let o > 0 and (z;) C U satisfy
2 # 2z Yk#7, |z] <a<1/16, k,j=1,2,....

Then for Cy > 0, we have

sup 12(x) = Y buy(2) D awzf| <
x€Bc¢, (0) j=1 k=0
4Cy 1 2
< -z
1_|Z|max{7.2m/2,m}, VzeU,

provided by, (2) = (bm1(2),..,bmm(2)) satisfies (5.41) and x = (ax)g>0 €
Be, (0).
C[fu € H*(U), v € H*(U) and

u(zj) = pj, i=12,..,
then the following holds
— 40 12
Z /,LJ S]_ | max{mm,m}, VZEU,

where
Ch = llullmzw) + | || w2y

Moreover, if K is a compact subset of U then
4C| 1 2
b (2)pj] < 2 — — .
sup |u(z) = 3 b ()11 < (K,00) ax{mm/? m}

Proof. For the proof, we shall apply Proposition 5.2. It is therefore suf-
ficient to give an estimate of
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sup oz (x)]
xeB; (0)nker &

where @ = (F1, .., F),) as in (5.39).
From the definition, one has

(o]
px(x) = Z apz”, X = (ag)k>0-
k=0

Hence
N . supy |ag]
|2 (x)] < sup |ag] Z |2 = 1—]67|z| (5.42)
k k=0
We claim that
1 2
|Oék|§4 max{w,m}, Vk:(),].,...,

where x = (ag)k>0 € B1(0) Nker @. If the latter inequalities hold, then, in
view of (5.42), the proof of the theorem will have been completed.

Now, we estimate |ag|. In fact, x = (a)k>0 is in ker @ iff the following
system of m linear equations is satisfied

Qo+ o121+ e o2 = — > o Umn 2T = Y
(5.43)

-1 _ oo _
a0+ 1 Zmt U120 = =3 g 2T = Y
Using Cramer’s rule, we can in view of (5.43) write

k—1 k+1 -1
oo 287l appy 280

k—1 k1 -1
1o 28l B0 oo m

where k = 0,1,..,m — 1 and D,, (&) is the Vandermonde determinant as a
function of £ = (21, .., 2m), 1.€.,

1z 23 ... 2t
12y 23 ... 2071
Dn(E)=|. . . : (5.44)
1z, zﬁz zm_l
From (5.43), (5.44) one has
ok ==Y G iDL, K, E) DL (E) (5.45)

=0

where
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12y ... 287t gl il ymed

129 ... zé:*l z;nH z§+1 zg“l
Dm(l7 k’&) = .

12y ... 2871 gmdl pEtl  pm—l

1=0,1,2,, k=0,1,..,m—1.

We claim that D,,(l,k,&)D,,1(€) is a homogeneous polynomial in & =
(21, 22, ., Zm ). We first set some notations. Form, M =1,2,.., k =1,2,..,m—
1u /8 = (517 "7ﬁm>7 5 = (21722u "7Zm)a we pllt

1Bl = B1 + oo+ B, P =21 20,
and

A(m, M) = {8 = (Br,...0m) € (Z7)™ : |8 = M},
B(m,M,k) ={p € A(m, M) : there are i1, .., im—_k
in 1,m such that 3;, > 1, j =1,2,..,m — k}

where Z* ={0,1,2,..}. Now we prove that

Dy (1, k,€)D,M(€) = > Court” (5.46)

pBeB(m,l+m—k,k)

where the coefficients C ;1 satisfy

|Cﬁ,l,k| < (7;) (5.47)

We prove (5.46), (5.47) by induction on m.
Let m = 2. Then £ = (21,22), k=0o0r k = 1.
If £ =0, we have

l
Din(1,0,6)D, (&) = —2122 Y2772
=0

!
— l=j+1_j+1
= - E z Zy .
Jj=0

Since o
(l—j+1,j+1) € B(2,1+2-0,0), j €0,

we infer that (5.46), (5.47) hold for m =2, k = 0.
Now, for k£ = 1, we have

I+1
Do (1, 1,) D1 (€) =Y 2774
§=0

Since

(l—j+1,j)eB(2,l+2-1,1), je0,l+1,



114 5 Analytic functions: reconstruction and Sinc approximations

we infer that (5.46), (5.47) hold in this case.

Now, assuming that (5.46), (5.47) hold for m = s (s > 2) we shall prove
that it also holds for m = s + 1.

For £ = (21, .., 2s+1) we put t = (tg, .., tsy1) wWith

t =22, §j=2,3,...s+1

We can write

s(s+1)
= s +l41-k
Dypi(Lk,&) =2 2 x

11 ... 1 1 1 ... 1
1oty . thl gt h L g
X . .
L ko1 ystltl bl
Ltgpr o thob s bbbl e
ELCE20 N N
=2z X
1 1 1 1 1 1
0 to—1 ..th b1t b+t 1 -1
X
. . k-1 1 k41 .
Otepr — 1.ty — 1t =1 —1 . e, —1
After some standard computations, we get
Ds+1(lak7£) =
s(s+1) _ s+1
=2
1oty . th 2L s btk bt es!
X : : : : :
k=2 +5 k=1 | 4k k41 -1
Ltsgr ... sl j=0 tiﬁ tsr1 Tl toga - t2+1
s(s+1) _ s+l
j=2

l
X (_Dé(j7kat)+Dé(jvk_17t))
=0

j
s+1
e | (TP
j=2
X (Ds(t) {Ds(la k— 17t)Ds_1(t) - DS(07k7t)Ds_1(t>}
-1
+ Do) Y (Ds(G.k —1,t) = Do(j + 1, k, 1)) D7 (1))
j=0
for3<k<s—1 (5.48)

We have
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s+1
s(s+1)
Di(t)z, = ](t; = 1) = Dera(9).
j=2

Hence, relation (5.48) gives
Ds+1(l7 k?é-)D‘;:l(g) = Zig+l+17kx
x ({Ds(l,k —1,t)D;*(t) — Ds(0,k, t) D (t)} +
-1
+ 3 (Dl k= 1,1) = Dy(j + 1,k 1)) D (1))
j=0
for3<k<s—1. (5.49)
Since (5.46), (5.47) hold for m = s we get in view of (5.49) and the relation
B(s,j+s+1—kk—1)CB(s,j+s+1—k,k)
that
Dyl k, €) D (€) = 571" x

x > Cirpat’™+
BEB(s,s+1+1—k,k—1)

-1
+ > (Caip-1 = Cayprt” | +

7=0 \BeB(s,s+j+1—k,k)

+ Y Gt (5.50)

éGB(s,sfk,/c)

where 3 <k <s—1 and
S .
1€l = (k _ 1>7 J=0,1.,1-1, (5.51)
S .
1Ch0l = (k) 7=0,1,..,1. (5.52)

Recall that t = (ta,..,ts11) = 27 *(22, .., 2Zs+1). Thus, relation (5.24) implies

D1 (I, k, &) D1 (6) =

Be€B(s,s+1+1—k,k—1)
-1 )
-3,
+ Z Z (Cfé,j,kfl - CB,jﬂ,k)f( W)+
J=0 \BeB(s,s+j+1—k,k)
+ 3 ot (5.53)

BEB(s,s—k,k)
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In view of (5.51), (5.52) and the identity

s s s+1
(22 ()= (3
it follows that all the coefficients of D,y1(l,k,€)D ' (€) satisfy (5.47) for
m=s+1,3 <k <s—1. On the other hand, we have

(0,8) e B(s+1,s+1+1—k,k) for

BeB(s,s+1+1—kk—1), (5.54)
(1—35,5) € B(s,s+1+1—k, k) for

j€0,l—1, B€B(s,s+j+1—kk), (5.55)
(1+1,8) € B(s+1,5+1+1—k,k) for

B e B(s,s—k,k). (5.56)

In view of (5.54)-(5.56), the relation (5.46) holds form = s+1,0 < k < s—1.
Similarly as for (5.48), we shall get expansions for Dyi1(1,5,€) D} (€)

(j=0,1,2), Dsy1(1, s, §)D;}1 (&). In fact, these expansions are simpler than
(5.48). Similarly as for the case 3 < k < s — 1 we also get (5.46), (5.47) for
k=0,1,2 and k = s. Hence, (5.46), (5.47) hold for m =s+1,0< k <s.

By the induction principle, (5.46), (5.47) hold for every m > 2.
We now turn to relation (5.45). Using (5.46), (5.47), one gets

|| < Z |m 41| CF o™= card B(m, 1 + m — k. k),
1=0
k=1,2,..m, (5.57)

where cardB(m,l+m — k, k) is the number of the elements of B(m,l+m —
k, k). We propose to derive an estimate of this number. We claim that

cardB(m, 1 +m — k, k) < (’Z) (l J:n”: 1). (5.58)

Put
Ai(m, k) = {68 =(01,..,0m) : there are iy, 1o, .., 0m_k
in 1,m such that 8;, =1 Vj=1m—k
and 6; =0if ¢ € {il, ..,im_k}}.

Consider the mapping
U A(m,l) x Ay(m, k) — B(m,l +m — k, k),

V(B,y) =B+ (B,7) € A(m,l) x Ai(m, k).

We prove that ¥ is surjective. Letting ¢ = (1, .., Gn) be in B(m,l+m —
k,k), one has |(| = m + 1 — k and there are 41, .., i;,— such that

G, > 1, =12 ..,m—k.
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Put
= .. 1 . 1 .. 1 .. A .
ry (O’ 707‘ ,’0) 703‘ ,707 507 \ , 703 7O> E 1(m7k)
i1—th ij—th im—k—th
and
f=C—n

Then § € A(m,1). Moreover, ¥(8,v) = (. Hence ¥ is surjective. Thus we
have

cardB(m,m + 1 — k, k) < cardA(m,1).cardAy(m, k). (5.59)

The number of the elements of A;(m, k) is the number of (m — k)-element
subsets of an n-element set. Hence

cardAy(m, k) = (Z”) (5.60)

The number of the elements of A(m, 1) is the number of solutions of the
equation L
Bi+.+Bm=1  Bi€0, i=12.,m.

m—+l—1

We know that the number of solutions of this equation is ( 1 ) (see, e.g.,

[Di], chap. 3, page 114). Hence

o (5.61)

cardA(m,l) = (m - 1).

Combining (5.59)-(5.61) gives (5.58). Substituting (5.58) into (5.57) we get

= m\2/m+1—1
|O‘k§2|am+zl<k> ( o )o/”“"“. (5.62)
=0

In view of the inequalities

m m+1—1
< gm <2m+l—1
() <= (Ml ) =

inequality (5.62) gives

o] < o |28 e TR 0 <k <m — 1. (5.63)
=0

Since x = () k>0 € B1(0), one has
o0

lool* + ) kP faxl* < 1. (5.64)
k=1

In view of (5.64), the inequality (5.63) for 0 < « < 1/16 implies
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oo
|Oék| S E 23m+l—1 .2—4m—4l+4k

=0
_ iQ—Sl—m—1+4k
=0
— 27m71+4k 1
1-1/8
4
= ?2_m+4k, Vx = (ak)kzo € B1(0) Nker &.

Hence, for 0 < k < m/8 one has
4 —m/2
|ak\ < ?2 , Vx = (ak)kZO IS Bl(O> N ker &.

From (5.64), one has
lak] <E7', k=1,2,.,Vx = (o )kz0 € B1(0).
Hence, if kK > m/8 then
lag| < 8/m, Vx = (ag)k>o0 € Bi(0).

It follows from (5.65), (5.66) that

4 8
lag| < max{72_m/2, m} , Vx = (a)k>0 € B1(0) Nker P.

Finally, we estimate

sup [z (x)].
xeB; (0)nker &

By the definition, one has
oo
0. (x) = Zakzk.
k=0

Hence

supy, ||

oo
x)| < sup |« 2|F = .
o= (x)] < kp\ klkz_:ol | - 2|

If x € B1(0) Nker @, then (5.67) holds.
From (5.67), (5.68), we get

4 1 2
sup |p2(x)] < ——— max — .

x€ By (0)nker & 1—|z| 7.2m/27 m

By Proposition 5.2, the latter inequality implies

(5.65)

(5.66)

(5.67)

(5.68)
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sup  |pL(x) — Z b; Z cvkz;-“ =Cy sup |- (x)]

x€Bg, (0) j=1 k=0 xeB; (0)nker &

4Cy 1 2

< —, — v U.
_1—|zmaX{7.2m/2’m}’ €

This is the first inequality in Theorem 5.3. Now, for u € H?(U) satisfying
u' € H?(U), the function u can be represented by the series

oo
u(z) = Z apz”
k=0

with

o0 o0
S larl + 3 Rlanl? = [[ullye + 1B < oo.
k=0 k=0

Hence xo = (a;)k>0 € Bc, (0) with
Co = = llullzs + 1 e
( Here, we recall,
o 1/2
BCO(O) = (Oékr)kzo : <|Oéo|2 + Zk2|ak|2> < Cy )
k=1

We also have

pa(x0) = > apzk = u(2), (5.69)
k=0
> arzf = ulz) = uj. (5.70)
k=0

Hence

u(2) = Y b (2)pi| = |0=(%0) = Y b (2)ps;

Jj=1 Jj=1
< sup  |p.(x) — Z bm;(2) Z akz;? . (5.71)
x€Bc, (0) j=1 k=0

From (5.68), (5.71), we obtain

m

4C} 1 2
Jj=1 ’
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Now, if z € K (a compact subset of U) then

! < 1 .
1—1z] ~ dist (K,0U)

(5.73)

From (5.72), (5.73) we get

“ 4C% 12
bm 0 s T (> A K.
Z 3(Z)s| < dlst (K,0U) Hax { 7.2m/2 m} €

j=1

Hence

m AC 1 9
bon; <% 121
S [l ; M = Fist (K, 00) max{mm/w m}

This completes the proof of Theorem 5.3.

5.3 Cardinal series representation and approximation:
reformulation of moment problems

In this section, we derive some theorems on cardinal series representation
and approximation by cardinal series. Although these results of independent
interest, their derivation has been motivated by the problem of reformulation
of moment problems as infinite systems of linear equations or approximation
of moment problems by infinite systems of linear equations.

We commence with a cardinal series representation theorem for functions
in L?(R?) the Fourier transforms of which have compact supports. A one-
dimensional version was proved in [St] (see Theorem 5.5 below). For the
two-dimensional case, we follow the approach of [St] (loc. cit.). An illustra-
tion is given of the application to the reformulation of a moment problem
on R as an infinite system of linear algebraic equations in infinitely many
unknowns. The section closes with two Sinc approximation theorems on R
and R? respectively. These approximation theorems are, to our knowledge,
new.

5.3.1 Two-dimensional Sinc theory

Let f be a function in L?(R?). Define the Fourier transform of f by
oo oo . .
= / / fz,y)e ™t dady. (5.74)

Suppose the support of f is compact,

supp f C [—n/h,7/h] x [—=/k, 7 /k].

We propose to represent f by a double series of Sinc functions, analogous
to the one-dimensional case.



5.3 Cardinal series representation and approximation 121

Putting
F(s,t) = f(s,1)

we have by the inversion formula

1 w/h w/k -
flz,y) = (277)2/—7r/h ~/—7r/k F(s,t)e """ dsdt. (5.75)
Now, we have
F(Sv t) ~ Z CmneithJrinkt (576)

where

hk 7/h 7/k ] ]
Comn = W/ / F(S’t)e—zmhs—znktdsdt
—n/hJ—7/k

= hkf(mh,nk). (5.77)

Letting |m| < |n| in the double Fourier series (5.76), we have from (5.76)

F(s,t)=hk Y > f(mh,nk)emtstint, (5.78)

n=-00 |m|<|n|

that is,

F(s,t)=hk Y > f(mh,nk)emhstnkt

n==00 [m[<In|
for (s,t) € [=mw/h,7/h] X [-7/k, 7 /K],
=0 for (s,t) &[—m/h,7/h| x [-7/k,7/K], (5.79)

where the Fourier series in (5.76) converges in L?(R?) (and also a.e.).
As in [St], p. 91, we define

sin[w(z — pd)/d]
7(z —pd)/d ’

Substituting the right hand side of (5.79) into the right hand side of (5.75)
and integrating termwise, we get

S(p,d)(z) = peZ, d>0. (5.80)

fey)= 3 3 flmh,nk)S(m,h)(@)S(m.k)(y).  (5.81)

n=—00 [m|<|n|
In the derivation of (5.81), we have used the relation
1 w/d

— e~ dt = S(p,d)(z), p€Z, d>0. (5.82)
27 —m/d
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The normalized Sinc functions h~/28(m, h)(z)k=/25(n, k)(y) form a com-
plete orthonormal sequence in L?(R?). Indeed, we have

S(m h)(x)S(n, k)(y)S(l, h)(2)S (4, k) (y)dedy =

27.2 w/h  pm/k
h‘ k / / ei(m—l)ht-i—i(n—j)kwdtdm
w/hJ—7/k

_ hk:lfm:l,n:j7
"~ 10 otherwise.

Summarizing, we have

Theorem 5.4. Let h,k > 0. The family {@mn} where
@mn(xv y) = h71/2k71/25(ma h)(m)S(n, k)( )

is a complete orthonormal sequence in the space W (%, F) of L*(R?)-functions,
the Fourier transforms of which have supports contained in [—m/h,m/h] x
[—7/k,7/K] .

In the one-dimensional case, we have

Theorem 5.5. Let h > 0. Then the family of functions {h='/2S(n,h)} is
a complete orthonormal function in the space W () of L?(R)-functions, the
Fourier transforms of which have supports contained in [—7/h, 7 /h].

Consider now the moment problem

/ u(z)gr(z)dr = pg, k=1,2,.., (5.83)
R

where (gi) is a given sequence of functions in W (w/h).
Assuming u € W(n/h), we expand u(z) and each gi(x) into cardinal

x) = Z xnS(n, h)(x)

nez

=" anrS(n,h)(x)

neZ

Using the orthonormality of the h=/2S(n, h)’s, we arrive at an infinite set
of linear equations in infinitely many unknowns

> anktn = i, k=1,2,.. (5.84)
nez

This is, in general, an ill-posed problem. A regularization of (5.84) can
be achieved by using methods presented in previous chapters. Note that a
moment problem on R? can, under appropriate hypotheses, be reduced, using
two-dimensional cardinal series representations, to a linear system of infinitely
many equations for which regularization methods of the previous chapters can
be applied. We do not go into details.
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5.3.2 Approximation theorems

We close this chapter with two approximation theorems that will be useful
in our regularization of various problems in subsequent chapters. Let f be
a function in L?(R) such that for a positive number h, f(z) is known at
equidistant points x = nh, n € Z. We propose to approximate f by a function
in W(7), the space introduced in Theorem 5.5. We note first that f has to
be (at least) continuous in order for f(nh) to be defined. We need other
conditions on f, namely

(14+w?)/f e L2R)NL®(R), , (5.85)
f'exists and
(1+w?)f e L*(R), . (5.86)

where j > 1 is an integer.
We put

F=>_fnh)Sn,h)(). (5.87)

nez

We claim that if f satisfies (5.85), (5.86), then this series converges in L?(R).
In fact, integrating by parts we have

f@) = o [ fw)e s

1 0o / —iwx
_ L7 L™

21 J_ o 1z
Hence

) < L [ 1)

21 J_o In|h

1 > 2\—1/2 2\1/2) 1
< -
< g [ (et TR ) )

1 o 1/2
< 14 w21
= Sanlh (/ (14 w) dw) X

— 00

x(/mu+wmfwwmﬁu2

— 00

dw

1 N
< ) P, .

By (5.88), (f(nh))nez € 12(Z) where

1*(Z) = {(Oén)nez : Z o |2 < oo}.

nez
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Hence the series in (5.87) converges in L?(R).

Theorem 5.6. Let h € (0,1) and let j > 1 be an integer. Suppose that f
satisfies (5.85), (5.86). Then there exists a C' depending only on f, j such
that

If = fllzemy < ChZ

where f is defined in (5.87).

Proof.
Put
1 Tl'/h " .
fr(z) = 2—/ flw)e ™ *dw. (5.89)
T J—x/h
Then

;o fw),we (—x/h,x/h),
Inlw) = {0, w ¢ (— /b7 /h).

ie. frn € W(n/h). We also note that
1 * —iwzx
flz) = o [m fw)e™*dw. (5.90)
We have in view of (5.89), (5.90)

1 . .
1f = fallZ2m) = o If = fullZew)
1

-~ F(w)de.
lw|>m/h
Using (5.85) one has
. 1/2
L = fallz2 ) = Ton (/ - /h(l +w?)7H[(1 +w2)j|f(w)|]2dw>
h2J ovil A
I+ @) 2y (5.91)

R
- ﬂﬁ2j+1/2

On the other hand, since f, € W(7), we can expand f;, in a cardinal
series

fu(@) =" fu(nh)S(n, h)(z). (5.92)

nez

Hence (5.87), (5.92) give:

f(@) = fa(x) = Y _(f(nh) = fu(nh)S(n,h)(@).

neZ

By the orthonormality of {h~/2S(n,h)} in L?(R), this equality gives
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If = full ey =0 Y 1f(nh) = fu(nh)[*. (5.93)
nez

But we have in view of (5.90), (5.89)

125

f(nh) — fa(nh) = 217r/| o Flw)em i g,

Integrating here by parts the right hand side gives

£00) = Fu(ub)] < i (17 /)| + | /)

1 / A —inh
— f(w)e ™™ dwl . (5.94)
2mh|n| | Jjw|sm/n
In view of (5.85), this gives
1 - - Ch¥—1
—n/h n) < 5.95
3] (1f=m/m)l + 1f e /m)l) < - (5.95)
where C is a generic constant depending only on f, j.
For the third term of the right hand side of (5.94) we have
1 / ]E( ) 7inhwd <
— w)e w| <
2rhin| | Jjw|sm/n
1 . o
< (1 +w”) (1 + )| f (w)]dw
27h(n| Jiw|sa/n
) 1/2
< 5 (1+w”) Hdw | 1+ f(©)ll2m).
27Th|n| </w|>7r/h ®)
Hence
1 / f( ) 7inhwd <
w)e w| <
2rh|nl | Jjw/>m/n
- 1/2
< L 2/ w Y dw
|7’l|h 7/h
O/th—S/Z
< —. (5.96)
n
where C’ is also a generic constant depending only on f, j
Combining (5.94)-(5.96) gives
Ch2i—3/2
[F(nh) = fu(nh)] < =7 (5.97)

Using (5.97), the equality (5.93) implies
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o0 1
f 2 2j—3/2\2
1f = fullZemy < 2RC(RY732)2 N " —

2
n
n=1

< C'hHT (5.98)
From (5.91), (5.98) one has
IF = fllzz@wy < I = fulle@) + 1 = fallewy

< C(h¥ +h¥7h)
S Clh2j71

where C’ is a constant independent from h. This completes the proof of
Theorem 5.6.

Now, we consider the problem of approximating a function g : R> - R
satisfying

g(mh,nk) = pmn, m,n =0,+1,+2, ... (5.99)
As in the one-dimensional case, we shall approximate g by functions in
W(E,%). We assume g € C(R?) and

(1+w?+n*)75 e L2(R*) NL¥(R?), (5.100)

.00
(1+w2+n2)ja—z(u},.) e L*(R, L*(R)), (5.101)

Y
(1+w? + n2) a—g( 1) € L¥(R, L*(R)), (5.102)

9§

(1+w?+7 ) o € L*(R?), (5.103)

where j > 2 is an integer.

Theorem 5.7. Let j = 2,3,..., h € (0,1) and let g satisfy (5.100)-(5.103).
Then there ezists C' > 0 depending only on j and g such that

lg = glle2rey < Chi—3/?
where -
g y) = Y HmaS(m,h)(@)S(n, h)(y). (5.104)
Proof
Put
1 x/h  pr/h o
gn = @) /—n/h /_ﬂ/h glw,n)e” =N dwdn. (5.105)

Then
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~ _ Q(wﬂ?)v (w777) € [_W/h’ 77—/h] X [_W/hvﬂ—/h]’
gnlw.m) = {o, (w,n) & [=/h,m/h] x [~ /b, /h],

ie., gn € W(r/h,n/h). We therefore have

19 = 9nll72(re)

< / / 13w, ) Pdnd + / / 13w, 7) Pdndes
lw|>n/h JR R Jn|>n/h

S/ /(1+w2+n2)*2j(1+w2+n2>2f|@(w,n)|2dndw+
lw|>n/h JR

4 / / (14?4 7?) 5 (14 w? 4 1P2)% 4w, ) Pdwdn
R J|n|>n/h

T\ 4 .
<2 (7) / (1+w® +n°)?|g(w,n) | dwdn.
h -

In view of (5.100), the latter inequality gives

19— dnllr2mey < ChY.

From (5.82), one has

gh(a:,y)zz Z gn(mh,nh)S(m, h)(x)S(n, h)(y).

=0 |m|<|n|

Subtracting (5.104) from (5.107), we get

gn(@,y) —a(e,y) = > > (gn(mh,nh) = jimn)

n=-0o0 |m|<n]

xS(m,h)(x)S(n,h)(y).
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(5.106)

(5.107)

Hence, by the orthonormality of {h=1/25(m, h)(z)h=2S8(n, h)(Y) }m.n

lgn = gl <h* > lgn(mh,nh) — g(mh,nh)[>. (5.108)

m,n=0

Now we have by (5.105)

1 w/h w/h . i ink
n(mhnt) = =z [ . / ey

On the other hand

Hence

1 , .
g(mh,nh) = 5 / G(w,n)e~mhw=inhnge,dn,
R?2

(2m)?



128 5 Analytic functions: reconstruction and Sinc approximations

(mh nh) — g(mh,nh)

27T </w<7r/h /7]>7r/h
+ / / G(w, n)e imho=inhn gy, (5.109)
|lw|>7/h JR

Now, integrating by parts we find

/ / g(w, n)e—imhw—inkndwdn <
uJ|<7r/h In|>m/h

™

(I )1+ 139G =7

- |mn|h2

+ / n)’dndw . (5.110)
lwl<n/h Jn|>m/h 5W377

From (5.100), one gets

|§(£m/h, £ /h)| < C (14 (x/R)? + (x/h)?)
< C'h¥. (5.111)

From (5.101), it follows that

/|n|>ﬂ/h

:/> /h (1+ (a/h)? +0?) "~ (1 + (n/h)? +n?)’

4 1/2
< </ (1+ (7/h)* + 772)_2] dn) X
[n|>m/h

. aA
x| (1+ (w/h)? +?)’ a—i(iw/h, Mz

<C (/Oo ((m/h)* + )~ dn)1/2

a9
on

52 e =

9%
D e, n>| n

— 00

h4j71 00 . 1/2
=C (ﬁ]_l/ (T4+m)" jdm)

< O'p¥TY? (5.112)
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where n; = hn/m.
From (5.102), the same estimates as for (5.112) give

/w|<7r/h

Now, from (5.103) we have

99
ow

(w, w/h)‘ dw < Ch¥=1/2, (5.113)

0%g
(w,n)’ dndw =
/o.)<7r/h /|77|>7'r/h 8W377
2/\
. , g
= 1+ w?+n?) 7 (14w +9%)’ (w,n)‘dndw
/w<7r/h /n|>7r/h ( ) ( ) awan

1/2
: </ J <1+w2+"2>_2j> 1t ) 2 ey
wl<n/h I n|>7/h Owdn

<OV (5.114)

From (5.110)-(5.114), it follows that

[ e
lw|<m/h J|n|>m/h

Similarly, one has

/ /g(w777)6_imhw_inhnd77dw
|w|>m/h JR

From (5.115), (5.116) we get in view of (5.109)

Chi—°/2
[mn|

< (5.115)

j—5/2
< C|};n7z| (5.116)

Chi=>/2

|g(mh7 nh) —9hn (mha nh)|2 < |mn|

By this inequality, the equation (5.108) implies

N - 1 1

neZz meZ
< C'h%E, (5.117)

Now, we have

A

lg — dgllzzre) < g — gnllez®mz) + llgn — Gll2®m2)

IN

1 .. -
g”g = 9nllLzm2) + llgn — gllL2®2)-
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Hence, using (5.115), (5.117), we get

lg —glle2rey < C(h¥ + hj*3/2)
< C'hi—3/2,

This completes the proof of Theorem 5.7.



6 Regularization of some inverse problems in
potential theory

In this chapter, we shall discuss the following topics

- Cauchy’s problem for the Laplace equation ,

- Determination of surface temperature from borehole measurements (the
steady case).

Specifically, we will treat three problems numbered 1 to 3, the first two
being formulated in Section 6.2, the third in Section 6.3.

All the problems considered here are ill-posed. They will be regularized by
various methods: Tikhonov’s method, the method of truncated series expan-
sion and the method of truncated integration. As we shall see, regularization
by truncated integration for the problems under consideration is equivalent to
regularization by Sinc series. For both truncated expansion and truncated in-
tegration, we have obtained explicit error estimates for regularized solutions.
As general references for inverse problems in potential theory and partial
differential equations let us quote [A], [Is1] and [Is2]. On Cauchy’s problem
for the Laplace equation there exists a large literature on which we do not
attempt to give a survey. Let us only quote the recent paper [CHWY] in
which it is treated numerically.

The remainder of the chapter consists of three sections. Section 6.1 deals
with the analyticity (in each variable) of harmonic functions. Section 6.2 is
devoted to regularizations of Cauchy’s problem for the Laplace equation. The
final Section 6.3 is devoted to the determination of surface temperature from
borehole measurements (the steady case). For simplicity in the presentation,
we restrict ourselves to the two-dimensional case.

6.1 Analyticity of harmonic functions

We shall make use of the analyticity (in each variable) of harmonic functions.
We have

Theorem 6.1. Let u be a harmonic function on a domain (2. Then u is
analytic in each variable.

Proof. Since analyticity is a local property, it is sufficient to prove that
each (zg,yo) in {2 has a neighborhood I x Iz C {2 such that v is analytic in
each variable x in I; and each variable y in I5. In fact, let R be a rectangle
centered at (z¢,y0) such that R C 2. Let

F(xa:%Ean) - _% 1D\/($—§)2+<y_n)2

D.D. Ang, R. Gorenflo, V.K. Le, and D.D. Trong: LNM 1791, pp. 131-146, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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Then for (§,n) # (z,y), I'(x,y;£,n) is harmonic in (£, 7). Hence for (£,7) #
(z,y), the following identity holds

V.(uVI = I'Vu) =0

where the operations of divergence and gradient are with respect to (&, 7).
Applying the divergence theorem on the domain R\ B(z,y) where B (x,y)
is the closed ball centered at (z,y) and of radius € > 0 sufficiently small, then
letting € — 0, we have after some rearrangements

)
u(z,y) = *% - Iny/(z— &2+ (y — ?7)28%(5777)@

1 (z=Oni+ (Y —n)ne
21 Jor (z =€)+ (y—n)?

where ds = ds(&,n) is the arc length differential and ny = ni(&,7n), no =
no(§,n) are the z and y-components of the unit outer normal to 9R.

From (6.1) it is immediately seen that in R, u(x,y) is analytic in x for y
fixed and analytic in y for = fixed. This completes the proof of Theorem 6.1.

u(§,m)ds, (z,y) € R, (6.1)

Remark 6.1. This theorem can also be proved using the fact that a real
harmonic function u(x,y) is the real part of an analytic function w(z) with
z = x+1iy. However, we avoid methods of complex analysis, as they essentially
are restricted to potential theory in R2.

Using the analyticity of harmonic functions proved in Theorem 6.1 above,
we can formulate Problem 1 and Problem 2 as moment problems. For both
problems, we assume that the boundary contains a segment Ly parallel to the
x-axis on which n = k > 0 (say). We consider a subdomain (21 of {2 (where
2 is a bounded domain in Problem 1 and is an infinite strip in Problem 2)
such that Lo C 9421 N 912. Let u be a harmonic function on 2 and let

ooy 6m) = —= Iz — 2+ (5 — )2

2
e VPTG (62)

Then for (£,7) # (x,y), we have
V.(uVg—gVu) =0 (6.3)

where the divergence and gradient operators are with respect to (£,7). Let
(x,y) € 1. Integrating (6.3) over 21 \ B(x,y) where B.(z,y) is the closed
ball of sufficiently small radius € > 0 centered at (z,y), using the divergence
theorem and letting ¢ — 0, we have after some rearrangements

u(z,y) :/L g(x,y;§,mv(&,n)ds
+/ g(z,y;§,mv(,n)ds
221\ Lo

dg '
_/BQI\LO ain(xaya§7n)u(§7n)d8 (64)
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where v = Qu/On and

0 0 0
a*fb(x,y;&n) = n1(§,n)5g(w7y;§,n) +n2(§,n)8fi($7y;§,n)

L (=& ni(&,n) + (y —n)na(§,n)

2 (=82 +(y —n)?
1 (z=&ni(&n) — (y+n—2k)na(&,m)
2m (= &2+ (y +n — 2k)? '

From (6.4), it is readily seen that if v = 0 on Ly, then u is analytic in x
for z in Ly. We have thus proved the following

Proposition 6.2. Let u be a harmonic function in a plane domain {2 such
that 012 contains a segment Lo parallel to the z-axis. If Ou/dy = 0 on Lg
then w is analytic in x for x € Lg.

Remark 6.2. This proposition can also be proved using results from
complex analysis. It is a consequence of the Schwarz reflection principle.

6.2 Cauchy’s problem for the Laplace equation

We shall give below important examples in Medicine and in Geophysics of
Cauchy’s problem for the Laplace equation.

A problem of great interest in Electrocardiology is the computation of the
electric potential on a closed surface near and surrounding the heart, given
the potential on a part of a body surface and the geometry of the heart and of
the thorax. This inverse problem leads to a Cauchy problem for the Laplace
equation in the case of constant conductivity.

A mathematical model of the electric field related to the bioelectric ac-
tivity of the heart is given by Maxwell’s equations. It can be shown from the
relative values of the coeflicients that the time derivatives in the equation
can be neglected as a first approximation. Accordingly, the electric field E
and the current density J satisfy the equations

VxE=0 V.J=0

outside the cardiac region. Now the physiological tissue can be considered a
linear resistive medium and hence we can take J = o¢E. Since E is irrotational,
it admits a scalar potential V. Therefore with the conductivity o assumed to
be a constant, V satisfies

AV =0 outside the heart.

Thus we arrive at the following Cauchy problem for V in the domain 2
bounded by an outer surface L and an inner surface [ :

AV =0 in {2,
g—Z:O on L,

V=Ff on Lo C L



134 6 Regularization of some inverse problems in potential theory

where Lo is an open subset of L. Note that we have taken 9V /dn = 0 on
the outer boundary of the body since the surrounding medium is air which
is electrically nonconducting.

Our second example of a Cauchy problem arises in Gravimetry, the field
of Geophysics dealing with the gravity fields in the Earth. Assuming a Flat
Earth model, we represent an upper layer of the Earth by the strip

{(z,y): 0<y<o(x), —00 <z <00},

the line y = ¢(z) corresponding to the Earth’s surface. The problem is to
determine the gravity potential and the gravity field in the strip from gravity
data, i.e., the gravity potential and the gravity field measured on all or part
of L, the line y = ¢(z), —oo <z < 0.

We shall consider successively the following problems

Problem 1. Regularization of a Cauchy problem for the Laplace equation
in a bounded domain of R2,

Problem 2. Regularization of a Cauchy problem for the Laplace equation
in an irregular strip of R2.

Before considering each problem individually, we first point out that a
general method for dealing with Cauchy’s problem for the Laplace equation
is the method of quasi-reversibility, introduced by Lattés-Lions (see [LL1]
and [LL2]). For the problems under study, exploiting the special geometry
of the domains and basing ourselves on the fact that experimental measure-
ments give only finite sets of data, we shall give a simplified treatment, using
the moment approach or the truncated integration or truncated expansion
approach. Accordingly, both Problem 1 and Problem 2 are formulated as
moment problems.

Consider first Problem 1. For this problem we take a plane domain {2
bounded by two C'-Jordan curves, L and [, such that [ is interior to L. It is
assumed throughout this discussion that L contain a segment L parallel to
the x-axis. Let u be a harmonic function on (2 such that u € C1(2ULg). The
problem is to determine du/On, the normal derivative of u, on the interior
boundary ! from the values of Ou/dn on L and values of u on an appropriate
subset of Lg. This problem will be formulated as a moment problem. In fact
we have

Theorem 6.3. Let N(x,y;&,m) be the Neumann function for the Laplace
equation in the domain (2 described above. Let uw be a harmonic function
on (2 such that u € C(£2) and is piecewise C* on 082. Then u admits the
representation

u(r,y) =a+ ; N(z,y;&,m)v(€,n)ds(&,n) +

+ N(z,y;&,m)v(€, n)ds(€,n) +
L\Lg

" / N, y: &, mo(E,)ds(€, ) (6.5)
l

where v = Qu/On, a is a constant to be determined and ds is the arc length
differential along 0f2.



6.2 Cauchy’s problem for the Laplace equation 135

Let v be given on L and u given on a bounded sequence of points (n,yn) €
Lo such that y, = k Vn and x; # x; for i # j. Then the moment problem
for a and v

/N(rfn,yn;f,n)v(é,n)dS(&n) =

l

= u(xnayn) —a— . N(xnayna §7n)v(§7n)ds(§vn)

- N(xTL?yn;gvn)v(fvn)ds(fvn)v n= 1727'“7 (66)
L\Lg

admits at most one solution.

Proof. Let u;, us be two harmonic functions on {2 satisfying (6.6). Then,
by Proposition 6.2, u1 — us is analytic on Lg since d(u; —ug)/dn = 0 on Lyg.
By the identity theorem for analytic functions , u3 — us = 0 on Lg. By the
uniqueness of Cauchy’s problem for harmonic functions, vy — ug = 0 on (2.
It follows that

aul 811,2

on  On
i.e. v1 = vy on [. This proves uniqueness for the moment problem and thus
completes the proof of Theorem 6.3.

onl

Regularization of Problem 1.
Let

Lo={(z,k): 0<a <1}, (2n,yn)=(xn,k) € Ly, xj # xy, for j #m.

We assume that there are two C! functions of the parameter ¢ € [0,1] such
that [ has the representation

1(t) = (&(t),n(t)) vt e[0,1], 1(0)=1(1).

Using these functions, we can rewrite (6.6) as

/ON(wmk;f(t)m(t)) €' @)1 + [0 (8)Po(€(2), n(t))dt

— u(en k) —a— / N (s s €Yo (€, m)ds(€. ),
n=12,.., (6.7)

where vy, is given.
We denote by H the Hilbert space

H={(a,¢): a€R, e H(0,1), ¥(0) = (1)}

with the norm
(@, D) E = a® + ¥l 0.1)-

We define A: H — 12 by
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a 1 ' i 2 / 2
Ala, ) = ( —+ = [ N(xn, k;8(), n(t) VIS (O + [0/ ()P0 (¢)dt
n nJo n>1
Using these notations, we can rewrite (6.7) (or (6.8)) as

Ala, z) = p, (a,2) € H, (6.8)

where 1 = (ftn)n>1 and

= 3 (w0 = [ N ke naste.n))

(0 = v(e.n(0) (= 52)

We shall use the method described in Chapter 2, Subsection 2.2.3 to
regularize (6.8). For 3 > 0, we consider the problem of finding w” = w?®(f1) €
H such that

Bw? w) g + (Aw®, Aw)e = (i, Aw);2,  Yw € H, (6.9)

where (.,.) g, (.,.);2 are the inner products of H, I respectively. The following
theorem follows directly from the results in Subsection 2.2.3, Chapter 2.

Theorem 6.4. Let € > 0. Let wg = (a,z) be the exact solution of (6.8)
corresponding to u° € 12 in the right hand side.
Then there exists a continuous increasing function

¢ :[0,00) — [0, 0)
with

lim p(t) =¢(0) =0,

such that, for all u € 12, satisfying
||:u - /J’OHZ2 <€,

we have the estimate

2 2 1/2 1/2
(lac = al? + 11z = 2l3e ) < le?)
where (ac,z.) = we is the solution of (6.9) with = e.

We now turn to Problem 2, i.e., the Cauchy problem for the Laplace
equation in the plane domain

N={(z,y): 0<y<o(x), —00 <z < o0}

the Cauchy data being prescribed on the curve L : y = ¢(x). The problem
is to find v(z) = u(x,0) on the line [ : y = 0. The curve L is assumed to be
smooth and eventually straight, i.e., with constants ¢, c_ we have ¢(x) = ¢4
for x > 0 sufficiently large, ¢(z) = c_ for x < 0 and —z sufficiently large,.
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The problem could be formulated as a moment problem in the same manner
as for Problem 1, and the moment problem could also be regularized using
the Tikhonov method. However, we no longer have at our disposal a Sobolev
compact embedding theorem and as a consequence the arguments we have
used to estimate the convergence of regularized solutions do not apply here.
We shall not pursue this matter any further, but, instead, will follow the
integral equation approach after having patched up the given Cauchy data
taken at equidistant points on R into a Sinc series.

We can now give a precise formulation of the problem. We first set some
notations. For y = ¢(x) let

ue(2,y) = f(2), uy(,y) = g(x), u(z,y) = w(z). (6.10)

We remark at once that these are the exact values of u,,u, and u on L,
which need not be known. All that we may know are the measured values
taken at certain points of L. Following are our standing assumptions

Al. f(x) and g(z) are in C(R), w(z) is in C*(R),
A2. f(x),g(x), w(z) tend to zero at least as 1/|z| for |z| — oo and

(1+23)Y20', (14 22)Y?wn are in L*(R),
A3. (14 2?)Y?vis in L*(R), v(x) = u(z,0).
From (6.10), we get a Fredholm equation in v(x). In fact, put

G(%%fﬂ?) = F(%%fﬂ?) - F(x’y7£7_n)

where, we recall

I(egi6n) = =5/ — 82 F (= )%

Using G, we can derive an integral equation for the function v(x) = u(x,0).
Indeed, let 2. = 2\ B.(z,y) (B(z,y)= closed ball of sufficiently small radius
e centered at (x,y) ). Integrating the identity

div(GVu —uVG) =0 V(&n) € 12
on 2. and letting € | 0 give in view of (A1)-(A3)

L[ y(©) — —ulz

-
| Gleye s - 10 ©)e

T J -0

[ B e o). 0(0)

oo ON
for 0 <y < p(x), —00 <z < 00, (6.11)
where 5 oG 5(6)
%(Gf,éﬁ(f)) = _875(';5’(;5(5))%
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oG !
o (1600 e

In order to have an integral equation in v(x), we let y T ¢(x). We shall
make use of the jump relation (see, e.g., [Co3], Chap.5)

lim / (w6 D€ wl(©)ds(E, 6(€)) =

yTo(z

~ e / 0G o o). €. () w(E)ds (€, 6(E)).  (6.12)

Letting y 1 ¢(z) in (6.11) gives in view of (6.12)

L e B
/oo S ETos L R
/ 2):£,6(6))(9(€) — F(€)'(€))de

+ /_ ) %(x,qb(x)§§7¢(€))w(§)d5(fv¢(f)),

hence the integral equation

LT ee© 8
/oo myap +¢2()d5‘ (@)

2
/ ):€,6()(9(€) — F(©)'(€))de

- /_ (?g( ,0(@); € 6(€)9 (§w(§)d€

> 909G
n [ G o6 S, (6.13)

which is an integral equation of the first kind.

Using the method of Tikhonov, one could regularize this equation. How-
ever it is usually difficult to derive an error estimate between a regularized
solution and the exact solution. Hence, we shall transform (6.13) into a con-
volution equation in v(z), for which error estimates are more easily derived.
Note that the function in the left hand side of (6.11) is harmonic in the half
plane y > 0. Denote by H that function, i.e.

_ Ly
wev =2 [ o

For 0 <y < ¢(z), H(z,y) is given by (6.11). We shall calculate H(z,y) for
y > ¢(x) in terms of w, f, g. Since the limit of H(z,y) as (z,y) — oo is zero,
the values of H(x,y) for y > ¢(x) are determined uniquely from H(z, ¢(z)),

G (. ().



6.2 Cauchy’s problem for the Laplace equation 139

In (6.13), H(z,¢(zx)) is given in terms of w, f, g. On the other hand,
H(z,y) has continuous derivatives everywhere in the domain y > 0 and in
particular for y > ¢(z). Hence

OH OH 1 . o [~ yu(§)

no(@) = lim Sy =2 m ol | et

—_— d
on ( yTé(z) .

where, in this case, we define

dp Iy ¢ () ¢ 1

on 0 5 Y g mE oY T ame

Thus, using (6.11) it is possible to calculate %—f(w,¢(m)) in terms of

w, f, g. As mentioned above, H(x,y) is defined completely in terms of w, f, ¢
for all y > ¢(x). In particular for y = k > sup ¢(z), we have
zeER

L[ kv(¢
ﬂ/oo(sc—f)(zlwdf—F@;f,gaw)

where F' is the function given by (6.17). This is the desired convolution equa-
tion in v(z). We will regularize this convolution equation. But first we derive
an explicit formula for F(x; f, g, w) (i.e. (6.17) ). The details are somewhat
tedious, so the reader can simply skip them at a first reading and jump to
the formula (6.17).

For the derivation of (6.17), integrate Green’s Identity

div(I'VH — HVI) = 0
in the domain 2 \ B.(z,y), where

Cr={&n): [f] <R, (&) <n <R}

Letting R — oo, € — 0, we get
) = [ D& 0(6) T (6 0(€)ds(e,0(6)
[ S e ) H(E) s 5(E)

where n = n(&, ¢(€)) = (14 |¢'(€)|?)"1/2(¢(£), —1) is the unit outer normal
to the boundary of the domain

{(5777) : d)(g) < n, — < g < OO}

and
ds(&,¢(€)) = (1 + ¢/ ()*)"/2de.

Rewriting (6.13) somewhat, one has
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H(z,0(r)) = —u(x)

/ Gl $(E)(9(E) — F(E)9'(€))de

oG
/ e (2,900 €, N (Oue)de
> 0G
+/ 8—77(:5,¢(x);§,¢(§))w(§)d5. (6.14)
Taking the derivatives of the terms in (6.11) in the direction of the vector
n(x, p(x i

(z,¢(x)), letting y T ¢(x) in the result thus obtained and using the jump
relation (6.12), we get after some rearrangements

oH a [ yv(&)
o (o 0(a) = lim o / R

N W

(9(x) — f(2)¢ (z)
,L h O 9()i & 90 9(6) ~ SO (€))de

+— / Gale (€)' (€)de

+m /_ M V(e =2+ (6(x) — 6(&)2wn()d¢  (6.15)

where

Gi(z,y;€,n) = Go(z,y; €, m) ¢ (z) — Gy, y;€,1m),
1

oy L ytnd(a)+ (-8
G2($,y»§a77) - % (.’E . 5)2 + (y+77)2
4 (y —n)(¢'(z) — ¢'(&)
21 (=824 (y—n)?2 "’
a(z) = /14 |¢/'(x)].

Now, letting y = k > sup ¢(z) in (6.11), one gets the equation
zeER

1 [ kv(€) e w
;/_mmdf—F( i frg,w) (6.16)

where

Fai Fgow) = [ (o ki€, 0(6) G (6 0(€)ds(6 ()

_/_ %(fﬂ,k;&¢(§))H(€7¢>(£))d8(€7¢>(£)) (6.17)

and H(zx, ¢(x)), %—Z(x, ¢(z)) are given in terms of w, f, g by (6.14),(6.15).
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The convolution equation (6.16) determines v uniquely if we have the
exact values of F'(x; f, g, w). However, the functions f, g, w are not known
exactly. Hence, F(z; f,g,w) is not known exactly. As mentioned earlier we
only know the measured values of f, g, w at certain points of L and fur-
thermore these are affected with noise. We shall assume that these values
are given on points of L having equidistant z-coordinates. Hence, using Sinc
expansion as in Chapter 5, under some smoothness assumptions on f, g, w,
we can patch up these values into functions approximating f, g, w in the
L?(R)-sense. Accordingly, the function F(z; f, g, w) will be approximated by
a function constructed from the measured values.

To be specific, for h > 0, we shall assume that (&,), (un), (vn) are
sequences in [2(Z) such that the quantity

> {If k) = pal® + lg(nh) = val? + [w(nh) — &}

nez

is small. Using the result in Subsection 5.3, Chapter 5, we can approximate
fr g, why

In(@) = 3" S, h)(@).

neZz

gn(@) =D vaS(n,h)(@),
nez

wh(x) = Y aS(n,h)(@).
neZ

For the proof of Theorem 6.5, a main result of this chapter (whose statement
will be given later), we rely on the following

Lemma 6.1. Let (fin)nez, (Vn)nez, (En)nez be in 12(Z) and let h > 0.
Suppose that
a) the functions f, g, w are in the set

W={pel’R): (1+w?)el>R)NL®R), (1+w?) e L*R)}

where 1) is the Fourier transform of 1,
W = [ veds,

b) f, g, w, w, w', wi are in the set
{p e L*(R): (1+2?)p € L=(R)}

and wir € L*(R),
c) (1+2?)v e L*(R).

Assume further that

> A{IF(nh) = pal* + lg(nh) = val? + [w(nh) — &7} < Ch (6.18)

nez
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for a constant C independent from h.

Then there is a function Fy, = Fy,(fn, gn,wr) such that

|F = Fyllz2my < Co Vh

where F' = F(x; f,g,w) is as in (6.17) and Cy is a (computable) constant
independent from h.

Sketch of the proof of the lemma.
From Theorem 5.5, we infer that

If = frlleewy + 19 — gnllz2r) + lw — wallL2®) < Ch. (6.19)

For the purpose of the proof, we shall approximate various quantities.
Approzimation of H(x,¢(x)) = Hy(x) :
Put

Hp(x) = —%wh(x)

2Vh—4

- / G b6, 8 g — Fa(€)F (€))de
—2vVh—%
/2\5/;174 oG

s 5 O E (e (i)

e
w [ s oo

for |z| < Vh4,
Hy(x) =0 Vjz| > Vh4.

By direct computations, one has

|Hy — Hp|| 2Ry < C'Vh. (6.20)

Approzimation of %—Z(x, o(x)) = Ha(x) :
Put

Kn(w) = o on(@) — fu(2)9'(2)

1 2Vh—%
matr o Gl 0 0l o — (o (€)e

1 2h—%
) s G096 6O (€)1

— /Q\O/F1 In (2 — €)% + (#(x) — #(£))%) """ wan(€))de
Tra@) J ot

for || < Vh1,
Kp(x) =0 for || > Vh—*
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where

wip = fu+¢'gn
won(z) = win(@ + Vh) —win())
2h \/E .

By direct computations one has

|Kn — Halz2ry < C" Vh. (6.21)

Approzimation of F = F(x; f,g,w) :
Put

2 %/h=7
) = [ T ks o) Kn©)ds(e. 6(6)
-2 Vh-4
2V 5
— - . C. H
[ Gk €D Hi(€)as(6,0(6)
for |z| < Vh-1,
Frp(z) =0 for |z| > Vh-1.
Then, in view of (6.20), (6.21) we get after some computations
IF — Fill gy < Co V. (6.22)
This completes the proof of Lemma 6.1.

Using Lemma 6.1 we shall construct a regularized solution of (6.16) ad-
mitting a Sinc series representation. We make the following assumption on
the exact solution v of (6.16) corresponding to F'(z; f, g, w) in the right hand
side

[t6(0)]22 gy < B2 (6.23)

where ¢ is the Fourier transform of v. Condition (6.23) means that v is in
H'(R), the H'(R)-norm of which is majorized by E. Let the kernel of Eq.
(6.16) (i.e. the Cauchy kernel) be denoted by K(z),

k

K(x) = TR (6.24)

The Fourier transform K (t) of K (z) is
K(t) = / b K(x)e®tdr = e~ *MH, (6.25)

Let € = V/h and consider the function
ve(z) = 1 Ey(t)e *tle=izt gy (6.26)

27 it <te,

where ¢ = Cpe with Cj as in (6.22), and
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1 E( E\ '
teo = E h’l <€ (hl ) ) . (627)
0 €0

Note that 0.(t) has compact support, supp 0c(t) C [—te,, te,] and thus ve(z)
can be represented by a Sinc series. We shall take v, as our regularized so-
lution. The following theorem gives an estimate of the error between v, and
the exact solution of (6.16).

Theorem 6.5. Forn € Z, let fi,, Vn, &, be the measured values of f(nh), g(nh)
and w(nh) respectively. Let € > 0 be given and let h = €°°. Suppose that (6.18)
holds and that the exact solution of (6.16) satisfies (6.23). Then, for e — 0,
there holds the estimate

2
e~ ollzeqey < 4/ L
In (E (ln E) )

where Cy is the constant in (6.22)

Proof. We have
19 — 0|22m) = / b — 0|?dt +/ |9]2dt. (6.28)
[t]<teq [t]>tc,

Now

/ (o, — 0|2t :/ \F— Bp2e?td
<t [t <teq

Sezktm/ |F— Fy|2dt

— 00

= FE? (ln E) - : (6.29)

€0

On the other hand

1
/ |o|2dt < 7/ [t20|2dt
[t|>teq teo [t|>teq
E?k?

In? (Eo (ln f;)_1>.

< (6.30)

Since for small €5 > 0

-1 -1
In (E (ln E) > > (ln E)
€0 €0 €0

(6.28)-(6.30) yield
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2\ 12
R 9 (1+k*)E
10 — UHL2(R) < ) 1
In (E (ln E) )

for small €. (6.31)

€0 €0

By Fourier inversion we shall get the desired estimates. This completes the
proof of Theorem 6.5.

6.3 Surface temperature determination from borehole
measurements (steady case)

In order to determine the temperature on the surface of the Earth, it is
useful to make measurements in its interior rather than on the surface since
measurements made on the surface are likely to be affected by noise. On the
other hand, to compute the surface temperature from interior observations
is an ill-posed problem that needs to be regularized.

Let the Earth be represented by a half plane —co < & < oo, y > 0,
assuming a Flat Earth model. Such model has, e.g., been used in [GV] in a
seismological problem. We shall consider the following

Problem 3. Determination of surface temperature from borehole mea-
surements (the steady case).

Regularization of Problem 3:

We propose to determine the surface temperature u(z,0) from tempera-
ture measurements at y = 1. Note that in the steady case, the temperature
function w(z,y) satisfies the Laplace equation

Au =0, (z,y) e R x Ry. (6.32)

As shown in Sect. 6.1, u is analytic in x for fixed y. Hence, in particular,
for y = 1, u(x,1) is completely determined by its values on any bounded
sequence (Z,,1), z, real, n = 1,2,... and z; # x; for i # j. The problem
of determining u(z,0) can therefore be formulated as a moment problem as
follows.

It can be shown by the Fourier method or the method of Green’s function
that u(z,y) satisfies the equation

u(w,y) =2 /Oo o(€)dt y > 0.

TJ oo (=82 +y?
Aty=1, z =z,, we have

1 [ w(§)d¢

— —_— = 1 =1,2,... .

where we have set v(z) = u(z,0) and where (z,,) is any bounded real sequence
with a; # x; for i # j. The moment problem (6.33) has at most one solution
in L?(R). Indeed, if

L[> w(@de _

145
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then by the identity theorem for analytic functions

L[ w@dg
;[m(x_§)2+1—0, V.TGR,

which implies v = 0 in L?(R). This prove our claim.

If (x,,) is an arbitrary bounded sequence with z; # x; for i # j, then we
can regularize the moment problem (6.33), e.g., using the Tikhonov method.
However deriviny estimates of the error between a regularized solution and
the exact solution is usually quite involved. Hence, it is simpler to consider
the integral equation

L eede
ﬂ/oo@c—fPH (z,1), Vz€R, (6.34)

and regularize it by Sinc series. The details of the regularization procedure,
which are similar to (in fact, simpler than) for Eq.(6.16) considered earlier,
are omitted. It is of interest to note that a regularization by Sinc series
requires that the right hand side of (6.34) be given (possibly with noise)at
equidistant points nh, n € Z, h > 0, of R, thus approximating the original
integral equation by a moment problem.



7 Regularization of some inverse problems in
heat conduction

This Chapter is concerned with direct applications of the results of previous
chapters on moment theory to some inverse problems in Heat Conduction.
Many inverse problems in Heat Conduction can be formulated as moment
problems, however, we consider here only a few of them, those for which
error estimates for regularized solutions can be readily derived using the
techniques of the preceding chapters. In the ”Notes and remarks” at the end
of the chapter, we list some problems and results related to those of the main
text.

In this chapter, we shall consider three problems related to the heat equa-
tion

Au—u; =0 V(z,y,t) e R* x Ry .

Problem 1. Determination of the temperature in R? at time ¢ = 0 from a
given temperature at time ¢t = 1 (the backward heat equation problem).

Problem 2. Determination of surface temperature from borehole measure-
ments.

Problem 3. Determination of the boundary value u(zx,0,t) assuming known
the free boundary and the initial temperature ug(z,y) (the so-called inverse
Stefan problem).

The moment method will be used for Problem 1 and Problem 2 while the
method of Sinc expansion will be used for Problem 3.

The remainder of the chapter is divided into three sections corresponding
to these three problems.

7.1 The backward heat equation

Consider the heat equation
Au—up =0 Y(z,y,t) € R* x Ry

where we have taken the heat conductivity to be 1 and u = u(z,y, t) denotes
the temperature.

We address the problem of determining the initial temperature v(x,y) =
u(zx,y,0), given the temperature at t = 1. As is well-known, this is an ill-posed
problem. Various methods of regularization have been used. One of the better
known is the method of quasi-reversibility due to Lattes-Lions [LL1],[LL2]

D.D. Ang, R. Gorenflo, V.K. Le, and D.D. Trong: LNM 1791, pp. 147-169, 2002.
© Springer-Verlag Berlin Heidelberg 2002



148 7 Regularization of some inverse problems in heat conduction

(see also Showalter-Ting [STi] for some variants of the method). In Ang [An1],
the problem is formulated as an integral equation of the first kind which is
regularized by the Tikhonov method. More recently, the regularization was
carried out by a truncated series expansion [AH]. A wide survey on treatment
of inverse heat conduction problems with many references is given by Dinh
Nho Hao [DNH].

In the present section, we shall consider two methods for regularizing our
problem: the method of moments and the method of truncated integration.

We first formulate the problem as an integral equation. Let

G(z,y,t:&,m,7) = ﬁexp {_(x - il)(tt(Ty)_ n) } (7.1)

Noting that
Gee + Gy + G- =0

we get for u =u(&,n, 1)
div(uVG — GVu) + (Gu); =0 (7.2)
Integrate the latter identity over the domain
€] <R, |n|]<R, 0<7T<t—e for0<e<t, (7.3)

and apply Stokes’ theorem. Then, letting R — oo, € | 0, we have for v(z,y)
tending to zero (as (x,y) — o0) in an appropriate sense

u(z,y,t) = [ [ G,y t:€,, 0)o (€. m)dedn

where v(x,y) is the temperature at ¢ = 0.
Letting ¢t = 1 in the latter identity, we have

) o )2 (y—m)?
| [ deme = e = e . @)

We first consider a case where the moment method can be applied. Assume
that o o
supp v(z,y) C Ry x Ry.

Then, Equation (7.4) can be written

B e _ @=92%+w-m? )
v(&,n)e E dédn = 4mu(x,y,1), (z,y) € R,
0 0

where u(x,y, 1), which is analytic in z and y, is assumed to be in L?(R?).
For z = —2,—4, ..., y = —2,—4, ... the latter equation becomes after some
rearrangements

oo o0 2 "2
ef(mW)/ / o(E,me EE e gegy = 5, (15)
0 0

formyn=1,2,..., fin = 4dmu(—2m,—2n,1).
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Using the new variables (s,t) = (e~¢,e™"), we get after some computa-
tions

1 1
/ / w(s, t)s'tdsdt = pi;, 4,5 =0,1,2,... (7.6)
0 0

where

_In?s4n?¢
1

w(s,t) = v(—Ins,—1Int)e
prij = Ame DGy (_9i 9 —25 — 2 1).

The problem (7.6) is a two-dimensional Hausdorff moment problem and we
can use the method in Chapter 4 or [AGT] to regularize it.

For the reader’s convenience, we recall some notations. For m,n =
0,1,2,... we put

12 L d™

L,(s)=(2m+1) e

Ly (s,t) = Ly (8) Ly (t)

and note that (L,,,) is an orthonormal basis for L?(I) (where I = (0,1) x
(0,1)). For each real sequence pu = (pi5), 4,5 = 0,1,2,..., we define the
sequence A = A\(p) = (\;;) by

(s™(1 =5)"),

i J
Aij = Aij(p) = Z Z CipCiatipgs

p=0¢=0

where

!
(m +j)! 0<j<m,

ij = (2m + 1)1/2(71)jm, >~

and we put

p"=p"(n) = Z Aij () Lij,
i,j=0
n E4n® e _
¢"(&m)=e T pile S e,

Let LIQ) be the space of all functions f such that

Vo f e L*(Ry xRy)

where

plem) = e~ (€=,

Then, we have

Theorem 7.1. Let (fimn) be a sequence of real numbers. If (7.5) has a solu-
tion v in L*>(Ry x Ry) then

n - 2
" —wv in L.
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Moreover, if the solution v is in W (R x Ry) then there is a constant
C independent of v and n such that

llg" = vllzz < [[o]fwr.e

2(n+1)
where (according to the definition of the space Lz)
1822 = [lvp L2 Vo € L.

Proof. Since v € L*(R; x Ry ), the function

_ 2 s41n?¢
1

w(s,t) =v(—1Ins,—Int)e

is in L2(I) and by (7.6) w satisfies a two-dimensional Hausdorff moment
problem. Hence, applying Theorem 4.1, we get

Ip" —wl|lp2(y — 0 asn — oo. (7.7)

But
1 1
M"—M&mq=/m/hf@ﬂ—w@ﬂfwﬁ

2 2 2
/ / ( e"%w«n)ii”)e<&m%m

/ / L) —v(E,m)” p(é,m)dedn
ZHQ—Uhg 78)

Combining (7.7), (7.8) gives ¢" — v in L. Now, if v € WH>*(R; x Ry ) then
one has w € H'(I). Moreover,

@ 181} n vins e_m?sfn?t
s s O 2s '

It follows that
< C()HUHWLoo.

L2(I)
Analogously,
H < Collolw~
L2(I)
Hence,
[wll gy < Cllvllwre. (7.9)

Using the result of Theorem 4.1, we get

1
p" (1) — wll L2z 7Hw”H1 -
(I = 2(n+ 1) 1)
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In view of (7.8), (7.9), this inequality gives

C
n_ < — oo .
o = vl < gy ol

This completes the proof of Theorem 7.1.

Because for a given sequence (fp,y) a solution of (7.5) may not exist, the
following theorem will be useful.

Theorem 7.2. Let vy € L (R4 xR be the solution of (7.5) corresponding
to fO = (f2.)) in the right hand side of (7.5). Let

mn

729
F(0) = (204 1)3% 0>1
0)= 2013, 0>
and for 0 < e <1, put
n(e) = [F~ (/)]
where [z] is the largest integer < x.
Then there exists a function n(e), 0 < € < 1, such that
n(e) — 0 as e =0

and that for all sequences f = (fmn) satisfying

sup em2+n2(fmn_ ; )| <e

mn
m,n

we have
lg™ = voll Lz < n(e).

Moreover, if vg € WH° (R, x Ry) then

Cllvollw .~

n(e) 1/2
a7 — oz < 72+ el

with
1 8v/5
Cle) =223+ =n2) 'In| ——— |.
(€) =223+ 5n2) n<27\/§\4/é>

Proof. By Theorem 4.2, there exists a function 7(e), liﬁ’)l n(e) = 0 such
that
1p™ (1) = woll 21y < n(e) (7.10)
where
_ % s41n?¢
4

wo(s,t) = vo(—Ins,—Int)e

From (7.8), (7.10) one has

lg™ (1) = vollz < n(e).
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Now if vg € WH*°(R2), then, as shown in Theorem 7.1, we have wy €
H'(0,1) and
lwo |z (1) < Cllvollw.es. (7.11)

From the error estimates in Theorem 4.2, one has

C||’U10||H1(1)

n(e) o < (172
™ (1) — wollp2(ry < €/7 + o0

(7.12)

with
1 85
Cle)=22In3+ -n2)'ln | ———— .
(€) =2(2In3+ 5 In2) n<27\/§<%>

Combining (7.11), (7.12) completes the proof of Theorem 7.2.

Now we turn to a case where the method of truncated integration can be
applied. We rewrite (7.4) as

I 9% t-n?
/ / o, me " g dn = (o, y), (7.13)

where g(z,y) = 4mu(z,y,1). This is an integral equation (in fact, a convo-
lution equation) in the unknown function v(&,7n). It will be regularized by
truncated integration as follows.

Taking the Fourier transform of both sides of (7.13) gives formally

B(w, ) e+ = 4w, 0), (7.14)

where

) = [ Bl e dady,
R?2
Note that the inverse of the Fourier transform is given by the formula

1

e, ) = (2m)? /R h(w, ¢)e~ =¥ dudc.

From (7.14), we see that if a solution v exists, then ¢ is given by
0(w,¢) =T g(w,0). (7.15)

Thus, if a solution v of (7.13) exists (in L? = L2(R2)), then e~"+<*§ has
to be in L2?. We see that if ¢ is an arbitrary function in L?, then solutions
may not exist. Furthermore, in the case of existence, solutions do not depend
continuously on g. From (7.15), it is seen that if a solution exists, i.e., if

e“’+¢* ¢ is in L2, then

1

v(z,y) = e“’2+<2§(w, ¢) e @O dudc. (7.16)

471'2 R2
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We shall construct a regularized solution stable with respect to variations
in g, even if a solution corresponding to the measure data g does not exist.
We shall apply the method of truncated integration after applying a Fourier
transform.

Now, let go be such that (7.13) has a solution vy € L? = L?(R?) corre-
sponding to gg in the right hand side. Let g be such that

g = gollzz < (7.17)

We construct a function v stable with respect to variations in g. If vy is
sufficiently smooth, then we can estimate the L?-error between vy and v.

Our main results in the method of truncated integration are the following
two theorems.

Theorem 7.3. Let inequality (7.17) hold. Assume that

2 42y,
N0, OF (0 + ¢ < (7.18)
R
Put
T .7 ,
(@) =15 / e G(w, Q) e T dwdC,  (7.19)
4 —n/hJ—7/h
where 02
h? = T . (7.20)

w{2(5) ]

Then, for e < E/e, we have the error estimate

o{2(02) )

Proof. In view of Plancherel’s theorem, we have

[vo — vllre < (7.21)

1

[[vo — U||2L2 = @H@O - @H%Z
1 2, 2 N
- H 24 (2<R2 ¢ " |g B g0|2dwd<
w+(C*<Rg

1 .
b [ e Pdad,
T Jw2(2>R2

—1
R? m{E <1nE) }
€ €

where

Hence
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1 2
_ 2 < 2R; / A A 2d d
lvo = vllze < F5e™ |19 = 9ol dwdC

1 2 2
WICZ A 120 2 22
g L P+ o

For € < E/e we have

Therefore
9 2F? 2F?
[[vo — U||L2 < =

R} -1
In? {E (ln E) }
€ €

This completes the proof of Theorem 7.3.

Theorem 7.4. The function v defined as in (7.19) can be represented by the
double cardinal series

oo

oiey)= Y v(mhnh)S(m,h)(x) S(n,h)(y),

m,n=—o0

where S(p,d)(2) is the Sinc function defined by

sin(n(z — pd)/d)
w(z —pd)/d

p=0,+1,+2 ..., d > 0, the series converging in L?(R?).

S(p,d)(z) =

Proof. We have from (7.19)
supp 0 C [—n/h,7/h].

Hence, using the results of Sect. 5.3, we get the desired expansion. This
completes the proof of Theorem 7.4.

Remark 7.1. By Theorem 7.4, v(z,y) is completely determined by its values
at the lattice points (mh,nh), m,n =0,£1,+2,....

Remark 7.2. For notational convenience, we considered only the two-
dimensional case. The three-dimensional case can be treated quite analo-
gously.
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7.2 Surface temperature determination from borehole
measurements: a two-dimensional problem

The problems of surface temperature determination from borehole measure-
ments has been treated widely in the case of one space dimension (see [ASa]
for the early literature, also [LN1], [LN2]). The literature in the case of two
space dimensions is rather scarce. We mention the work of Kaminski and
Grysa [GK] where the problem is treated numerically and the more recent
works (see [Lel], [Le2] and [LNTT]). Consider the heat equation

Au —uy =0, (z,y) e R xRy, t >0, (7.22)

where the half space R x R4 represents the Earth, the interior of which
consists of the points (z,y), —0o < z < 0o, y > 0. In (7.22) u denotes the
temperature function and the heat conductivity is, for notational convenience,
taken to be 1. The problem is to determine the temperature in the half plane
—00 < x < 00, y > 0. A natural way would be to measure the temperature on
the surface y = 0 and compute from it the temperature at inner points. While
the determination of the temperature is a stable process, measurements of
surface temperature are usually contaminated with noise. Therefore, one is
led to measure temperature at boreholes in the interior of the Earth, e.g., at
points on the line y = 1 (the positive direction of y-axis is into the Earth),
although the computation of the surface temperature from the temperature
measured at y = 1 is an ill-posed problem.

We shall formulate the problem as a moment problem and then regularize
it using the results of Chapter 5. Specifically, we shall determine a function
v(z,t) = u(z,0,t) from a certain sequence of functions (u,(t)), pun(t) =
u(xn, 1,t), (z,), n = 1,2,..., being a given bounded sequence in R with
x; # xj for i # 3.

We first formulate the problem as an integral equation in v(€, 7). Let

G(z,y, t;&,m,7) = ﬁ {exp <(z - i)(ztt(j/)”y) _
r— £)2 2
(gt

be Green’s function corresponding to Dirichlet’s boundary condition from
y = 0. Note that
Ggg + Gm, + G, =0.

Hence one has for u = u(§,n, 7)
div(uVG — GVu) + (Gu), = 0.
Integrate this identity over the domain
IE|< R, 0<n<R,0<T<t—c¢ 0<e<t,

and apply Stokes’ theorem. Then, letting R — co, € — 0, we get, after some
computations,
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u(z,y,t / / G(z,y,t;€,n,0)u(€,n,0)d{dn +

e, L e (e

Letting y = 1 in the preceding relation, we get
1 / ' / IS
T Jo J-x (t -

h(z,t) =u(x,1,t) — /jo /000 G(x,1,t¢,n,0)u(, n,0)dédn.

o — &2
b ((4(5—)51) dédr = h(z, t) (7.23)

where

This is an integral equation in v(&, 7).
Let (z,) be a real bounded sequence with z; # x; for ¢ # j. From (7.23)

we have
// t—T ep( < 4(t§) ;rl)dﬁdT:Vn(t), (7.24)

where ¢t > 0 and

V() = u(irn, 1,1) — / / Glen, 1,8, 0)u(, n,0)dédy, n=1,2,... .
—o0 JO

This is a moment problem in v(&, 7). We shall consider the sequence of num-

bers
n(1+3)
Tp=—In|1+—].
T n

Let vg € L?(R x R4) be a solution of (7.24) corresponding to 1°(t) = (v2(t)),
V) € L*®(Ry), in the right hand side. Let v(t) = (v,(t)), v, € L=(R4),
satisfy

100 — vpllL~ < e

From the sequence of functions (v, ), we shall construct a regularized solution
for (7.24). For m € N, we denote by ank(t) (¢t >0, k =0,1,..,m — 1) the
solution of the linear system

m—1
Z ami () = v, (1), n=12.,m,
k=0
where w, = 1/(n+1), n=1,2,... . By the classical theory of polynomial
interpolation, the functions a,(t) exist uniquely. Put
Puw )= > am(t®, >0, (7.25)
0<k<m/2

and
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e _ ] 1
h*(z,t) = Py, (ex_H, t) , for |z|, [t] < 2—ln(m),
er ™

=0 otherwise. (7.26)

For every 8 > 0, we let

1 .
Vgm(2,1) = 3 / w(€me” T dgdn, (7.27)
7 R?2
where
W = ah*(5+[af) ",
1 ® +1
a(z,t) = 12 &XP (— i ) for t > 0,
=0 for t < 0.

We shall prove that there are functions 3(e), m(e) such that (vg(eym(e)) is a
family of regularized solutions. In fact, we have

Theorem 7.5. Suppose the exact solution vy of (7.24), corresponding to
W(t) = (W2(t)) W0 € L>®(Ry)) in the right hand side, satisfies

vo € L°(R xRy), (1422 +t*)% € L*(R x Ry).
Let v(t) = (vn (1)), vn € L®(Ry), satisfy

sup ||vn, — 2HL°°(R+) <e
n

Put

0
9(6) = (9+1) (4(9“)@) >0,

2 0
m(e) =g (), e>0,
(e)

2(¢) = { (/2 2 m(e) 4v2e
B~ (e) +4 ( +1) (m(€)>

m(e)/2

1 1
+ ( - m<e>> e D e

Ve = Ug(e)m(e)s Vam  as in (7.27).

Then there exists a C > 0 depending only on vy such that

-1
[ve = vollL2Rxry) < C (111 (ﬂ(le)>> .

Proof. Put
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(1) = / / o 5’ (—(Z;(ff;;l)dfdm

The remainder of the proof is divided into two parts. In the first parts (con-
sisting of Step 1 and Step 2), we shall estimate [|hg — 2*||L2(rxr,)- In the
second part (Step 3), we shall derive an estimate for ||ve — vollz2(RxR.)-
From the definition of hg, it follows that h(., ) is, for each ¢ > 0, analytic
in the strip |[Im z| < 1 of the complex plane.
For every z satisfying |[Im z| < 1/2 we put

e™ —1

w=T(z)= 1

We can verify directly that T is a homeomorphism of the strip
{zeC: |Imz| <1/2}
onto the open unit disc U. Put
h(w,t) = ho(T ™ w, t).
Following are three steps of the proof.

Step 1. Estimate of |h(w,t) — Py (w,t)|, weU:
Since vy € L (R x R ), one has

|h(w, )] = [h(z,1)]
< lvollz~ ||L°o (z—§)*+1
e (e
< CHUQHLoo, Yw € U (7.28)

where

o wl L
(x, t)ERXRJr

On the other hand, in view of the analyticity of A in the variable w one has

S exp <W> dedr.

)=> an(t)w" (7.29)
n=0
where )
_ —n—17
an(t) = = 8U§ h(&,t)d¢E. (7.30)
We have

ﬁ(wn, t) = ho(zp, t) = Vg(t). (7.31)
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Using the calculations in the proof of Theorem 5.1, Section 5.1, one has in
view of (7.29), (7.31) the equation

amk(t) — ar(t) = cmi(t) = Z ‘Pmn(t)sr_nilamfkfl(@n)(_l)m_k_l-
n=1
Here, we recall,

Prn(t) = va(t) = vp(t) + Y ax(t)w},
k=m

Smn = (Wn — w1)eec(Wn — Wn—1)(Wn — Wnt1) o (Wn — Win )5

o'mn(f) - Z tjl"'tjk

1<j1<j2 <. <jp<m—1

with £ = (t1, ..., tm_1). Especially, one has

[ omn ()] < €+ sup llak|lpos- (7.32)

From (7.28), (7.30), one gets
lakllze < Cllvollze. (7.33)

Hence, using inequality (5.23) in Chap. 5, one gets, in view of (7.32), (7.33),
the estimate

(1) = ax ()] < ¢ (W) +4C] woll 1~ (4“7) ,

Jm
k=0,1,..,m—1. (7.34)

Now, we have
i"(wvt) - Pm(wvt) = Z ka(t)wk + Z ak(t)wk'
0<k<m/2 k>m/2

Hence, for |w| <1—146, 0 < d < 1, one gets in view of (7.34,

1h(w, ) = Pr(w,1)]
< D lemk®I A=) D Jan(®)]. ol

0<k<m/2 k>m/2
< (@ +m)2) { (W) + 401~ (‘*\g) }
(1= 8™ 2Cvo | = % (7.35)

Put
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o= (o) (L)

1
m(e) = [g7 (e 72)), 6 =
Vm(e)
Using (7.35) we obtain
= 1
|h = bl €(6), V[ <1- ——,
(e) /m(e)

where

m(e)
v(e) = 2?4 8w C||vo]| Lo <m2(e) + 1) ( 4[2(;)

1
C v oo/ M\ E l1— — m(e)/2.

~—

Step 2. Estimate of |ho — hy, [l L2®xRry) :

(7.36)

For convenience, we extend hg on R? by putting ho(z,t) = 0 for t < 0.

One has
/ lho(,8) — Wiy (2, 1) Pdadt = Ty + I,
R2

where

I, = / (ho, £) — by (, ) 2dadt,

€

L= / Iho(x, t) Pdadt,
R2\Q.

and Q. is the rectangle

1

Q. = [ 5 In(m(),

From (7.36) one has

o= In(m(e)] x [~ n(m(e)), n(m(e))].

1
1] < —4%(e) In(m(e)).
On the other hand, using Schwarz’s inequality one has

|ho (@, )7 < [[(L+ €+ 72)%wo|[Z2 % J,

1= [ ey () e

Using the inequality e¥ > 32/2 for y > 0, one gets

where

(7.37)

(7.38)

(7.39)
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' // +£2+r2) -7z~
((z - ) +1/2)2 P <4(tl_7)> d¢dr
S4/0 (1+7’2)}1(t—7')2 P (4(7:1—7)> dr x

X . 7.40
| aree g 0
From (7.39), (7.40) one has, after some computations
C
ho@. O < T a9
for some constant C' > 0.
Hence,
/ 2 ¢ (7.41)
I = ho(z,t)|“dedt < ——. .
S N )
Substituting (7.38), (7.41) into (7.37), we get
1 c’
_ ¥ 22 < = 2 1 - -
||h0 h ||L — 7'('7 (6) n(m<€)) + ln(m(e))

Step 3. Estimate of ||[vgeym(e) — Vol L2(RxR.)
We shall make using of the following lemma (cf [APT3]).

Lemma 7.1. Suppose that wy € H*(R?) N LY(R?) and Fy € L?>(R?) satisfy
the convolution equation
Qp * Wy = Fo,

where
1 22 + k2
ag(z,t) = 2 P < i ) , for t >0,
=0 for t <0,

o * wo(x, ) = / oz — €, — TYwo(€, T)dEdr.
R2

Let B> 0 and let F € L*(R?) satisfy

| F — Follr2 < B
Put - |
wpant) = L [ G OF @, Qe O dwdd
B\&L, 472 g2 B+ |ag(w, ¢)|?

Then there exists a constant C depending only on wg such that



162 7 Regularization of some inverse problems in heat conduction

C
In (%)
Moreover, if wo/axr € L?(R?) then there exists a C depending only on wy

such that
lws — wollr2 < CV/B.

Jwg —wol[z2 <

Proof. We first calculate the Fourier transform of «y. One has

a(w, Q) = /2 o (, 1)@ ddt
R

t [e’e]
= / %eitce_%dt/ em“’e_%dx.
0 t —00

Letting 6 = x/4/t we obtain
oo z2 2
/ e dr = 2/ mte Wt

— 00

(since the Fourier transform of e=*"/2 is v/2re~*"/2). Then from the formula
for the Fourier transform of e=¥*/4t¢=3/2 (cf [Ed]) we get

_An
Tk

a(w, Q) exp (—k‘(w2 + iC)l/Q) .

By direct computation one has

@, O = T exp (~kr(w,0)),

YW, Q) = (‘”2 + (w42+ g2)1/2>

1/2

Since wq satisfies oy, * wyg = Fy, we have
Gty = Fy. (7.42)
By the definition of wg, one has
Bivg + || g = @k . (7.43)
The relations (7.42), (7.43) imply that
B(ig — 1) + |an|* (g — o) = — B + & (F — Fy). (7.44)

Multiplying both sides of (7.44) by the conjugate of wg — Wy and integrating
on R?, we get after some rearrangements

Bllws — ol 72 + |G (g — o)l 7> < B(llwo]72 + 1) (7.45)
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Similarly, multiplying both sides of (7.44) by the conjugate of (w?+(?) (g —
o) and then integrating on R?, we find after some computations the estimate

IV/e? + i — o)z < 1Ve? + Canllz + I1V? + gl (7.46)

Put
A = max{27||v/w? + ¢2al|z= + [[woll a1, (ol 72 + 1)/}
Then (7.45), (7.46) imply

ek (g — o) |72 < BA%, |I[v/w? + (g — o) |72 < A, (7.47)

For any 6 > 1, let
D ={(w,¢): w| <ap, [¢| < aj}.

For (w, () € Dg, one has

R . 4
| (w, Q)| > |ar(ag, aj)| = - exp(=kuag)

1 1/2
ki =k (2 + 21/2) .

Hence, we get in view of (7.47)

with

kekras
/ i — 1o|*dwd( < / & (g — 1) | dwd(
Dg 47 R2
k k1a5A2
< ke AT (7.48)
47
For (w,() ¢ Dg one has w? 4 ¢* > a3. Hence, we get in view of (7.47)
. . 1 . .
[ b oPdedc < o [ @ )i — oo
R2\Dg 45 JR:\Dj
A2
<L (7.49)
a5
From (7.48), (7.49) one has
s — woll3s = o lhits —dboll3s
L 4772 L
k klagAQ A2
c b (7.50)

= 3 2,2 "
167 4 ag
Let ag be a positive solution of the equation

kekias a% 1

47 8
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One has
2lnag + kiag + In(k/4m) = In(1/5). (7.51)

It follows that ag — 400 as  — 0. Moreover, for 3 sufficiently small, we
have

(24 k1)ag > In(1/), (7.52)
hence,
1 (k427
2 = (/a7 (7.5

From (7.52), (7.53) we deduce

242 - Cc?
477%% - (111%)27

lws — wollZ <

_ (2+k)V2A
where C' = 5.

Now, if we assume g/as € L?(R?), then by multiplying both sides of
(7.44) by the conjugate of 1wz — 1o and then integrating over R?, we get after
some rearrangements

Bllos — o7z + llan (g — o)l
< B(1 + |lwo/ |2 )| (g — o)||72,
hence
[g —1doll72 < B(L+ [[do/drl|z2)-

This completes the proof of Lemma 7.1.

Completion of the proof of Theorem 7.5.:
Using Lemma 7.1 with § = B(¢), Fy = ho, F = h;‘n(e), ar = a (ie.
k =1), we find in view of the estimate
[Fo — Fllrz = [[ho — Iy llz2 < CB(e),
(see Step 2 of the proof) that
C

1
30

||UE - UOHLZ S

This completes the proof of Theorem 7.5.

7.3 An inverse two-dimensional Stefan problem:
identification of boundary values

The Stefan problem is one of finding functions u(x,y,t), z(z,t) such that
Au —uy =0, t>0, zeR, 0<y< z(z,t), (7.54)

and u satisfies the following boundary and initial conditions
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u(z, z(z,t),t) = 0, zeR, t>0, (7.55)
u(z,0,t) = v(x,t), zeR, t>0, (7.56)

gZ(a: 22, 1),t) = 2 (a, ) z€R, t>0, (7.57)
z(z,0) = b(z) > zeR, (7.58)

u(z,y,0) = uo(ac y) zeR, 0<y <b(z). (7.59)

The function w is usually the temperature, the zone 0 < y < z(z, t) is the lig-
uid zone and the zone y > z(x, t) is the ice zone. Given an initial temperature
ug, for a prescribed surface z(z,t), the problem of determining the bound-
ary values u(z,0,t), i.e., the time-dependent surface temperature v(x,t) is
called an inverse Stefan problem. While the one-dimensional inverse Stefan
problem has been treated widely (cf. [APT1], [APT2], [Bar], [Col], [Co2],
[Co3], [Jol], [Jo2], [Wa]), the literature of the two-dimensional inverse Stefan
is rather scarce. We single out the work by Colton ([Col], [Co2]) where the
given boundary y = z(x,t) is assumed to be an analytic surface. In the work
of Colton (loc. cit.), it is assumed that a solution exists. Now, the problem is
known to be ill-posed , i.e., solutions do not always exist and whenever they
do exist, there is no continuous dependence on the given data (which are
here the given initial condition and free surface). We shall take the approach
followed in [GAT], [APT1]-[APT4] where no solution is assumed to exist. In
fact, in this section, we consider the problem of finding v(z,t) from the given
sequences of values z(nh,t), z.(nh,t), b(nh), tg(nh,mh) (h > 0,m,n € Z),
where g is an appropriate extension of ug from the set

{(z,y): €R, 0 <y <bx)}

to R2.
To regularize the problem (7.54)-(7.59) we shall transform it into an in-
tegral equation. Let

. 1 (=8> +(y—n)?
K(z,y,t:6n,7) = It — )P (‘ At — ) >

G(xayat;£7nv7-) = K(x7y7t;§777;7-) + K(l‘, —yatéfﬂ?ﬂ')

n (7.57), the normal derivative du/dn to the surface y = z(x,t) can be
written as

5716 _ Ou Zm(x t) au;
on 0z i@ OF Oyl
for y = z(z, ).

Let x € R,0 < y < z(x,t) and let u be sufficiently regular. The functions
u(&,n,7) and G(.;&,n, ) satisfy the identity

div(uVG — GVu) + (Gu), = 0. (7.60)
Integrating (7.60) over the domain —n <& <n, 0 <n < z2(£,7), 1/n<7<

t — 1/n, letting n — oo and taking into account the initial and boundary
values (7.55)-(7.59) we get an equation in v(&, 7), namely

165
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TN

where t > 0,2 € R,0 <y < z(z,t) and g(x,y,t) is defined by

A2 2

e (- wemdear  glent) (o)
S b(¢)

o, y,1) = ulz, . t) — /_ /0 wol€,7)Gw, . t; €1, 0)ddn

00 t
/_ /0 z2:(§,7)G(z,y, ;& 2(€, T), 7)dEdT (7.62)

for t > 0,2 € R,0 <y < z(z,t). Letting y 1 z(x,t) in (7.61) we have

L e (=) i

b(f)
_/_ /0 Uo(‘faT)G(i’%Z(xat)7t§§777»0)d§d77

_/_oo /OIzT(g,T)G(J:,z(m,t),t;g,z(f,T),T)dde. (7.63)

This is an integral equation of first kind for the unknown function v(§, )
and hence is ill-posed in customary function spaces. We shall transform it
into an equation of convolution type for which error estimates for regularized
solutions are readily derived from Lemma 7.1 of the preceding section.

Put

Uy(x,t lim xz,y,t), 7.64

o(z,t) = W(“)g( Y t) (7.64)
1 . dg 59)

Ui(z,t) = —————= lim —z.(z,t) — = |, 7.65

1w 1) VI + 7@, D)2 vtz <8m 8 =3y (7.65)

and consider the function

Ule,y.t 477_//

Then U satisfies the equation

@Y e
Ve (- o rdear,

Au—up = 0, t>0, z€eR, y>0, (7.66)

and the initial and boundary conditions

U(z,y,0) =0, re€R,y>0,t>0,
Uz, z(z,t),t) = Up(x,t), reR,y>0,t>0, (7.67)
ou
—a—n(a:,z(x,t),t) = Uy (z,t), re€R,y>0,t>0. (7.68)

Hence U(z,y,t) can be represented in terms of Uy and U; on the domain = €
R, y > z(x,t), t > 0. Let k be a number such that k > z(z,t), Vo € R,t > 0.
Then U(z, k,t) is known, say
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U(.I‘, k7 t) = F(J?, t7 2, Uo, b)

where F(.;z,ug,b) is calculated in terms of z,ug,b. Thus, we arrive at the
integral equation

T — 2 2
kT)Q €xXp <_( 4(£) +7k ) U(f,’]’)dfd’]’ =

N

t—1)
= F(x,t;z,u9,b) (7.69)
which is of the form
ap*xv=F. (7.70)

Here, we recall,

t2 4t
=0, t<0.

1 2 4 k2
akzexp<—m+ ), t >0,

Hence, we can use Lemma 7.1 in Section 7.2 to regularize our problem. To
go into the details of the transformation from (7.67) to (7.69), we first note
that (7.63), (7.64) imply

0o rb(€)
Uo(ﬂ?,t) = _/_ /0 UO(&T)G(%Z(xat)7t§§777a0)d§d77
—/OO /t 2:(&,7)G(x, 2(x, 1), 8 €, 2(E, 7), T)dEdT. (7.71)
—o0 JO

Furthermore, taking the normal derivative of the right hand side of (7.62)
and using the jump relation (see, e.g. [Fr], Chap. 5, page 137) we have

Ui (o, 1) = —%(x "
[ e % e, m 0
/ / 2 (&) =—(x, 2(x, 1), ;& 2(€, 7), T)dEdT. (7.72)

By (7.71), (7.72) the functions Uy, U; are calculated from z, ug, b.
Integrating the identity

div(UVK — KVU)+ (UK), =0
over the domain
—n<é<n, z(§,T)<n<n, I/n<T<t—1/n,

taking account of the initial and boundary values (7.67) and letting n — oo,
we get
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vt = [ [ G K6 267 mcar

_ / /0 Uo(6, 7K (2, €, 2(€,7), 7)dédr,  (7.73)

where
oK
Kl(xa Y, t7 §? m, T) = 875('/1"7 Y, t7 §7 m, 7)25(57 77) -
K
—7($7yat§f,7777')+K(9C7y7t§§77777')~ (774)

I
Letting y = k in (7.73), (7.74), we get (7.69) with

F(xvt;zvum / / Ul 57 m kvt;§7z(§77—)77-)d£d7

- / / Uo(€, 1)Ky (2, 15 €, 2(€, 7), 7)dedr.  (7.75)
—o0 JO

To regularize (7.69) we shall use Lemma 7.1. However, since the functions
z,ug, b are defined only on a discrete set of points, the function F(.;z,ug,b)
is not known exactly. Using Sinc series, we can, under some smoothness
assumptions on z,ug,b, construct functions zp, zpn, uon, bp approximat-
ing z, z;, ug, b in an appropriate sense. As in Lemma 6.1, we can con-
struct a function Fy,(x,t; zn, 2zh, Uon, br) approximating F'(x, t; z, ug, b) in the
L?—sense. In fact, for h > 0, we shall assume that (¢,,(t)), (. (), (Bn)s (Vmn)
(m,n € Z) are sequences such that ¢, € L?(R) and that

> (I2h, ) = Gallfaryy + lza(nhs ) = Gallfeqay ) +
neZ

Z ‘b(nh) - ﬁn|2 + Z |u0(mh, nh) — an|2 < Ch.

nez m,neZ

From the results in Section 5.3, we get the functions approximating z, z,, b, ug

=" Ca()S(n, h)(x),

nez
Zzh Z, t Z Cn )
neZ
©) =Y BuS(n,h)(x)
neZ

uon(®,y) = Y vmnS(m, h)(@)S(n, h)(y).

m,nez

Using the preceding functions, we can construct, in a similar way as in Lemma
6.1, a function Fj(.; zp, Zzh, bn, uon) such that

||F — Fh||L2(R2) — 0 as h — 0. (776)

The details of calculations are omitted. By (7.76), we can, using the result of
Lemma 7.1, construct a regularized solution of (7.69).
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7.4 Notes and remarks

We have considered the backward heat problem in the special case of two
space dimensions and under the condition that the support of the (unknown)
initial temperature is contained in the quadrant x > 0, y > 0. Under these
assumptions, we have been able to apply the results of Chapter 4 on the Haus-
dorff moment problem to derive explicit error estimates for the regularized so-
lutions. For the case of a bounded domain {2 with zero Dirichlet condition on
042, the problem has been regularized by various methods: truncated eigen-
value expansion, quasi-reversibility, Sobolev regularization, integral method
coupled with Tikhonov regularization and others.

The problem of the backward heat equation on a bounded domain f2
with a regular boundary 0f2 corresponding to unilateral conditions on the
temperature function u, i.e.,

8—u200n8(2

ou
>0, — >0
Y= =Y Yan

was raised in Payne [Pa]. As pointed out in [An2], a natural way to look
at the problem would consist in converting it into a problem involving zero
Neumann condition. In fact, as proposed in [An2], we let v = u?. Then, v
satisfies the equation
[Vol?
2v

under the constraint v > 0, u = /v > 0, % > 0 and subject to the boundary

condition 5
a—z =0 on 02

vy — Av =

and terminal condition
v(x, 1) = g*(1).

Thus the problem is converted to a unilateral problem for a semilinear
parabolic equation with zero boundary condition.

We next consider another version of the ”borehole” problem. Instead of
the problem of surface temperature determination from the temperature mea-
sured at an interior point of the Earth, represented by a half-plane, as was
done in the main text, we can consider the problem of determining the heat
flux history through a space vehicle represented by a slab 0 < x < 1, with
the flux specified to be zero along the side z = 1, the flux through the side
x = 0 being to be determined from the temperature measured at an interior
point 1, 0 < x1 < 1 at discrete times ty < t; < ... < t, (cf [BBS]). The
problem can be formulated as a moment problem.

The two dimensional inverse Stefan problem was first studied by Colton
[Col], [Co2] under rather stringent regularity conditions. In [APT3], regular-
ity conditions are relaxed and moreover, existence of an exact solution is not
assumed. Moreover, in the latter work, the problem is regularized and error
estimates are given for regularized solutions. In Colton and Reemtsen [CR]
the problem is treated numerically.
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Nonlinear moment problems: an example from
gravimetry

In the preceding chapters, the moment problems considered are all linear,
in fact, they are of the form

/ v(z)dop(x) = pn, n=12 ., (8.1)
Q

where 2 is a domain in R*, do,(r) is a given measure on £2, n = 1,2, ..., and
v(x) is a function on 2 to be determined. In this chapter, we shall consider
a nonlinear moment problem arising in Gravimetry. The nonlinear problem
consists of a sequence of equations

/ K(zp,v(z))de = pn, n=12, .., (8.2)
7

where K is nonlinear in the unknown function v(z). Before giving an explicit
expression for K, we deem it appropriate to explain the physical model.

The determination of the shape and location of an object {2 in the inte-
rior of the Earth, the density of which differs from that of the surrounding
medium, is a fundamental problem of Applied Geophysics, in fact, belongs
to Gravimetry, a branch of Geophysics concerned with the gravity fields in
and around the Earth. Gravimetric methods are used for the identification
of density inhomogeneities of the Earth. They consist in measuring the grav-
ity anomalies or the gravity gradients created on the Earth’s surface by the
difference in density. The gravity gradient method presents some advantages
over the gravity approach, as shown in [To].

Consider the Earth represented by the half-plane (z,y), —oc0o <y < H
with H > 0 and let the body {2 be represented by 0 <y < o(z),0 <z < 1.
We assume that the unknown function o(x) is continuous and such that
o) <Hfor0<z<1, 0(0)=0(1) =0.

Let the relative density of 2, i.e., the difference between the density of {2
and that of the surrounding medium, be denoted by p, which we take to be
a constant. Let U = U(x,y) be the gravity potential created by p, i.e.,

Uz,y) = 2 | (e = &)+ (= 0)?) 2 dedn

2w
1 po()
— 4 [ w07 =y s

D.D. Ang, R. Gorenflo, V.K. Le, and D.D. Trong: LNM 1791, pp. 171-173, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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Then the vertical component of the gravity gradient created by p on the
surface y = H is

v e {/1 (H — o(€))d¢ _/1 Hd¢ }
o T o o @2+ (H-0(Q)? Jo @62 +H?S
(8.3)
Denoting by fo(z) the gravity gradient on the surface y = H, and taking

p =1, we have from (8.3), after some rearrangements,

1! g(&)de¢

wh e W 54
where we have set g(§) = H — o(£) and
1
F(@) = ~fola) — ;. - (55

S or 0 ($_§)2+H2.

The equation (8.4) is a nonlinear integral equation of first kind for the deter-
mination of the unknown (continuous) function g(z). The above formulation
of the problem follows closely the presentation in [ANT], where it is shown
that (8.4) admits at most one solution g(z) continuous on [0,1] such that
9(0) = g(1) = H and

0<H-a<gx)<H for0 <z <1, (8.6)

a > 0 being a known constant. See also [AGV3].

It can be shown that the problem of finding g(z) from (8.4) is ill-posed.
It could be regularized by finite dimensional approximation, following the
method of [AGV4]. We shall, instead, convert it into a nonlinear moment
problem as follows. Since g is continuous and strictly positive on [0, 1], the
function defined by the integral in the left hand side of (8.4) can be extended
to a complex analytic function on a strip around the z-axis of the complex
plane. Hence it is completely determined by its values at any bounded real
sequence (z,) with z; # x; for i # j. Thus the integral equation (8.4) is
equivalent to the (nonlinear) moment problem

b g©dg -
/o (20 — €)2 + g2(€) =2rf(zn), mn=12,... (8.7)

We thus deal with a nonlinear mapping from a subset of the function space
L?(0,1) into [?. The regularization problem for such mappings is a wide open
subject.

One of the common methods for dealing with nonlinear equations is the
linearization method. It consists in approximating the original equation by
an appropriate linear equation. The equation (8.4) offers a simple (and inter-
esting) example of the linearization method.

As pointed out above, the function on the LHS of (8.4) can be extended
to a complex analytic function on a strip of width < H — « around the real
axis of the complex plane. Hence, it is completely determined by its values
on an interval (—oo, —M) for any M > 0, i.e., Eq. (8.4) is equivalent to the
equation
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Pog©a B
| ot = esom (85)

Now, for large M > 0 and = > 0, we have the following expansion of the LHS
of (3.11)

9(¢) _ 9(¢)
(M+$+£)2+92(€) <M+$+£)2 (1+ (Mgfa(:i)g)2>
9(§) 9%()

(M4z+862 (M+z+)*

As a first approximation, we take

g(&) N g(&)
(M+2+82+g%(&) ~ (M+a+¢)?

and consider the linear integral equation in g

1
9(§)d¢
—2 > = oxf(—-M — : .
/0 A =2l (=M =), >0 (8.9)
By taking x = 1,2, ..., we get the equivalent moment problem
1
9(§)d¢
——— =2 —M —n) = =1,2,.... 1
| Gt =M= =, n=12 (5.10)

As shown in [ANT], this moment problem admits at most one continuous
solution g(z) in [0, 1].
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