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Foreword
In recent decades, the theory of inverse and ill-posed problems has im-

pressively developed into a highly respectable branch of Applied Mathematics
and has had stimulating effects on Numerical Analysis, Functional Analysis,
Complexity Theory, and other fields. The basic problem is to draw useful
information from noise contaminated physical measurements, where in the
case of ill-posedness, naive methods of evaluation lead to intolerable am-
plification of the noise. Usually, one is looking for a function (defined on a
suitable domain) that is close to the true function assumed to exist as un-
derlying the situation or process the measurements are taken from, and the
above mentioned gross amplification of noise (mathematically often caused
by the attempt to invert an operator whose inverse is unbounded) makes the
numerical results so obtained useless, these ”results” hiding the true solution
under large amplitude high frequency oscillations.

There is an ever growing literature on ways out of this dilemma. The
way out is to suppress unwanted noise, thereby avoiding excessive suppres-
sion of relevant information. Various methods of ”regularization” have been
developed for this purpose, all, in principle, using extra information on
the unknown function. This can be in the form of general assumptions on
”smoothness”, an idea underlying, e.g., the method developed by Tikhonov
and Phillips (minimization of a quadratic functional containing higher deriva-
tives in an attempt to reproduce the measured data) and various modifica-
tions of this method. Another efficient method is the so-called ”regularization
by discretization” method where one has to find a kind of balance between
the fineness of discretization and its tendency to amplify noise. Yet another
method, the so-called ”descriptive regularization” method, consists in exploit-
ing a priori known characteristics of the unknown function, such as regions of
nonegativity, or monotonicity, or convexity that can be used in a scheme of
linear or nonlinear fitting to the measured data, fitting optimal with respect
to appropriate constraints. Many ramifications and combinations of these and
other methods have been analyzed theoretically and used in numerical calcu-
lations. Our monograph deals with the method called the ”moment method”.
The moments considered here are of the form

µn =
∫

Ω

u(x)dσn, n = 1, 2, 3, ...,

where Ω is a domain in Rk, dσn is, either a Dirac measure, n ∈ N, or a
measure absolutely continuous with respect to the Lebesgue measure, i.e.,

dσn = gn(x)dx, n ∈ N,

gn(x) being Lebesgue integrable on Ω. The idea of the moment method is to
reconstruct an unknown function u(x) from a given set (µn)n∈I , I ⊂ N, of
the moments of u(x). Then the problem arises as to whether a knowledge of
moments of u(x) uniquely determines this function. For the moment problems
considered in this monograph, unless stated otherwise, the knowledge of the
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complete sequence of moments of u(x) uniquely determines the function.
In practice, one has available only a finite set µ1, ..., µm of moments, and
furthermore these are usually contaminated with noise, the reason being that
they are results of experimental measurements. The question then is: To what
extent, can the true function u(x) be recovered from the finite set (µi)1≤i≤m

of moments? Note that in the latter situation, the question of existence of a
solution u plays a minor role. The moments being only approximately known,
the problem is reduced to one of ”regularization”, namely, to the problem of
fitting the function u(x) as closely as possible to the available data, that is,
to the given approximate values of the moments, u(x) being assumed to lie
in a nice function space and to obey a known or stipulated restriction to the
size of an appropriate functional. In our theory of regularization, the index
m, i.e., the number of the given moment values mentioned above, will play
the role of the regularization parameter. In illustration of the theory, we shall
study several concrete cases, discussing inverse problems of function theory,
potential theory, heat conduction and gravimetry. We will make essential use
of analyticity or harmonicity of the functions involved, and so the theory
of analytic functions and harmonic functions will play a decisive role in our
investigations. We hope that this monograph, which is a fruit of several years
of joint efforts, will stimulate further research in theoretical as well as in
practical applications.

It is our pleasure to acknowledge with gratitude the valuable assistance
of several researchers with whom we could discuss aspects of the theory of
moments, either after presentation in conferences and seminars or in personal
exchange of knowledge and opinions. Special thanks are due to our colleagues
Johann Baumeister, Bernd Hofmann, Sergio Vessella, Lothar von Wolfersdorf
and Masahiro Yamamoto. They have studied the whole manuscript and their
detailed constructive-critical remarks have helped us much in improving it.
Our thanks are also due to the anonymous referees for their valuable sugges-
tions. Last not least, we highly appreciate the supports granted by Deutsche
Forschungsgemeinschaft in Bonn which made possible several mutual research
visits, furthermore the supports given by the Research Commission of Free
University of Berlin, Ho Chi Minh City Mathematical Society, Ho Chi Minh
City National University, and the Vietnam Program of Basic Research in
the Natural Sciences. Last not least we are grateful to Ms. Julia Loutchko
for her help in the final corrections and preparations of the manuscript for
publishing.

Dang Dinh Ang, Rudolf Gorenflo,
Vy Khoi Le and Dang Duc Trong

Berlin, Ho Chi Minh City, Rolla-Missouri: March
2002
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Introduction

A moment problem is either a problem of finding a function u on a domain
Ω of Rd, d ≥ 1, satisfying a sequence of equations of the form∫

Ω

udσn = µn (0.1)

where (dσn) is a given sequence of measures on Ω and (µn) is a given sequence
of numbers, or a problem of finding a measure dσ on Ω satisfying a sequence
of equations of the form ∫

Ω

gndσ = µn, (0.2)

for given gn and µn, n = 1, 2, ... . Although this monograph is devoted ex-
clusively to a study of moment problems of the form (0.1), we shall briefly
mention a classical result on moment problems of the form (0.2) in the Notes
and Remarks of Chapter 2. Concerning moment problems of the form (0.1),
if dσn is absolutely continuous with respect to the Lebesgue measure, i.e., if

dσn = gndx,

where gn is Lebesgue integrable, n=1,2,..., then we have the usual moment
problem ∫

Ω

ugndx = µn. (0.3)

If dσn is a Dirac measure, i.e., if

dσn = δ(x− xn), xn ∈ Ω, (0.4)

then the moment problem consists in finding a function u on Ω from its
values at a sequence of points (xn), i.e.,

u(xn) = µn, n = 1, 2, ... . (0.5)

Before proceeding further, it seems appropriate to explain how each of the
two foregoing variants of the moment problem (0.1) arises in the framework
of this monograph. In fact, many inverse problems can be formulated as an
integral equation of the first kind, namely,∫ b

a

K(x, y)u(y)dy = f(x), x ∈ (a, b), (0.6)

where (a, b) is a bounded or unbounded open interval of R. Here K(x, y)
and f(x) are given functions and u(y) is a solution to be determined. In
practice, f(x) is a result of experimental measurements and hence is given
only at a finite set of points that is conveniently patched up into a continuous
function or an L2-function. This is an interpolation problem. Interpolation is
a delicate process, and, in general, it is difficult to know the number of points

D.D. Ang, R. Gorenflo, V.K. Le, and D.D. Trong: LNM 1791, pp. 1–3, 2002.
c© Springer-Verlag Berlin Heidelberg 2002



2 Introduction

needed to achieve a desired degree of approximation unless the function f(x)
is sufficiently smooth. The case that the function represented by the integral
in the above equation can be extended to a function complex analytic in a
strip of the complex plane C containing the real interval [a, b] is of special
interest. Indeed, under the analyticity assumption, if the left hand side of
the equation is known on a bounded sequence (xn) in (a, b) with xi �= xj for
i �= j, then by a well-known property of analytic functions, the function is
known in the strip and a fortiori in (a, b). It follows that the above integral
equation is equivalent to the following moment problem∫ b

a

K(xn, y)u(y)dy = f(xn), n = 1, 2, ... . (0.7)

In some examples to be given in later chapters, we also have moment problems
of the foregoing form with (xn) unbounded and satisfying certain properties.
We shall also deal with multidimensional moment problems∫

Ω

K(xn, y)u(y)dy = f(xn), n = 1, 2, ... (0.8)

where Ω is a domain in Rd, d ≥ 1 and (xn) is some infinite sequence (not
necessarily in Ω).

As mentioned earlier, we can have moment problems of the form (0.1)
above, with the dσn’s being Dirac measures. This moment problem will arise
in the reconstruction of a function u analytic in the unit disc U of C from
its values at a given sequence of points (zn) of U ,

u(zn) = µn, n = 1, 2, ... . (0.9)

Moment problems are similar to integral equations except that we now
deal with mappings between different spaces. Hence special techniques are
required.

The purpose of this monograph is to present some basic techniques for
treatments of moment problems. We note that classical treatments are con-
cerned primarily with questions of existence (and uniqueness). For the classi-
cal theory, the reader is referred to, e.g., the monograph of Akhiezer [Ak] and
the article of Landau [La]. From our point of view, however, the given data
are results of experimental measurements and hence are given only at finite
sets of points that are conveniently patched up into functions in appropriate
spaces, and consequently, a solution may not exist. Furthermore, moment
problems are ill-posed in the sense that solutions usually do not exist and
that in the case of existence, there is no continuous dependence on the given
data. The present monograph presents some regularization methods.

Parallel to the theory of moments, we shall consider various inverse prob-
lems in Potential Theory and in Heat Conduction. These inverse problems
provide important examples in illustration of moment theory, however, they
are also investigated for their own sake. In order to convey the full flavor of
the subject, we have tried to explain in detail the physical models.
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The book consists of seven chapters. The first five chapters deal with
mathematical preliminaries (Chapter 1) and mathematical aspects of moment
theory (Chapters 2 to 5). The remaining two chapters are devoted to concrete
inverse problems in Potential Theory and in Heat Conduction.

Chapter 1 contains the mathematical preliminaries in preparation for the
subsequent chapters. Chapter 2 presents various methods of regularization
for moment problems: the method of truncated expansion and the method of
Tikhonov in Hilbert spaces and in reflexive Banach spaces. Chapter 3 is de-
voted to the Backus-Gilbert theory in Hilbert spaces and in reflexive Banach
spaces. Chapter 4 deals with the Hausdorff moment problem in one dimen-
sion and in several dimensions. Chapter 5 deals with the reconstruction of an
analytic function in the unit disc using approximations by finite moments (i.e.
by a finite set of values of moments) and the method of optimal recovery. In
the same chapter, we establish a theorem on cardinal series representation in
the two-dimensional case and a theorem of approximation by Sinc functions.
The results of Chapter 5 are used repeatedly in subsequent chapters.

The last two chapters of the book deal with some inverse problem in Ap-
plied Sciences. Chapter 6 presents some basic properties of harmonic func-
tions and treatments of various regularization methods for Cauchy’s problem
with applications in Medicine and Geophysics. Chapter 7 is concerned with
some inverse problems in heat conduction (the backward heat equation, the
problem of surface temperature determination from borehole measurements,
the inverse Stefan problem) and presents some methods of regularization for
these problems.The book closes with an Epilogue giving an example of a
nonlinear moment problem from Gravimetry.

For some chapters, under the heading ”Notes and remarks”, results are
presented as supplements to the main text. At the end of the book, there is
a bibliography on all the topics covered in the volume.

This monograph is an introduction to the theory of moments and to some
inverse problems in the physical sciences formulated as moment problems. It
is not meant to be an exhaustive treatment of moment theory, and we beg
pardon, in advance, for the many omissions of important topics (such as, e.g.,
the maximum entropy method). For further developments in moment theory
and in inverse problems in Potential Theory and in Heat Conduction, the
reader would do well to consult the references listed at the end of the book
as well as the current literature on the subject.

The book can be used as a supplementary text for graduate or advanced
undergraduate courses in Inverse Problems or in Mathematical Methods in
the Physical Sciences.



1 Mathematical preliminaries

In this short chapter, we collect some results on Banach spaces, in particular
on Hilbert spaces, on operator theory, on function spaces (spaces of contin-
uous functions, Lebesgue spaces, Sobolev spaces), on analytic functions, on
harmonic functions and on integral transforms (Laplace transform, Fourier
transform) for use in subsequent chapters. The results are stated without
proof or as consequences of general theorems. References are given to appro-
priate sources (textbooks or papers).

1.1 Banach spaces

Let X be a Banach space. A subset K of X is called compact if each sequence
in K has a subsequence converging to an element of K. A subset K is called
relatively compact if its closure K is compact. One has (see, e.g., [Br], page
92)

Theorem 1.1. (Riesz) Let X be a Banach space such that the open ball
B1(0) centered at 0 with radius 1 is relatively compact. Then X is a finite
dimensional vector space.

Let X, Y be two Banach spaces with respect to the norms ‖ . ‖X , ‖ . ‖Y .
We denote by L(X,Y ) the space of all continuous linear operators A from X
to Y with the norm

‖A‖L(X,Y ) = sup
‖x‖X≤1

‖Ax‖Y

With the latter norm, L(X,Y ) is a Banach space. If X = Y then we denote
L(X,Y ) by L(X). An operator A in L(X,Y ) is said to be compact if the set
A(K) has compact closure in Y for each bounded set K in X.

If X is a Banach space, we write X∗ for L(X,C), i.e., X∗ is the set of all
continuous linear functionals on X. If f ∈ X∗, we write

< f, x > = f(x) for x in X,
‖f‖X∗ = sup

‖x‖X≤1
| < f, x > |.

X∗ together with the norm ‖ . ‖X∗ is a Banach space and X∗ is called the
dual of X. We set X∗∗ = (X∗)∗.

D.D. Ang, R. Gorenflo, V.K. Le, and D.D. Trong: LNM 1791, pp. 5–16, 2002.
c© Springer-Verlag Berlin Heidelberg 2002



6 1 Mathematical preliminaries

Let x be in X. If we put

Txf =< f, x > for f in X∗.

then Tx : X∗ −→ C is a continuous linear functional, i.e., Tx ∈ X∗∗, and
‖Tx‖X∗∗ = ‖x‖X . Letting j(x) = Tx, we obtain an isometric linear map

j : X −→ X∗∗.

Since j is injective, we can identify X with the subspace j(X) of X∗∗. The
Banach space X is called reflexive if j(X) = X∗∗. In this case j is an isometry
from X onto X∗∗, and we write X = X∗∗.

A sequence (xn) in the Banach space X is said to be weakly convergent
to x in X if, for all f in X∗,

< f, xn >−→< f, x > as n → ∞,

and we write
xn ⇀ x as n → ∞.

We have (see, e.g., [Br], p. 44)

Theorem 1.2. (Kakutani) Each bounded sequence in a reflexive Banach
space has a weakly convergent subsequence.

In Chapter 3, we shall give some special results related to Banach spaces
and their duals.

1.2 Hilbert spaces

In the remainder of this chapter, the symbol H denotes a complex Hilbert
space. We say that x ∈ H is orthogonal to y ∈ H, and write x ⊥ y, if
(x, y)H = 0, where (., .)H is the inner product of H. For any linear subspace
M of H, put

M⊥ = {y ∈ H : (x, y)H = 0 for all x ∈ M}
If M = {x} then we denote M⊥ by x⊥. We have (cf. [Ru], Chap. 4 or [Br],
Chap. 5)

Theorem 1.3 Let M be a closed subspace of H. Then there exists a unique
pair of continuous linear operators

P : H −→ M, Q : H −→ M⊥

such that
a) x = Px+Qx,
b) If x ∈ M then Px = x, Qx = 0 and if x ∈ M⊥ then Px = 0, Qx = x,
c) ‖x‖2

H = ‖Px‖2
H + ‖Qx‖2

H ,
and we write
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H = M ⊕M⊥.

From the latter theorem, we deduce Riesz’s representation for continuous
linear functionals.

Theorem 1.4. If f ∈ H∗ then there exists a uniquely determined element v
of H such that

f(x) = (x, v)H for all x ∈ H.

Moreover ‖f‖H∗ = ‖v‖H .

Consider the bilinear form a(u, v) on H, i.e., a function a : H ×H → C
such that

a(x+ λz, y) = a(x, y) + λa(z, y)
a(x, y + λz) = a(x, y) + λ̄a(x, z)

for all x, y, z ∈ H, λ ∈ C.
Using Theorem 1.4, we get the following theorem (cf. [Br]).

Theorem 1.5. (Lax-Milgram’s theorem) Let a : H ×H → C be a bilinear
form. Assume that

a) a is bounded, i.e., there is a C > 0 such that

|a(x, y)| ≤ C‖x‖H‖y‖H for x, y ∈ H,

b) a is coercive, i.e., there is a C0 > 0 such that

a(x, x) ≥ C0‖x‖2
H for x ∈ H.

Then, for each f in H∗, there is a unique element u in H such that

a(u, v) = f(v) for v ∈ H.

The mapping f �−→ u is a one-to-one continuous linear map from H∗ onto
H.

A set of vectors uα in a Hilbert space H, where α runs through some
index set I, is said to be an orthonormal basis of H if

(i) (uα, uβ)H = 0 for all α �= β, α, β in I,
(ii) ‖uα‖H = 1 for all α ∈ I,
(iii) the set of all finite linear combinations of members of {uα} is dense

in H.

In particular, if I = N, then, the space H has a countable orthonormal
basis {un}. In the latter case, one has

Theorem 1.6. (Riesz-Fisher) Let {un} be a countable orthonormal basis of
H. The element x is in H if and only if there exists a complex sequence (cn)
satisfying

∑∞
n=1 |cn|2 < ∞ such that one has the expansion
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x =
∞∑

n=1

cnun.

Moreover, one has cn = (x, un)H and

‖x‖2
H =

∞∑
n=1

|cn|2.

Let H1, H2 be two Hilbert spaces with respect to the inner products
(., .)H1 , (., .)H2 . If A : H1 −→ H2 is a continuous linear operator, then the
adjoint of A is the operator A∗ : H2 −→ H1 satisfying

(Ax, y)H2 = (x,A∗y)H1 for all x ∈ H1, y ∈ H2.

If H1 = H2 = H and A = A∗, then A is called self-adjoint. One has the
following spectral theorem (see, e.g.,[Br], chap. 6).

Theorem 1.7. Let H be a Hilbert space having a countable orthonormal basis
. If A : H −→ H is an arbitrary self-adjoint compact operator, then there
exists an orthonormal basis {en} and a real sequence (λn) tending to zero
such that Aen = λnen.

A continuous linear operator A : H −→ H is called positive if

(Ax, x)H ≥ 0 for all x ∈ H.

One has the following result (see, e.g.,[LS]).

Theorem 1.8. If A : H −→ H is an arbitrary positive self-adjoint contin-
uous linear operator, then there exists uniquely a positive continuous linear
operator B : H −→ H such that B2 = A.

In particular, for A in L(H1, H2), the operator A∗A : H1 −→ H1 is a
positive self-adjoint continuous linear operator. Hence, Theorem 1.8 implies
that there is a unique positive continuous linear operator C : H1 −→ H1
such that C2 = A∗A.

1.3 Some useful function spaces

1.3.1 Spaces of continuous functions

Let K be a compact subset of Rk. We denote by C(K) the Banach space of
continuous functions f from K to C with the norm

‖f‖C(K) = sup
x∈K

|f(x)|.
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Let D be a bounded domain of Rk, k ≥ 1. For m = 1, 2, ..., we consider
the space Cm(D) (Cm(D)) of all functions

f : D −→ C (or R)

(f : D −→ C (or R)) such that the derivatives

Dαf ≡ ∂|α|f
∂xα1

1 ...∂xαk

k

are continuous on D (D) for α = (α1, ..., αk), |α| = α1 + ...+αk and |α| ≤ m.
We denote by C∞(D) the space of functions which are infinitely differen-

tiable.
The space Cm(D) is a Banach space with respect to the norm

‖f‖Cm(D) =
∑

|α|≤m

sup
x∈D

|Dαf(x)|.

Let G0 be in C(D ×D) . We have (cf. [Mi], §8, Chap. 2)

Theorem 1.9. Let D be a bounded domain in Rk. For 0 ≤ α < k, the
mapping

Tf(x) =
∫

D

G0(x, y)|x− y|−αf(y)dy, f ∈ C(D),

is a compact linear operator on C(D).
T is called a Fredholm integral operator.

The following theorems give some properties of continuous functions on a
compact subset. In fact, one has (cf. [Br], Chap. 4, and [HSt]) the following
two theorems.

Theorem 1.10. (Ascoli) Let K be a compact set in Rk and let K be a bounded
subset of C(K). Suppose that K is equicontinuous, i.e., for every ε > 0, there
exists δ > 0 such that

|f(x) − f(y)| < ε for all f in K, d(x, y) < δ, x, y ∈ K,

where d(x, y) is the distance between x and y in Rk. Then K is relatively
compact in C(K).

Theorem 1.11. (Dini ) Let K be a compact subset of Rk and let (fn) be
a monotone sequence in C(K) that converges pointwise to a function f in
C(K). Then fn → f uniformly on K.

1.3.2 Spaces of integrable functions

Let X be a measure space with a positive measure µ. For 1 ≤ p < ∞, we
denote by Lp(X,µ) the Banach space of complex measurable functions f on
X to C with respect to the norm
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‖f‖Lp(X,µ) =
(∫

X

|f |pdµ
)1/p

.

For a measurable function f , we put

‖f‖L∞(X,µ) = inf{α ∈ R : µ({x ∈ X : |f(x)| > α}) = 0}.
We denote by L∞(X,µ) the Banach space of all measurable functions f
satisfying ‖f‖L∞(X,µ) < ∞.

One has (cf [Ru], Chap. 1)

Theorem 1.12. (Lebesgue’s Dominated Convergence Theorem) Let (X,µ)
be a measure space. Suppose (fn) is a sequence in L1(X,µ) such that

f(x) = lim
n→∞ fn(x)

exists almost everywhere on X. If there is a function g ∈ L1(X,µ) such that,
for almost all x in X, n = 1, 2, ...,

|fn(x)| ≤ g(x),

then f ∈ L1(X,µ) and

lim
n→∞

∫
X

|fn − f |dµ = 0.

If X = Ω ⊂ Rk and if µ is the Lebesgue measure, we write Lp(Ω) instead
of Lp(X,µ), 1 ≤ p ≤ ∞. If µ is the counting measure on X = N (or Z),
i.e., µ(A) is the number of elements in A for A ⊂ X, then the corresponding
space Lp(X,µ) is denoted by lp (or lp(Z)). An element of lp can be seen as a
complex sequence x = (ξn)n≥1 with the norm

‖x‖lp =

( ∞∑
n=1

|ξn|p
)1/p

, 1 ≤ p < ∞,

‖x‖l∞ = sup
n∈N

|ξn|.

Similarly, an element of lp(Z) can be seen as a complex sequence y = (ξn)n∈Z
with the norm

‖y‖lp =

( ∞∑
n=−∞

|ξn|p
)1/p

, 1 ≤ p < ∞,

‖y‖l∞ = sup
n∈Z

|ξn|.

1.3.3 Sobolev spaces

Let Ω be a bounded domain in Rk (k = 1, 2, ...). For α = (α1, ..., αk), Dα

is defined as in Subsection 1.3.1. We denote by Lp
loc(Ω) (p ≥ 1) the set of
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Lebesgue measurable functions f on Ω such that f ∈ Lp(D) for all open
subsets D of Ω satisfying D ⊂ Ω. We denote by C∞

c (Ω) the set of infinitely
differentiable functions f on Ω such that supp f ⊂ Ω, where supp f is the
closure of the set of points x of Ω such that f(x) �= 0. Let u,w ∈ L1

loc(Ω).
Then w is called a generalized derivative of u of mixed order α if∫

Ω

uDαφdx = (−1)|α|
∫

Ω

wφdx for φ ∈ C∞
c (Ω).

We denote w by Dαu. The Sobolev space Wm,p(Ω), where m is a positive
integer, is the set of all functions u having generalized derivatives up to order
m such that

Dαu ∈ Lp(Ω) for |α| ≤ m.

For m = 0, we set W 0,p(Ω) = Lp(Ω). For p = 2, we write Hm(Ω) for
Wm,2(Ω). For 0 ≤ p ≤ ∞, Wm,p(Ω) is a Banach space with respect to the
norm

‖f‖W m,p(Ω) =

 ∑
|α|≤m

‖Dαf‖p
Lp(Ω)

1/p

, for 1 ≤ p < ∞,

‖f‖W m,∞(Ω) = max
|α|≤m

‖Dαf‖L∞(Ω).

The space Hm(Ω) is a Hilbert space with respect to the inner product

(f, g)Hm =
∑

|α|≤m

∫
Ω

Dαf Dαgdx for f, g ∈ Hm(Ω).

The closure of C∞
c (Ω) in Hm(Ω) is denoted by Hm

0 (Ω).
For 0 ≤ σ < 1, the Sobolev space (of fractional order) W σ,p(Ω), 1 ≤ p ≤

∞, is defined in Chapter 3 (cf. also [Br], p. 196).
Now we state some Sobolev imbedding theorems. Let X,Y be two Banach

spaces, X ⊂ Y . The operator j : X → Y defined by j(u) = u for all u ∈ X
is called the embedding operator of X into Y . One has (cf. [Br], Chap. IX)

Theorem 1.13. Let Ω be a bounded domain in Rk such that ∂Ω is C1 −
smooth.

a) If 1 ≤ p < k then

W 1,p(Ω) ⊂ Lq(Ω) for all q in [1, p∗),
1
p∗ =

1
p

− 1
k
,

b) If p = k then

W 1,p(Ω) ⊂ Lq(Ω) for all q ∈ [1,∞),

c) If p > k then
W 1,p(Ω) ⊂ C(Ω),

where the corresponding embedding operators in a)-c) are compact.
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1.4 Analytic functions and harmonic functions

Let Ω be a domain (i.e. an open, connected subset) of the complex plane C
and let f be a complex function defined on Ω. We say that f is analytic at
z0 ∈ C if

lim
z→z0

f(z) − f(z0)
z − z0

exists. The function f is said to be analytic on Ω if it is analytic at each
point of Ω. One has (cf. [Ru], Chap. 10)

Theorem 1.14. Let f be an analytic function on Ω ⊂ C and let z0 ∈ Ω, r > 0
be such that Br(z0) ⊂ Ω, where Br(z0) is the (open) disc of radius r centered
at z0. Then f is representable by the power series

f(z) =
∞∑

n=0

an(z − z0)n for z ∈ Br(z0)

where

an =
1

2πi

∫
∂Br(z0)

f(ζ)
(ζ − z0)n+1 dζ.

Theorem 1.15. (Identity Theorem) Let f1, f2 be analytic functions on a
domain Ω ⊂ C such that f1(z) = f2(z) on a set of points of Ω with an
accumulation point in Ω. Then f1 = f2 on Ω.

Let Ω be a domain in Rk, k ≥ 2. A C2-function f on Ω is said to be
harmonic if it satisfies the Laplace equation

∆f = 0 on Ω

where

∆ =
∂2

∂x2
1

+
∂2

∂x2
2

+ ...+
∂2

∂x2
k

for x = (x1, x2, ..., xk).

One has the following result related to the eigenfunctions of the Laplace
operator (cf. [Br], Chap. 9)

Theorem 1.16. Let Ω be a bounded domain in Rk. Then there exists an
orthonormal basis (en) of L2(Ω) and a sequence (λn) of positive numbers
tending to infinity for n → ∞ such that en ∈ H1

0 (Ω) ∩ C∞(Ω) and that

−∆en = λnen on Ω.

Let Γ0 be an open subset of ∂Ω. A Cauchy problem for the Laplace
equation is one of finding a function u satisfying
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∆u = 0 on Ω (1.1)

subject to the conditions

u|Γ0 = f0,
∂u

∂n

∣∣∣∣
Γ0

= f1 (1.2)

where ∂/∂n is the normal derivative to Γ0. We say that u is a weak solution
of (1.1)-(1.2) if u satisfies∫

Ω

u∆φdx =
∫

Γ0

f0
∂φ

∂n
dσ −

∫
Ω

f1φdx (1.3)

for all φ ∈ C2(Ω), φ = 0 on a neighborhood of ∂Ω \ Γ0, where dσ is the
surface area element of ∂Ω. The problem (1.1)-(1.2), under some appropriate
assumptions, has at most one solution. In fact, one has

Theorem 1.17. Let Γ0 be C1-smooth, let f0, f1 be functions in L2(Γ0). Then
(1.1)-(1.2) has at most one weak solution u in L2(Ω).

Proof. For the proof, we rely on the unique continuation property of
harmonic functions, according to which, a harmonic function on Ω that is
known on an open subset of a domain Ω, is uniquely extendable to a harmonic
function on all ofΩ (cf. [Pe] where the uniqueness of continuation for solutions
of elliptic equations is proved). Indeed, let u1, u2 be two weak solutions in
L2(Ω) of (1.1)-(1.2). We shall prove that u1 = u2. Putting w = u1 − u2, one
gets in view of (1.3) ∫

Ω

w∆φdx = 0 (1.4)

for all φ in C2(Ω), φ = 0 on a neighborhood of ∂Ω \Γ0. Let D be a connected
component of Rk \Ω such that Ω ∪ Γ0 ∪D is connected. Put

w̃(x) = w(x) for x in Ω,
= 0 for x in Γ0 ∪D.

From (1.4), we get∫
Ω∪Γ0∪D

w̃∆φdx = 0 for φ in C∞
c (Ω ∪ Γ0 ∪D).

It follows that w̃ is a weak solution of the Laplace equation ∆u = 0 on
Ω ∪ Γ0 ∪ D. Since w̃ is in L2(Ω ∪ Γ0 ∪ D), using Theorem 16.1 of [Fr], p.
54, we get w̃ ∈ C∞(Ω ∪ Γ0 ∪D). Now, by the unique continuation property
of harmonic functions (cf. [Pe]), we get in view of the fact w̃ = 0 on D that
w̃ = 0 on Ω ∪Γ0 ∪D. It follows that u1 = u2 on Ω. This completes the proof
of Theorem 1.17.
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1.5 Fourier transform and Laplace transform

For f in L1(R), we define the Fourier transform of f by

f̂(x) =
∫ ∞

−∞
eixtf(t)dt.

For f in L2(R), putting for ε > 0,

Ff (x, ε) =
∫ ∞

−∞
e−ε|t|eixtf(t)dt,

we define the Fourier transform of f as

f̂(x) = lim
ε↓0

Ff (x, ε).

One has (cf. [St])

Theorem 1.18. One can associate to each f in L2(R) a function f̂ in L2(R)
so that

a) If f is in L1(R) ∩ L2(R) then

f̂(x) =
∫ ∞

−∞
eixtf(t)dt,

b) For f in L2(R) one has

‖f‖L2(R) =
1√
2π

‖f̂‖L2(R)

and ∫ ∞

−∞
f(t)g(t)dt =

1
2π

∫ ∞

−∞
f̂(x)ĝ(x)dx,

c) One has

lim
ε↓0

‖f̂ − Ff (., ε)‖L2(R) = 0

lim
δ↓0

‖f −Gf̂ (., δ)‖L2(R) = 0

where
Gf̂ (t, δ) =

1
2π

∫ ∞

−∞
e−δ|x|e−ixtf̂(x)dx,

d) For f, g in L2(R2), one has f̂ ∗ g = f̂ ĝ where

(f ∗ g)(t) =
∫ ∞

−∞
f(τ)g(t− τ)dτ.
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Similarly, we define the n-dimensional Fourier transform. In fact, if u is
in L2(Rk), the Fourier transform û in L2(Rk) is defined by

û(y) =
∫
Rk

eix.yu(x)dx,

x.y = x1y1 + ...+ xkyk for x = (x1, ..., xk), y = (y1, ..., yk).

the latter integral converging in the L2-sense. Similar to the one-dimensional
case, we have the inversion formula

u(x) =
1

(2π)k

∫
Rk

e−ix.yû(y)dy

and
‖f‖L2(Rk) =

1√
(2π)k

‖f̂‖L2(Rk).

We denote by R+ the set (0,∞). If f is a function in L2(R+), we define
the Laplace transform of f by the integral

g(s) = Lf(s) =
∫ ∞

0
e−stf(t)dt.

Upon setting s = x+ iy in the latter equality, we get

g(x+ iy) =
∫ ∞

0

(
e−xtf(t)

)
e−iytdt.

Hence, we may think of the Laplace transforms as a Fourier transform. The
following theorems are due to Paley and Wiener (cf. [Ru], Chap. 19)

Theorem 1.19. Suppose g is an analytic function on the half plane Im z > 0
and let

sup
0<y<∞

1
2π

∫ ∞

−∞
|g(x+ iy)|2dx = C < ∞.

Then there exists an f in L2(R+) such that

g(z) =
∫ ∞

0
f(t)eitzdt for Im z > 0

and ∫ ∞

0
|f(t)|2dt = C.

Theorem 1.20. Suppose A and C are positive constants and g is an entire
function (i.e. analytic on C) such that
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|g(z)| ≤ CeA|z| for all z ∈ C

and ∫ ∞

−∞
|g(x)|2dx < ∞.

Then there exists an f in L2(−A,A) such that

g(z) =
∫ A

−A

f(t)eitzdt.



2 Regularization of moment problems by
truncated expansion and by the Tikhonov
method

In the Introduction of the book, we have defined the concept of moment prob-
lem in a rather general setting (cf. (0.1)). In this chapter, we shall consider
moment problems of the conventional form (cf. (0.3)):

(MP) Find a function u on a domain Ω ⊂ Rd satisfying the sequence of
equations ∫

Ω

u(x)gn(x)dx = µn, n ∈ N, (2.1)

where (gn) is a given sequence of functions lying in L2(Ω).

The Hausdorff moment problem is a classical example of a moment prob-
lem:

Find a function u on (a,b) such that∫ b

a

u(x)xkdx = µk, k ∈ N. (2.2)

We also have moment problems of the form∫ T

0
u(t)e2iωjtdt = c2j−1,∫ T

0
u(t)e−2iωjtdt = c2j , (2.3)

where i =
√−1 and (ωj), j ∈ N, is a sequence of real numbers.

Moment problems of the form (2.3) are called trigonometric moment prob-
lems, they occur in the theory of control and are discussed in Krabs’ mono-
graph [Kr] (cf. also [AGl] for more general trigonometric moment problems).
Hausdorff moment problems occupy a central place in Analysis and in the
Applied Sciences, they will be discussed in Chapter 4. Other examples of
moment problems will be given in Chapters 5, 6, 7.

Moment problems are usually ill-posed in the sense that they have no
solution and that in the case of existence of solutions, there is no continu-
ous dependence on the given data. The present chapter is devoted to some
methods of constructing regularized solutions, that is, approximate solutions
stable with respect to the given data. Such a construction process is called

D.D. Ang, R. Gorenflo, V.K. Le, and D.D. Trong: LNM 1791, pp. 17–49, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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regularization. There are various methods of regularization. Two of them will
be considered in this chapter: the method of truncated expansion and the
method of Tikhonov (also called the Tikhonov-Phillips method).

The method of truncated expansion consists in approximating (2.1) by
finite moment problems∫

Ω

u(y)gj(y)dy = µj , j = 1, .., n. (2.4)

Solved in the subspace < g1, .., gn > generated by g1, ..., gn, (2.4) is stable.
Moreover, with n ∈ N chosen appropriately, solutions of (2.4) approximate
those of the original problem (2.1). Considering the case where the data
µ = (µ1, .., µn) are inexact, we derive some convergence theorems and error
estimates for the regularized solutions.

In the method of Tikhonov, we write (2.1) in the form

Au = µ

with
Au = (

∫
Ω

ug1,

∫
Ω

ug2, ...), µ = (µ1, µ2, ...)

and regularize it by the problem of finding a function u ∈ L2(Ω) satisfying
the variational equation

β(u, v)L2(Ω) + (Au,Av)l2 = (µ,Av)l2 , ∀v ∈ L2(Ω) (2.5)

((., .)L2(Ω) and (., .)l2 are respectively the usual inner products on L2(Ω) and
l2, and β > 0). With some smoothness conditions on the solutions u of (2.1),
we derive some error estimates for the approximate solutions. Furthermore,
we also prove a convergence result when no further assumptions are made
on u. This method applies to more general moment problems, such as mo-
ment problems in Lα(Ω) (1 < α < ∞). We note that another regularization
method, based on the Backus-Gilbert approach, will be presented in chapter
3. It is similar to the first method of this chapter, except that, instead of
using an orthonormal system generated by g1, g2, ..., the approximate solu-
tions are constructed as combinations of some predetermined basis functions
(called the Backus-Gilbert basis functions). This leads to different results,
with different conditions and error estimates.

The remainder of the present chapter is divided into two sections. The
first method is studied in Section 2.1 which consists of three subsections 2.1.1,
2.1.2, 2.1.3. In Subsection 2.1.1, we shall give a construction of regularized
solutions using the method of orthogonal projection in Hilbert space. Subsec-
tion 2.1.2 is devoted to the regularization results and error estimates in case of
L2-exact solutions and of Hm-exact solutions. Another error estimate, based
on results concerning eigenvalues of the Laplacian, is considered in Section
2.1.3. Section 2.2 consisting of three subsections 2.2.1, 2.2.2, 2.2.3 is devoted
to the second regularization method. A convergence result for Lα∗

-solutions
(1 < α∗ < ∞) of Problem (2.1) is shown in Subsection 2.2.2 while error es-
timates between regularized solutions and exact solutions in the L2(Ω) case
and in the H1(Ω) case are derived in Subsections 2.2.1, 2.2.3 respectively.
In Subsection 2.2.2, a Banach space version of the Tikhonov method is pre-
sented.
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2.1 Method of truncated expansion

This regularization method is based on the properties of orthogonal projec-
tions in the real L2(Ω). Throughout this Section 2.1 we work in the real
L2(Ω).

2.1.1 A construction of regularized solutions

In the sequel, unless stated otherwise, we assume that g1, g2, ... are linearly
independent (in the algebraic sense) and that the vector space generated by
g1, g2, ... is dense in L2(Ω). We denote by ‖ . ‖ and (., .) the usual norm and
inner product of L2(Ω).

Let {e1, e2, ...} be the orthonormal system constructed from {g1, g2, ...}
by the Gram-Schmidt orthogonalization method as follows

e1 = g1/‖g1‖

en = ‖gn −
n−1∑
j=1

(gn, ej)ej‖−1

gn −
n−1∑
j=1

(gn, ej)ej

 (2.6)

(n = 2, 3, ...).

Then {e1, e2, ...} is an orthonormal basis of L2(Ω) and moreover, there exist
unique constants Cij , Mij ∈ R (i, j ∈ N) such that Cij = Mij = 0 if i < j,
and that

ei =
i∑

j=1

Cijgj , gi =
i∑

j=1

Mijej , ∀i ∈ N.

Hence, if we consider the matrices

Cn = [Cij ]1≤i,j≤n, Mn = [Mij ]1≤i,j≤n,

then Mn = C−1
n .

We can calculate Cij , Mij as follows.
From (2.6), we have C11 = ‖g1‖−1. Suppose Cjk, j = 1, ..., n − 1, k =

1, .., j are known. Then

Cnk =

 n∑
j,l=1

C̄njC̄nl(gj , gl)

−1/2

C̄nk (1 ≤ k ≤ n)

with

C̄nk = −
n−1∑
j=k

(
j∑

l=1

Cjl(gn, gl)

)
Cjk (1 ≤ k ≤ n− 1),

C̄nn = 1.

The Mij ’s are calculated via the Cij ’s by
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Mij = (gi, ej) =
j∑

k=1

Cjk(gi, gk), i, j ∈ N.

Now, we associate to each sequence of real numbers µ = (µ1, µ2, ...) the
sequence λ = λ(µ) = (λ1, λ2, ...) defined by

λi = λi(µ) =
i∑

j=1

Cijµj , i = 1, 2, ... (2.7)

(If µ is a finite sequence, µ = (µ1, µ2, ..., µn) then λ = λ(µ) is also a finite
sequence with the λi’s (i = 1, .., n) given by (2.7)).

The following result characterizes the solution of minimal norm of the
finite moment problem (2.4).

Proposition 2.1. Let µ = (µ1, µ2, ..) be a sequence of real numbers, let
u ∈ L2(Ω), and n ∈ N. Then, the following statements are equivalent

(i) u ∈< g1, .., gn > (the linear space generated by {g1, .., gn}) and

(u, gj) = µj , 1 ≤ j ≤ n. (2.8)

(ii) u satisfies (2.8) and

‖u‖ = min{‖v‖ : v ∈ L2(Ω) and (v, gj) = µj for 1 ≤ j ≤ n}.
(iii)

u =
n∑

i=1

λi(µ)ei.

Proof.
(i) ⇔ (iii). Let u ∈< g1, .., gn >, u =

∑n
j=1 αjej . Then

(u, gi) =
n∑

j=1

αj(ej , gi) =
n∑

j=1

αjMij 1 ≤ i ≤ n,

i.e.,
((u, g1), ..., (u, gn))T = Mn(α1, ..., αn)T .

Hence, u satisfies (2.8) ⇔
⇔ Mn(α1, ..., αn)T = (µ1, ..., µn)T

⇔ (α1, ..., αn)T = Cn(µ1, ..., µn)T = (λ1, ..., λn)T

⇔ u =
∑n

i=1 λiei.
(ii) ⇔ (iii). Suppose u satisfies (ii). Consider the decomposition u = v+w

where v ∈< g1, ..., gn >, w ∈< g1, ..., gn >
⊥. One has

(v, gi) = (u, gi) = µi, 1 ≤ i ≤ n.

Hence, by the above proof, v =
∑n

i=1 λiei. On the other hand, ‖v‖ ≤ ‖u‖,
and then ‖v‖ = ‖u‖ (by (ii)). Thus
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‖w‖2 = ‖u‖2 − ‖v‖2 = 0,

i.e. u = v =
∑n

i=1 λiei. We have (iii).
Conversely, suppose (iii) holds. Let v ∈ L2(Ω) be such that (v, gj) =

µj , j = 1, .., n. Let Pv be the orthogonal projection of v on < g1, .., gn >.
Then, as above, we have

(Pv, gj) = (v, gj) = µj , 1 ≤ j ≤ n,

i.e., Pv satisfies (i). Hence,

Pv =
n∑

i=1

λiei = u, ‖u‖ = ‖Pv‖ ≤ ‖v‖,

i.e., (ii) holds for u. Our proof is completed.

Let µ be a sequence of real numbers. For each n = 1, 2, .., we denote
by pn = pn(µ) the unique element of L2(Ω) that satisfies the equivalent
conditions in Proposition 2.1. Remark that pn can be defined by (2.7) and
(iii), Proposition 2.1 or by (i), Proposition 2.1. Indeed, by putting

pn(µ) =
n∑

i=1

ξigi,

we have, from (2.8),

n∑
i=1

ξi(gi, gj) = µj , j = 1, 2, ..., n.

This is a Cramer system of linear equations. By the linear independence of
g1, ..., gn, we have

det((gi, gj))1≤i,j≤n �= 0.

Hence ξ1, ..., ξn are determined uniquely.
In fact, one has

ξT = G−1
n µT

for ξ = (ξ1, ..., ξn), µ = (µ1, ..., µn), Gn = [(gi, gj)]1≤i,j≤n, where AT

is the transpose of the matrix A. We note that the Gram matrix Gn =
[(gi, gj)]1≤i,j≤n in the above linear system may be ill-conditioned, depending
on the gi’s. Now, if the gi’s are near-orthogonal then Gn is well-conditioned
(the condition number of Gn is 1 if {gi : i ∈ N} is an orthogonal sequence).
However, Gn may be severely ill-conditioned, in general. For example, in the
Hausdorff moment problem on Ω = (0, 1), the Gram matrices are segments
of the Hilbert matrix ((gi, gj) = (i + j − 1)−1,∀i, j ∈ N) and the condition
numbers are very large. In fact, as proved in Section 3 of [Tay1], the condition
number P (Gn) of Gn satisfies

P (Gn) ≥ [(2n)!]2

(n!)4
∼ 16n

πn
.
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We also refer to this paper and the references therein for many interesting
issues related to Gram matrices and their condition numbers. In the case Gn

is ill-conditioned, various regularization methods in numerical linear algebra
can be used to find stabilized approximate solutions for pn(µ). However, we
will not get into the numerical calculations of pn(µ) here.

The continuous dependence of pn(µ) on µ is shown in the following

Proposition 2.2. Let µm = (µm
j ), µ = (µj), m=1,2,. . . , be sequences of real

numbers such that

µm
j −→ µj as m −→ ∞, ∀j ∈ N.

Then, for each n ∈ N fixed,

pn(µm) −→ pn(µ) in L2(Ω) as m → ∞.

This proposition is a direct consequence of the representation in (iii), Propo-
sition 2.1.

2.1.2 Convergence of regularized solutions and error estimates

In what follows, we shall occasionally assume the following approximation
property of Vn =< g1, .., gn > to L2(Ω):

For each m ∈ N , there exists C = C(m,Ω) > 0 such that for all v ∈
Hm(Ω),

‖v − PVnv‖ ≤ C‖v‖Hm(Ω)n
−m, n = 1, 2, . . . . (2.9)

Here Hm(Ω), m = 1, 2, .. are the usual Sobolev spaces on Ω and PVn de-
notes the orthogonal projection of L2(Ω) onto Vn. Note that (2.9) is satisfied
if the Vn’s are spaces of polynomials or finite element spaces (see e.g. [Ci]).

We now prove the convergence of the approximate solutions pn(µ) in the
case of exact data.

Theorem 2.3. Let µ = (µj) be a sequence of real numbers. Then
(i) (2.1) has at most one solution in L2(Ω).
(ii) A necessary and sufficient condition for the existence of a solution of

(2.1) is that
∞∑

i=1

 i∑
j=1

Cijµj

2

< ∞. (2.10)

(iii) If u is the (unique) solution of (2.1) then

pn(µ) −→ u in L2(Ω) as n → ∞.

Moreover, if u ∈ Hm(Ω) and (2.9) holds, then

‖pn(µ) − u‖ ≤ C‖u‖Hm(Ω)n
−m, ∀n ∈ N. (2.11)
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Proof. (i) is obvious since < g1, g2, . . . > is dense in L2(Ω).
(ii) Let u be a solution of (2.1). We have, for i ∈ N,

(u, ei) =

u, i∑
j=1

Cijgj

 =
i∑

j=1

Cijµj .

Hence,
∞∑

i=1

 i∑
j=1

Cijµj

2

=
∞∑

i=1

(u, ei)2 = ‖u‖2 < ∞,

i.e., (2.12) holds. Conversely, if (2.12) holds, then we see, by direct computa-
tion, that

u =
∞∑

i=1

 i∑
j=1

Cijµj

 ei (2.12)

belongs to L2(Ω) and is a solution of (2.1).

(iii) Let u ∈ L2(Ω) be a solution of (2.1). Then u is, by (ii), of the form
(2.12). Hence, from (2.7),

u =
∞∑

i=1

λi(µ)ei.

By Proposition 2.1, (iii), we have, for n ∈ N

pn(µ) = PVn(u). (2.13)

The convergence of pn(µ) to u (in L2(Ω)) thus follows from a well-known
property of Hilbert spaces.

Inequality (2.11) is a direct consequence of (2.13) and (2.9). This com-
pletes the proof of Theorem 2.3.

The following theorem shows that in the case of inexact data, solutions
of the finite moment problems (2.8) are stabilized approximations of those of
the original problem (2.1). As usual, we denote by ‖µ‖∞ the sup-norm of the
element µ = (µi) of l∞

‖µ‖∞ = sup{|µi| : i ∈ N}.
Theorem 2.4. Let u0 ∈ L2(Ω) be the solution of (2.1) corresponding to
µ0 = (µ0

1, µ
0
2, ..). For 0 < ε < ‖g1‖2, let

n(ε) = [f−1(ε−1/2)] (f is given by (2.17), (2.18)). (2.14)

Then there exists a function η(ε) such that lim
ε→0

η(ε) = 0 and that for all
sequences µ satisfying

‖µ− µ0‖∞ ≤ ε,

we have
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‖pn(ε)(µ) − u0‖ ≤ η(ε).

Moreover, if (2.9) holds and if u0 ∈ Hm(Ω), then

‖pn(ε)(µ) − u0‖ ≤ ε1/2 +
C‖u0‖Hm(Ω)

(n(ε))m
.

Proof. We have

‖pn(µ) − u0‖ ≤ ‖pn(µ) − pn(µ0)‖ + ‖pn(µ0) − u0‖ (2.15)

We denote by ‖ . ‖2 and ‖ . ‖∞ respectively the Euclidean norm and the
sup-norm in Rn, and by ‖ Cn ‖ the norm of Cn = [Cij ]i,j=1,2,..,n, regarded
as a linear mapping of (Rn, ‖ . ‖∞) to (Rn, ‖ . ‖2) :

‖ Cn ‖ = sup{‖ Cnv
T ‖2 : v ∈ Rn, ‖ v ‖∞ ≤ 1}.

Hence

‖pn(µ) − pn(µ0)‖ = ‖
n∑

i=1

(λi(µ) − λi(µ0))ei‖

= ‖(λ1(µ) − λ1(µ0), .., λn(µ) − λn(µ0))‖
= ‖Cn(µ1 − µ0

1, .., µn − µ0
n)T ‖

≤ ‖Cn‖‖(µ1 − µ0
1, .., µn − µ0

n)T ‖∞
≤ ‖Cn‖ ‖µ− µ0‖∞. (2.16)

Let f be a strictly increasing function of [1,∞) onto [‖g1‖−1,∞) such
that

‖Cn‖ ≤ f(n), ∀n ≥ 1. (2.17)

We can choose, for example,

f(t) = t− 1 + (t− [t])‖C[t]+1‖ +
[t]∑

j=1

‖Cj‖, (2.18)

in which,

f(1) = ‖C1‖ = ‖g1‖−1, f(n) = n− 1 +
n∑

j=1

‖Cj‖,

and f is affine in each interval [n, n+ 1], n ∈ N.
For 0 < ε < ‖g1‖2, we have ε−1/2 > ‖g1‖−1 and f−1(ε−1/2) ≥ 1. With

n(ε) given by (2.14), n(ε) ≤ f−1(ε−1/2) and thus

‖Cn(ε)‖ ≤ f(n(ε)) ≤ ε1/2.

This and (2.16) imply

‖pn(ε)(µ) − pn(ε)(µ0)‖ ≤ ε1/2. (2.19)
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On the other hand,

‖pn(ε)(µ0) − u0‖ =

 ∞∑
j=n(ε+1)

(λj(µ0))2

1/2

. (2.20)

Put

η(ε) = ε1/2 +

 ∞∑
j=n(ε)+1

(
j∑

i=1

Cjiµ
0
i

)21/2

.

We have from(2.15), (2.19), (2.20),

‖pn(ε)(µ) − u0‖ ≤ η(ε), 0 < ε < ‖g1‖2.

As ε → 0, we have f−1(ε−1/2) → ∞ and n(ε) → ∞. By Theorem 2.3,

∞∑
j=n(ε)+1

(
j∑

i=1

Cjiµ
0
i

)2

→ 0.

Thus η(ε) → 0 as ε → 0.
Now suppose u0 ∈ Hm(Ω) and that (2.9) holds. By Theorem 2.3,

‖pn(µ0) − u0‖ ≤ C‖u0‖Hm(Ω)n
−m.

Together with (2.15), (2.19), this gives

‖pn(ε)(µ) − u0‖ ≤ ε1/2 + C‖u0‖Hm(Ω)(n(ε))−m.

Our proof is completed.
It would be interesting to give some estimates of ‖Cn‖ and a more explicit

form of f(n) (in the statement of Theorem 2.4) using the condition number
of the Gram matrix [(gi, gj)]1≤i,j≤n. We have the representation

gi =
i∑

j=1

Mijej ,

where, we recall, Mij = 0 for i < j and

Mn = C−1
n for Mn = [Mij ]1≤i,j≤n.

Hence, using the orthonormality of (ei) one has

(gi, gj) =
n∑

k=1

MikMjk.

It follows that
Gn = MnM

T
n , G−1

n = CT
nCn.
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The condition number of Gn is

P (Gn) = λmax(Gn)λmax(G−1
n )

where λmax(A) denotes the largest eigenvalue of the (symmetric, positive
definite) matrix A. One has

λmax(Gn) = sup
‖x‖2≤1

(Gnx
T , xT )

= sup
‖x‖2≤1

(MnM
T
n x

T , xT )

= sup
‖x‖2≤1

(MT
n x

T ,MT
n x

T ) = ‖MT
n ‖2

2

where ‖x‖2 denotes the Euclidean norm of x ∈ Rn and ‖A‖2 denotes the
norm of the matrix A regarded as a linear operator on Rn with the Euclidean
norm.

Similary
λmax(G−1

n ) = ‖Cn‖2
2.

It follows that
P (Gn) = ‖MT

n ‖2
2‖Cn‖2

2.

We recall that, in Theorem 2.4,

‖Cn‖ = sup{‖Cnv
T ‖2 : v ∈ Rn, ‖v‖∞ ≤ 1}.

By direct computation, one has

‖Cnv
T ‖2 ≤ ‖Cn‖2‖v‖2 ≤ ‖Cn‖2

√
n‖v‖∞

which implies

‖Cn‖ ≤ √
n‖Cn‖2 ≤

√
n

‖MT
n ‖2

√
P (Gn).

Hence, we have a relation between ‖Cn‖ and the condition number of the
Gram matrix Gn.

Let f be a function giving the dimension of the approximation as in
Theorem 2.4 (cf.(2.14)). We shall derive a simplified expression for f(n). To
this end, we first give an estimate of ‖MT

n ‖2. For v = (1, 0, ..., 0) ∈ Rn, one
has

MT
n v

T = (M11, 0, ..., 0)T = (‖g1‖, 0, ..., 0)T .

Hence
‖g1‖ ≤ ‖MT

n v
T ‖2 ≤ ‖MT

n ‖2‖vT ‖2 = ‖MT
n ‖2

and

‖Cn‖ ≤
√
n

‖g1‖
√
P (Gn).

We can therefore choose a function f such that

f(n) =
√
n

‖g1‖
√
P (Gn).
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2.1.3 Error estimates using eigenvalues of the Laplacian

In this subsection, with other assumptions on u0, µ
0, we shall get more

specific error estimates. The subsection is divided into two parts. In the first
part, we shall give some definitions and notations. The second part is devoted
to a derivation of error estimates.

Definitions and notations.

We assume in this section that Ω is a bounded domain with smooth
boundary. It is known that the eigenvalue problem for the Laplacian:

−∆u = αu in Ω,

u = 0 on ∂Ω

has an increasing sequence of eigenvalues

0 < α1 ≤ α2 ≤ ... ≤ αn ≤ ....

such that
(i) αn → ∞ as n → ∞.
(ii) The corresponding sequence of (normalized) eigenfunctions b1, b2, . . .

is an orthonormal system of L2(Ω).
For k ∈ N, we put (see e.g. Chap. 3, [Th] or Chap. IV [Mi])

◦
Hk (Ω) = {v ∈ L2(Ω) :

∞∑
m=1

αk
m(v, bm)2 < ∞}.

Then
◦
Hk (Ω) is a Hilbert space with inner product

(v, w) ◦
Hk(Ω)

=
∞∑

m=1

αk
m(v, bm)(w, bm), v, w ∈

◦
Hk (Ω)

and norm

‖v‖ ◦
Hk(Ω)

=
[
(v, v) ◦

Hk(Ω)

]1/2

.

We need the following property of
◦
Hk (Ω).

Lemma 2.1. Let Ω be a bounded domain in Rd. We have
◦
Hk (Ω) = {v ∈ Hk(Ω) : ∆jv = 0 on ∂Ω for j < k/2}

and the norms ‖.‖ ◦
Hk(Ω)

and ‖.‖Hk(Ω) are equivalent on
◦
Hk (Ω). Moreover,

‖u‖ ◦
Hk(Ω)

≤ dk/2|v|k,Ω , u ∈
◦
Hk (Ω), (2.21)
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with

|u|k,Ω =

 ∑
|γ|=k

‖Dγu‖2

1/2

.

Proof. The first part of this lemma is the content of Lemma 1, Chap. 3,
[Th]. The proof of (2.21) is also based on that of the quoted lemma.

For k = 2p even, we have

‖u‖ ◦
Hk(Ω)

= ‖∆pu‖

= ‖
∑

|γ|=p

CγD
2γu‖

≤ |u|2p,Ω

∑
|γ|=p

Cγ

= dk/2|u|k,Ω ,

where
Cγ =

p!
k1!...kd!

for γ = (k1, .., kd).

For k = 2p+ 1 odd, we have

‖u‖2
◦

Hk(Ω)
= ‖∇(∆pu)‖2

[L2(Ω)]n =
d∑

i=1

∥∥∥∥ ∂

∂xi
(∆pu)

∥∥∥∥2

.

But by the above proof, for 1 ≤ i ≤ d,∥∥∥∥ ∂

∂xi
(∆pu)

∥∥∥∥ =
∥∥∥∥∆p

(
∂u

∂xi

)∥∥∥∥ ≤ dp

∣∣∣∣ ∂u∂xi

∣∣∣∣
2p,Ω

≤ dp|u|2p+1,Ω .

Hence,

‖u‖2
◦

Hk(Ω)
≤

d∑
i=1

d2p|u|2k,Ω = dk|u|2k,Ω .

This completes the proof of Lemma 2.1.

Error Estimates

Since e1, e2, .. is an orthonormal system in L2(Ω), there exists a unique
linear mapping ϕ of L2(Ω) onto L2(Ω) such that ϕ(ei) = bi, ∀i ∈ N. It is
clear that ϕ is a Hilbert isomorphism,

ϕ(v) =
∞∑

i=1

(v, ei)bi, ∀v ∈ L2(Ω),

and that ϕ is fully determined by the set of functions g1, g2, . . . . We have the

Theorem 2.5. Suppose u0 is a solution of (2.1), corresponding to µ0 =
(µ0

1, µ
0
2, ...) and that µ0 satisfies
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∞∑
i=1

αk
i (

i∑
j=1

Cijµ
0
j )

2 ≤ E2, (2.22)

for some E > 0, k ∈ N.
Then, for all sequences µ such that

‖µ− µ0‖∞ ≤ ε, ε > 0,

we have, with n(ε) as in Theorem 2.4,

‖pn(ε)(µ) − u0‖ ≤ ε1/2 + Eα
−k/2
n(ε)+1, (2.23)

or equivalently

‖pn(ε)(µ) − u0‖ ≤ ε1/2 + dk/2|ϕ(u0)|1/2
k,Ωα

−k/2
n(ε)+1. (2.24)

Proof. For n ∈ N, we decompose u0 = v + w with v = PVnu0. Hence

u0 − pn(µ) = (v − pn(µ)) + w.

Since v − pn(µ) ∈ Vn, w ∈ V ⊥
n , we have

‖pn(µ) − u0‖ =
(‖pn(µ) − v‖2 + ‖w‖2)1/2

≤ ‖pn(µ) − v‖ + ‖w‖. (2.25)

As in (2.13), we have v = PVnu0 = pn(µ0). For n = n(ε),

‖pn(ε)(µ) − v‖ = ‖pn(ε)(µ0) − pn(ε)(µ)‖ ≤ ε1/2 (2.26)

(see (2.19)).
On the other hand, since for i ∈ N,

(ϕ(w), bi) = (ϕ(w), ϕ(ei)) = (w, ei) =

=
{

0 if i ≤ n
(u0, ei) if i > n

=
{

0 if i ≤ n
(ϕ(u0), bi) if i > n,

one has

‖ϕ(w)‖2 =
∞∑

i=1

(ϕ(w), bi)2

=
∞∑

i=n+1

(ϕ(u0), bi)2

≤ α−k
n+1

∞∑
i=n+1

αk
i (ϕ(u0), bi)2

≤ α−k
n+1‖ϕ(u0)‖2

◦
H

k

(Ω)
(2.27)

≤ dkα−k
n+1|ϕ(u0)|2k,Ω (by Lemma 2.1). (2.28)
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But

‖ϕ(u0)‖2
◦
H

k

(Ω)
=

∞∑
i=1

αk
i (u0, ei)2

=
∞∑

i=1

αk
i

 i∑
j=1

Cij(u0, gj)

2

=
∞∑

i=1

αk
i

 i∑
j=1

Cijµ
0
j

2

≤ E2.

Hence,
‖w‖ = ‖ϕ(w)‖ ≤ Edk/2α

−k/2
n+1 .

In view of (2.25), (2.26), (2.28), this completes our proof.

2.2 Method of Tikhonov

This regularization method consists in approximating (2.1) by coercive vari-
ational equations. We consider three cases (corresponding to three subsec-
tions). In the first case (Subsection 2.2.1), we assume that the exact solu-
tions are in L2(Ω). In the second case (Subsection 2.2.2), exact solutions are
in Lα∗

(Ω), (1 < α∗ < ∞). Finally, Subsection 2.2.3 gives error estimates
corresponding to the exact solution in H1(Ω). As in the preceding section,
we also take L2(Ω) as the real L2(Ω), and likewise we work in the real spaces
Lα(Ω), Lα∗

(Ω) and H1(Ω).

2.2.1 Case 1: exact solutions in L2(Ω)

Statement of the problem.

Before presenting our method of regularization, we first remark that (2.1)
is equivalent to the problem of finding u ∈ L2(Ω) such that

(u, ḡj) = µ̄j , j = 1, 2, ...

with
ḡj = 2−j‖gj‖−1gj , µ̄j = 2−j‖gj‖−1µj , j = 1, 2, . . . .

Hence, replacing gj , µj by ḡj , µ̄j , we can assume without loss of generality
that ∞∑

j=1

‖gj‖2 < ∞.

Let l2 be the usual Hilbert space of real sequences (µ1, µ2, ..) such that

∞∑
j=1

|µj |2 < ∞.
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For u ∈ L2(Ω), define

Au =
(∫

Ω

ug1,

∫
Ω

ug2, ...

)
. (2.29)

Since
∞∑

j=1

(∫
Ω

ugj

)2

≤
∞∑

j=1

(∫
Ω

u2
)(∫

Ω

g2
j

)

= ‖u‖2
∞∑

j=1

‖gj‖2, ∀u ∈ L2(Ω),

we see that A is a continuous linear mapping of L2(Ω) into l2 with

‖A‖2 ≤
∞∑

j=1

‖gj‖2.

The equation (2.1) thus can be written in the form

Au = µ, with µ = (µ1, µ2, ..) ∈ l2.

In what follows (except in Section 2.3.), we do not assume that < g1, g2, ... >
is dense in L2(Ω). Thus A may not be injective and (2.1) may fail to have a
unique solution.

The Problem in a Hilbert space setting.

The following results hold for linear equations in Hilbert spaces. Hence
they are stated in an abstract setting:

Let (X, (., .), ‖.‖) and (Y, (., .)Y , ‖.‖Y ) be (real) Hilbert spaces and let A
be a continuous linear mapping from X to Y. For µ ∈ Y , we consider the
equation

Au = µ, u ∈ X. (2.30)

When A−1 does not exist or does exist but is not bounded (this is often
the case in moment problems, see ”Notes and remarks” of this chapter), this
problem is ill-posed. We shall regularize it by considering the following family
of coercive variational equations of finding u ∈ X such that

β(u, v) + (Au,Av)Y = (µ,Av)Y , ∀v ∈ X, (2.31)

with β > 0.
The stable solvability of (2.31) is shown in the following

Proposition 2.6. For each β > 0 fixed, (2.31) has a unique solution u =
uβ(µ) which depends continuously on µ ∈ Y .

This is a direct consequence of the Lax-Milgram theorem (cf. Chapter 1).
We only need to remark that
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‖uβ(µ) − uβ(µ′)‖ ≤ ‖A‖ β−1 ‖µ− µ′‖Y , µ, µ′ ∈ Y

Now, since A : X → Y is linear and continuous, we know that the adjoint
operator A∗ : Y → X is also linear and continuous. Moreover, A∗A is a
positive, self-adjoint operator in X. By Theorem 1.8, there exists a unique
positive, self-adjoint operator C : X → X such that C2 = A∗A. The following
result shows that we can regularize (2.30) by the solutions uβ(µ) of (2.31).

Theorem 2.7. Let u0 ∈ X, µ0 ∈ Y be such that

Au0 = µ0. (2.32)

(a) Suppose u0 = A∗µ1 for some µ1 ∈ Y . For ε > 0, we choose β(ε) = ε.
Then, if µ ∈ Y satisfies

‖µ− µ0‖Y ≤ ε (2.33)

we have
‖uβ(ε)(µ) − u0‖ ≤ 1

2
(1 + ‖µ1‖Y )ε1/2.

(b) Suppose u0 = Cu1 for some u1 ∈ X. For ε > 0, we choose β(ε) = ε2/3.
Then, for all µ satisfying (2.33), we have

‖uβ(ε)(µ) − u0‖ ≤ (‖A‖ + ‖u1‖/
√

2)ε1/3.

Proof. Equation (2.32) gives

(Au0, Av)Y = (µ0, Av)Y , ∀v ∈ X.

Subtracting this from (2.31), and letting v = u − u0 in the equation thus
obtained, we get

β‖u− u0‖2 + ‖A(u− u0)‖2
Y =

= (µ− µ0, A(u− u0)) − β(u0, u− u0). (2.34)

(a) We have in this case

RHS of (2.34) = (µ− µ0, A(u− u0)) − β(µ1, A(u− u0))
≤ (‖µ− µ0‖Y + β‖µ1‖Y

) ‖A(u− u0)‖Y

≤ 1
4
(‖µ− µ0‖Y + β‖µ1‖Y

)2
+ ‖A(u− u0)‖2

Y .

For β = β(ε) = ε, one has

‖uβ(µ) − u0‖ = ‖u− u0‖
≤ 1

2
√
β

(‖µ− µ0‖Y + β‖µ1‖Y

)
≤ 1

2
√
ε
(ε+ ε‖µ1‖Y )

=
1
2
ε1/2(1 + ‖µ1‖Y ).
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(b) Noting that

‖A(u− u0)‖2
Y = (A∗A(u− u0), u− u0)

= (C2(u− u0), u− u0) = ‖C(u− u0)‖2,

we have, from (2.34)

β‖u− u0‖2 + ‖C(u− u0)‖2 ≤
≤ ‖A‖ ‖µ− µ0‖Y ‖u− u0‖ + β|(u1, C(u− u0))|
≤ β

2
‖u− u0‖2 +

1
2β

‖A‖2‖µ− µ0‖2
Y +

+
β2

4
‖u1‖2 + ‖C(u− u0)‖2.

Thus
β

2
‖u− u0‖2 ≤ 1

2β
‖A‖2‖µ− µ0‖2

Y +
β2

4
‖u1‖2,

i.e.,

‖u− u0‖ ≤
(

1
2β2 ‖A‖2‖µ− µ0‖2

Y +
β

2
‖u1‖2

)1/2

≤
(

‖A‖2ε2/3 +
1
2
‖u1‖2ε2/3

)1/2

≤
(

‖A‖ +
1√
2
‖u1‖

)
ε1/3.

This completes the proof of Theorem 2.7.

The Moment Problem in an L2(Ω)-setting.

We now consider the particular case of the moment problem (2.1), i.e.,
when A is given by (2.29), X = L2(Ω), Y = l2.

In this case, A∗ is given by

A∗µ =
∞∑

j=1

µjgj , µ ∈ l2. (2.35)

In fact, one can check that the latter series is convergent in L2(Ω). Moreover,
for u ∈ L2(Ω),  ∞∑

j=1

µjgj , u

 =
∞∑

j=1

µj(Au)j

= (µ,Au)l2 = (A∗µ, u)

which proves (2.35).
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The relation (2.35) implies that

A∗Au =
∞∑

j=1

(u, gj)gj .

Hence (2.31) becomes

β

∫
Ω

uv +
∞∑

j=1

(∫
Ω

ugj

)(∫
Ω

vgj

)
=

∞∑
j=1

µj

(∫
Ω

vgj

)
, ∀v ∈ L2(Ω),

or in equivalent form

βu+
∞∑

j=1

(∫
Ω

ugj

)
gj =

∞∑
j=1

µjgj a.e. on Ω.

We now check that the condition A∗µ1 = u0 in Theorem 2.7 is equivalent
to the following:

µ0
i =

∞∑
j=1

µ1
j (gi, gj), i = 1, 2, .., µ1 = (µ1

1, µ
1
2, ..) ∈ l2.

Indeed, if A∗µ1 = u0, µ1 ∈ l2 then for i ∈ N ,

µ0
i = (u0, gi)

= (A∗µ1, gi)

=

 ∞∑
j=1

µ1
jgj , gi


=

∞∑
j=1

µ1
j (gj , gi).

Conversely, if these equalities hold for all i=1,2,.. then it is easily seen that
(A∗µ1 − u0, gi) = 0, ∀i ∈ N, i.e., A∗µ1 = u0.

Concerning the condition in (b) of Theorem 2.7, it is more convenient
to use the spectral decomposition of A∗A. As noted above, A∗A is positive
and self-adjoint. Let us check that A∗A is a compact operator from L2(Ω) to
L2(Ω). Assume un converges to u weakly in L2(Ω). We need to show that

A∗Aun −→ A∗Au (strongly) in L2(Ω). (2.36)

In fact, it follows from the weak convergence of (un) that∫
Ω

ungj −→
∫

Ω

ugj , (2.37)

for each j ∈ N. Also, M1 = sup{‖un‖ : n ∈ N} < ∞. Let ε > 0. Since
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∞∑
j=1

‖gj‖2 < ∞,

there exists n0 ∈ N such that

∞∑
j=n0

‖gj‖2 < ε.

On the other hand, from (2.37), there exists n1 ∈ N such that

|(un − u, gj)| =
∣∣∣∣∫

Ω

ungj −
∫

Ω

ugj

∣∣∣∣ < ε,

for all n ≥ n1, all j in {1, 2, ..., n0 − 1}. Put M2 = sup{‖gj‖ : j ∈ N} < ∞.
For n ≥ n1, we have

‖A∗Aun −A∗Au‖ =

∥∥∥∥∥∥
∞∑

j=1

(un − u, gj)gj

∥∥∥∥∥∥
≤

∞∑
j=1

|(un − u, gj)| ‖gj‖

≤
n0−1∑
j=1

|(un − u, gj)| ‖gj‖ +
∞∑

j=n0

‖un − u‖‖gj‖2

≤ M2(n0 − 1)ε+ ‖un − u‖
∞∑

j=n0

‖gj‖2

≤ ε(M2(n0 − 1) + (M1 + ‖u‖)).

This shows (2.36) and thus the compactness of A∗A. By the well known
spectral theorem for self-adjoint compact operators in Hilbert spaces (cf.
Theorem 1.7), A∗A has a sequence of eigenvalues {λn : n ∈ N} and a
sequence of eigenfunction {en : n ∈ N}, which forms an orthonormal basis
of L2(Ω). Note that since A∗A is positive, λn ≥ 0 for all n ∈ N. We put

I = {n ∈ N : λn = 0}.
Note that I �= ∅ if the set spanned by {gj : j ∈ N} is not dense in L2(Ω).
For each u ∈ L2(Ω), u has the expansion with respect to {en : n ∈ N}

u =
∞∑

j=1

ujgj ,

where uj = (u, ej). A∗Au is written as a Fourier series

A∗Au =
∞∑

j=1

λjujej =
∑
j 
∈I

λj(u, ej)ej .
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We show that Cu (C is the square root of A∗A) is given by

Cu =
∞∑

j=1

λ
1/2
j (u, ej)ej (2.38)

In fact, it is easy to check that the operator C0 defined by the right hand
side of the equation in (2.38) is well defined, linear, self-adjoint, and satisfies

C2
0u = C0(C0u) =

∞∑
j=1

λjujej = A∗Au.

From the uniqueness of the square root operator, C = C0 and we have (2.38).
From that equation, we immediately have Cej = λ

1/2
j ej for all j ∈ N.

The condition u0 = Cu1 in Theorem 2.7 (b) is now equivalent to

(u0, ej) = (Cu1, ej) = (u1, Cej) = λ
1/2
j (u1, ej), for all j ∈ N.

This is equivalent to

(u0, ej) = 0 for all j ∈ N (2.39)

and
(u1, ej) = λ

−1/2
j (u0, ej), for all j �∈ I.

By the Riesz-Fisher theorem (see Theorem 1.6 ), the sequence ((u1, ej))j∈N
determines a function in L2(Ω) (with respect to the orthonormal basis (ej))
if and only if

∞∑
j=1

(u1, ej)2 < ∞.

Therefore, u0 = Cu1 for some u1 ∈ L2(Ω) if and only if (2.39) holds and∑
j∈N\I

λ−1
j (u0, ej)2 < ∞.

Note that (2.39) is equivalent to u0 ⊥ Ker(A∗A).

2.2.2 Case 2: exact solutions in Lα∗
(Ω), 1 < α∗ < ∞

So far, we have considered moment problems in L2(Ω) (cf. Eq. (2.1)). It turns
out that moment problems can in a natural way be formulated in Lα(Ω) for
1 < α < ∞. The problem is then to find a function u in Lα∗

(Ω) such that∫
Ω

u(y)gj(y)dy = µj , j = 1, 2, . . . . (MP )

Here α∗ is the conjugate exponent of α, Ω is as before a bounded domain
in Rd, g1, g2, .. is a given sequence of functions in Lα(Ω) and µ1, µ2, .. is a
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sequence of real numbers. The problem is most conveniently formulated as a
linear equation in a reflexive Banach space.

The problem in a Banach space setting.

We consider the equation (2.30) where (X, ‖.‖), (Y, ‖.‖)Y are reflexive
Banach spaces, and A : X → Y is linear and continuous.

By known properties of reflexive Banach spaces (see e.g. Ch. 2, [Li]), there
exists a norm ‖.‖0 on X (resp. ‖.‖1 on Y) which is equivalent to ‖.‖ (resp.
‖.‖Y ), such that (X, ‖.‖0) (resp. (Y, ‖.‖1)) is strictly convex.

We have, in this case, the following results (see e.g. Sec. 2.2, Ch. 2, [Li])

(i) (X, ‖.‖0) (resp. (Y, ‖.‖1)) and its dual (X∗, ‖.‖∗
0) (resp. (Y ∗, ‖.‖∗

1))
are strictly convex .

(ii) If xn ⇀ x in X-weak (resp. yn ⇀ y in Y-weak) and ‖xn‖0 → ‖x‖0
(resp. ‖yn‖1 → ‖y‖1) then xn → x in X-strong (resp. yn → y in Y-strong).

(iii) For each x ∈ X (resp. y ∈ Y ) there exists a unique J(x) ∈ X∗ (resp.
L(y) ∈ Y ∗) such that

‖J(x)‖∗
0 = ‖x‖0 and < J(x), x >= ‖x‖2

0

(resp.
‖L(y)‖∗

1 = ‖y‖1 and < L(y), y >= ‖y‖2
1).

Here, we use < ., . > to denote both the pairings between X, X∗ and
Y, Y ∗.

The mapping J : X → X∗ (resp. L : Y → Y ∗) is called the duality
mapping corresponding to ‖.‖0 (resp. ‖.‖1). We know that J (resp. L) is a
homeomorphism of X onto X∗ (resp. of Y onto Y ∗).

For β > 0, consider the following problem of finding u ∈ X such that

β < J(u), v > + < L(Au), Av >=< L(µ), Av >, ∀v ∈ X. (2.40)

Proposition 2.8. For each β > 0 fixed, (2.40) has a unique solution u =
uβ(µ) depending continuously on µ.

Proof. From (i)-(iii), we see that βJ + A∗LA is coercive and strictly
monotone from X to X∗. The existence and uniqueness of a solution of (2.40)
thus follow from well-known results concerning variational inequalities (see
e.g., Theorem 8.2, 8.3, [Li]). We now prove the continuous dependence of
uβ(µ) on µ. Suppose by contradiction that there is a sequence (µn) ⊂ Y such
that µn → µ in Y and that

‖uβ(µn) − uβ(µ)‖ ≥ ε0 > 0, ∀n. (2.41)

Put un = uβ(µn) and let µ = µn, v = un in (2.40). We have

β‖un‖2
0 + ‖Aun‖2

1 = < L(µn), Aun >

≤ ‖µn‖1‖un‖0‖A‖
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(‖A‖ is the norm of A : (X, ‖.‖0) → (Y, ‖.‖1)). Since (µn) is bounded, so is
(un). Hence we can take a subsequence (unk

) ⊂ (un) such that

unk
⇀ u0 in X − weak. (2.42)

Letting µ = µnk , v = unk
− u0 in (2.40), we get

β < J(unk
), unk

− u0 > + < L(Aunk
) − L(Au0), Aunk

−Au0 >

=< L(µnk) − L(Au0), A(unk
− u0) > . (2.43)

But from (2.42), Aunk
⇀ Au0 in Y -weak, and thus, from L(µnk) → L(µ) in

Y -strong, one has

< L(µnk) − L(Au0), A(unk
− u0) >−→ 0 as k → ∞.

Letting k → ∞ in (2.43), we obtain

lim sup < J(unk
) − J(u0), unk

− u0 >=
= lim sup < J(unk

), unk
− u0 >≤ 0. (2.44)

But, it is easy to check that

< J(unk
) − J(u0), unk

− u0 > = (‖unk
‖0 − ‖u0‖0)2

+ (‖J(unk
)‖∗

0‖u0‖0− < J(unk
), u0 >)

+ (‖J(u0)‖∗
0‖unk

‖0− < J(u0), unk
>)

≥ (‖unk
‖0 − ‖u0‖0)2.

Hence
‖unk

‖0 → ‖u0‖0, k → ∞.

This, together with (ii) and (2.42) gives

unk
→ u0 in X − strong. (2.45)

Now, letting µ = µnk in (2.40), and letting k → ∞, taking account of this
limit, we have

β < J(u0), v > + < L(Au0), Av >=< L(µ), Av >, ∀v ∈ X,

i.e., u0 is a solution of (2.40).
By the uniqueness of the solution of (2.40), we must have u0 = uβ(µ).

This and (2.45) contradict (2.41), which completes the proof of Proposition
2.8.

An error estimate

Since A may not be one-to-one, the set of solutions of (2.30) may contain
more than one element. But this set is closed and convex in X. Hence, by the
strict convexity of ‖.‖0, it can be seen that if (2.30) is solvable then it has



2.2 Method of Tikhonov 39

a unique solution which minimizes ‖.‖0. In the following theorem, we show
that this solution can be approximated by those of (2.40).

Let µ0 ∈ Y be such that (2.30) with µ = µ0 has a solution. Let u0 be its
solution with minimal ‖.‖0-norm. Let ϕ be the modulus of continuity at µ0

of L (which, we recall, is the duality mapping as in (2.40))

ϕ(t) = sup
{‖L(µ) − L(µ0)‖∗

1 : ‖µ− µ0‖ ≤ t
}
, t > 0.

The function ϕ depends only on L and µ0. We have ϕ(t) > 0, ∀t > 0,
and ϕ(t) → 0 as t → 0.

Theorem 2.9. Let β(ε) = [ϕ(ε)]1/2 (ε > 0). Then, for each η > 0, there
exists an ε > 0 such that for all µ ∈ Y satisfying ‖µ− µ0‖Y ≤ ε, we have

‖uβ(ε)(µ) − u0‖ ≤ η.

Proof. Suppose by contradiction that there exist an η0 > 0 and a se-
quence (µn) ⊂ Y such that

‖µn − µ0‖Y < 1/n and ‖un − u0‖ > η0, ∀n.
Here un = uβ(1/n)(µn). Letting µ = µn, v = un − u0 in (2.40), one has

β(1/n) < J(un), un − u0 > + < L(Aun), Aun −Au0 >

=< L(µn), A(un − u0) > . (2.46)

Since
< L(Au0), A(un − u0) >=< L(µ0), A(un − u0) >,

we get

(ϕ(1/n))1/2 < J(un), un − u0 > + < L(Aun) − L(Au0), Aun −Au0 >

= < L(µn) − L(µ0), A(un − u0) >
≤ ‖L(µn) − L(µ0)‖∗

1‖A‖‖un − u0‖0

≤ 1
2
(ϕ(1/n))−1(‖L(µn) − L(µ0)‖∗

1)
2 +

+
1
2
ϕ(1/n)‖A‖2(‖un‖0 + ‖u0‖0)2

≤ 1
2
ϕ(1/n) + ϕ(1/n)‖A‖2(‖un‖2

0 + ‖u0‖2
0)

(remark that

‖L(µn) − L(µ0)‖∗
1 ≤ ϕ(‖µn − µ0‖Y ) ≤ ϕ(1/n)).

Hence, by the monotony of L, we have
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< J(un), un − u0 >≤ 1
2
(ϕ(1/n))1/2 + (ϕ(1/n))1/2‖A‖2(‖un‖2

0 + ‖u0‖2
0).

(2.47)
For n sufficiently large (so that (ϕ(1/n))1/2‖A‖2 ≤ 1/2), we have

‖un‖2
0 =< J(un), un >

≤ 1
2
(ϕ(1/n))1/2 +

1
2
(‖un‖2

0 + ‖u0‖2
0)+ < J(un), u0 >

≤ 1
2
(ϕ(1/n))1/2 +

1
2
(‖un‖2

0 + ‖u0‖2
0) + ‖un‖0‖u0‖0

≤ 1
2
(ϕ(1/n))1/2 +

3
4
‖un‖2

0 +
3
2
‖u0‖2

0.

This means that (un) is bounded in X. Taking account of (2.47), we get

lim sup < J(un), un − u0 >≤ 0. (2.48)

But

< J(un), un − u0 > = ‖un‖2
0− < J(un), u0 >

≥ ‖un‖0(‖un‖0 − ‖u0‖0),

i.e.
‖un‖0 − ‖u0‖0 ≥ ‖u0‖−1

0 < J(un), un − u0 > .

Hence
lim sup(‖un‖0 − ‖u0‖0) ≥ 0,

i.e.,
lim sup ‖un‖0 ≥ ‖u0‖0. (2.49)

On the other hand, by the boundedness of (un), we can choose a subsequence
(unk

) ⊂ (un) such that

unk
⇀ u∗ in X − weak. (2.50)

It follows that
Aunk

⇀ Au∗ in Y − weak (2.51)

and that
‖u∗‖0 ≤ lim inf ‖unk

‖0. (2.52)

Now, letting µ = µnk , v = unk
− u∗ in (2.40) (with β = β(1/nk))we have,

for all k,

(ϕ(1/nk))1/2 < J(unk
), unk

− u∗ > + < L(Aunk
), Aunk

−Au∗ >

=< L(µnk), A(unk
− u∗) > .

Since (unk
) is bounded, β(1/nk) → 0 and L(µnk) → L(µ0) (strong) as

k → ∞, we have

(ϕ(1/nk))1/2 < J(unk
), unk

− u∗ >→ 0 as k → ∞
and

< L(µnk), A(unk
− u∗) >→ 0 as k → ∞.
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Now, letting k → ∞ in the latter relation, we obtain

lim < L(Aunk
), A(unk

− u∗) >= 0.

Arguing as in the proof of (2.45), we have from (2.51),

A(unk
) → Au∗ in Y − strong. (2.53)

Consequently,
L(Aunk

) → L(Au∗) in Y − strong.

Now, letting µ = µnk , β = β(1/nk) in (2.40) and then letting k → ∞,
one gets

< L(Au∗), Av >=< L(µ0), Av >=< L(Au0), Av >, ∀v ∈ X.

With v = u∗ − u0, this gives

< L(Au∗) − L(Au0), Au∗ −Au0 >= 0.

Since L is strictly monotone, this implies

Au∗ = Au0 = µ0,

i.e., u∗ is a solution of (2.30).
On the other hand, we have, by (2.49) and (2.52),

‖u∗‖0 ≤ ‖u0‖0.

By the definition of u, one must have u∗ = u0. Using arguments similar to
those leading to (2.53), we obtain from this, (2.48), (2.50), that

unk
→ u0 in X − strong.

But this contradicts the choice of (un) and completes the proof of Theorem
2.9.

Remark 2.1. When Y is a Hilbert space, L = IY is the identity mapping of
Y . Hence ϕ(t) = t (t > 0) and in Theorem 2.9, β(ε) =

√
ε (ε > 0).

The moment problem in an Lα∗
(Ω)-setting.

We now consider the moment problem in Lα(Ω), 1 < α < ∞, and state
it as follows.

Let g1, g2, ... be a linear independent sequence of functions in Lα(Ω). Let
µ = (µ1, µ2, ...) be a sequence of real numbers. We are to find a function
u ∈ Lα∗

(Ω) (α∗ is the conjugate exponent of α) such that∫
Ω

ugj = µj , j ∈ N. (2.54)

By dividing both sides of (2.54) by appropriate constants (as in the beginning
of Sec. 2.1.), we can assume in addition that
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∞∑
j=1

‖gj‖2
Lα(Ω) < ∞.

Under these conditions, one can check that the operator A defined by (2.29)
is linear and continuous from Lα∗

(Ω) to l2. In this case, X = Lα∗
(Ω) is a

uniformly convex Banach space with the usual norm ‖.‖Lα∗ (Ω), i.e.

‖.‖0 = ‖.‖ = ‖.‖Lα∗ (Ω).

The duality mapping

J : Lα∗
(Ω) → Lα(Ω) (= [Lα∗

(Ω)]∗)

is given by

J(v) = ‖v‖(α−2)/(α−1)
Lα∗ (Ω) |v|1/(α−1)sgnv, for v �= 0, J(0) = 0, v ∈ Lα∗

(Ω).

On the other hand, Y = l2 is a Hilbert space, and as remarked above,
L(y) = y, ∀y ∈ Y and β(ε) =

√
ε (ε > 0). Theorem 2.9 gives us a stabilized

approximation of the solution u0 of (2.54) which minimizes the usual norm
‖.‖Lα∗ (Ω).

2.2.3 Case 3: exact solutions in H1(Ω)

In this subsection, we regularize (2.1) by variational equations similar to
(2.31). We assume here that < g1, g2, .. > is dense in L2(Ω). Hence A (defined
by (2.29)) is one-to-one from L2(Ω) to l2. We denote by (., .)1 and ‖.‖1 the
usual inner product and norm on H1(Ω).

For β > 0, consider the following problem of finding u ∈ H1(Ω) such that

β(u, v)1 + (Au,Av)l2 = (µ,Av)l2 , ∀v ∈ H1(Ω). (2.55)

The following stability result is similar to Proposition 2.6 and Proposition
2.8, and its proof is omitted.

Proposition 2.10. For each β > 0, (2.55) has a unique solution u = uβ(µ)
which depends continuously (with respect to ‖.‖1) on µ ∈ l2.

Now, since A is injective and since the embedding

H1(Ω) ↪→ L2(Ω)

is compact, we claim that the mapping

ϕ : [0,∞) −→ [0,∞)

defined by

ϕ(t) = t+ sup
x∈B(t)

‖x‖, t ≥ 0, (2.56)

B(t) = {x ∈ H1(Ω) : ‖x‖1 ≤ 1 and ‖Ax‖l2 ≤ t}, t ≥ 0.
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is increasing, and continuous at 0, and ϕ(0) = 0. In fact, for 0 < t1 < t2, if
x ∈ B(t1) then

‖x‖1 ≤ 1 and ‖Ax‖l2 ≤ t1 < t2,

i.e., x ∈ B(t2). Hence B(t1) ⊂ B(t2), which gives

sup
x∈B(t1)

‖x‖ ≤ sup
x∈B(t2)

‖x‖.

From the latter inequality, we get

ϕ(t1) = t1 + sup
x∈B(t1)

‖x‖ ≤ t2 + sup
x∈B(t2)

‖x‖ = ϕ(t2),

i.e., ϕ is increasing. We now prove that ϕ(0) = 0. If x ∈ B(0), one has by
the definition of B(t) that Ax = 0. Since A is injective, the latter equality
implies x = 0. Hence, B(0) = {0} and ϕ(0) = 0 + supx∈B(0) ‖x‖ = 0. Finally,
we prove that ϕ is continuous at t = 0. Suppose by contradiction that ϕ is
not continuous at t = 0. Then, there exists a sequence (tn) of nonnegative
numbers and an ε0 > 0 such that

tn ↓ 0 and ϕ(tn) ≥ ε0 > 0. (2.57)

By the definition of ϕ, for each n we can find an xn ∈ B(tn) such that

ϕ(tn) ≥ tn + ‖xn‖ +
1
n
. (2.58)

Letting n → ∞ in (2.57), (2.58), we get

lim inf
n→∞ ‖xn‖ ≥ ε0. (2.59)

On the other hand, since the embedding

H1(Ω) ↪→ L2(Ω)

is compact, we can find a subsequence (xnk
) ⊂ (xn) and an x0 ∈ L2(Ω) such

that xnk
→ x0 in L2(Ω). Noting that

‖Axnk
‖l2 ≤ 1

nk

we get after letting k → ∞ in the latter inequality that Ax0 = 0, which gives
x0 = 0. This contradicts (2.59). Hence ϕ is continuous at t = 0.

The following theorem gives a regularization of (2.1) by the solution of
(2.55)

Theorem 2.11. Suppose the solution u0 of (2.1) corresponding to µ = µ0 is
in H1(Ω). Then, by choosing β = β(ε) = ε, 0 < ε < 1, we have, for all µ
satisfying

‖µ− µ0‖l2 ≤ ε,

the estimate
‖uβ(ε)(µ) − u0‖ ≤ (1 + ‖u0‖1)ϕ(ε1/2).
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Proof. Since H1(Ω) is dense in L2(Ω), (2.1) (with u = u0, µ = µ0)
implies

(Au0, Av)l2 = (µ,Av)l2 , ∀v ∈ H1(Ω).

Subtracting this equality from (2.55), and letting

u = uβ(ε)(µ), v = u− u0, β = β(ε) = ε,

we get

ε‖u− u0‖2
1 + ‖A(u− u0)‖2

l2 =
= (µ− µ0, A(u− u0))l2 + ε(u0, u− u0)1
≤ ‖µ− µ0‖l2‖A(u− u0)‖l2 + ε‖u0‖1‖u− u0‖1

≤ 1
4
‖µ− µ0‖2

l2 + ‖A(u− u0)‖2
l2 +

+
1
2
ε(‖u0‖2

1 + ‖u− u0‖2
1). (2.60)

Hence

‖u− u0‖2
1 ≤ 1

2
ε+ ‖u0‖2

1

≤ 1 + ‖u0‖2
1

≤ (1 + ‖u0‖1)2,

i.e.,
‖u− u0‖1 ≤ 1 + ‖u0‖1. (2.61)

On the other hand, one can check from (2.56) that ϕ is strictly increasing
from [0,∞) onto [0,∞), and that

‖x‖ ≤ ϕ(‖Ax‖l2),

i.e.,
‖Ax‖l2 ≥ ϕ−1(‖x‖), ∀x ∈ H1(Ω), ‖x‖1 ≤ 1.

By (2.61), we have ‖x‖1 ≤ 1 with

x = (1 + ‖u0‖1)−1(u− u0)

In particular,

(1 + ‖u0‖1)−1‖A(u− u0)‖l2 ≥ ϕ−1
(‖u− u0‖1)

1 + ‖u0‖1

)
. (2.62)

On the other hand, it can be seen from (2.60) that

ε‖u− u0‖2
1 + ‖A(u− u0)‖2

l2 =

≤ 1
2
‖µ− µ0‖2

l2 +
1
2
‖A(u− u0)‖2

l2 +

+
1
4
ε‖u0‖2

1 + ε‖u− u0‖2
1.
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Hence

‖A(u− u0)‖2
l2 ≤ ε2 +

1
2
ε‖u0‖2

1

≤ ε(1 + ‖u0‖2
1),

i.e.,
‖A(u− u0)‖l2 ≤ ε1/2(1 + ‖u0‖1).

This and (2.62) imply

ϕ−1
(‖u− u0‖1)

1 + ‖u0‖1

)
≤ ε1/2,

that is,
‖u− u0‖1 ≤ (1 + ‖u0‖1)ϕ(ε1/2).

Theorem 2.11 is proved.

Remark 2.2.
(i) We can replaceH1(Ω) byHm(Ω) in Theorem 2.11 without any notable

change. By choosing m ≥ 1 such that Hm(Ω) ↪→ Lα∗
(Ω) is compact, we can

apply the above arguments to the moment problem in Lα(Ω).
(ii) Since they are coercive, the variational equations (2.31), (2.40), (2.55)

can be solved by the usual Galerkin method. Detailed discussions can be
found, e.g., in [Ci].

2.3 Notes and remarks

At the beginning of the chapter, we gave two examples of moment problems,
namely, the Hausdorff moment problem and the trigonometric problem. Fol-
lowing are a few more examples. Consider the problem of finding u in L2(R+)
satisfying the sequence of equations∫ ∞

0
u(x)e−nxdx = µn, n ∈ N. (2.63)

where (µn) is a given real sequence. Then the mapping A associated with
this moment problem

(Au)(n) =
∫ ∞

0
u(x)e−nxdx, n ∈ N

takes L2(R+) into l2. Indeed, by a result of Hilbert and Hardy [DS], p.533,
the mapping A0 defined by

(A0u)(p) =
∫ ∞

0
u(x)e−pxdx, p > 0 (2.64)
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takes L2(R+) into itself, from which it immediately follows that A takes
L2(R+) into l2, as claimed.

Now consider the Stieltjes transform

(Aφ)(x) =
∫ ∞

0

φ(t)dt
x+ t

x > 0. (2.65)

The function Aφ(x) can be extended to a complex analytic function on a
strip about the positive real axis of the complex plane. Hence if (xn) is any
bounded sequence of positive numbers such that xi �= xj for i �= j, then the
moment problem ∫ ∞

0

φ(t)dt
xn + t

= µn, n ∈ N, (2.66)

admits at most one solution in L2(R+).
Now let

A : E −→ F

be a continuous injective linear map of a Banach space E into a Banach
space F (both E and F are infinite dimensional). If A is compact then A−1 :
A(F ) −→ E is unbounded. As we will see below, there are infinitely many
examples of noncompact maps A such that A−1 is unbounded.

Our first example of a noncompact operator A such that A−1 is un-
bounded is the Fourier transform F of L1(R) into C0(R), the Banach space of
functions continuous on R vanishing at infinity endowed with the sup-norm
topology

F : L1(R) −→ C0(R)

Ff(t) =
∫ ∞

−∞
f(x)e−itxdx.

We first have that F−1 is unbounded. Indeed the range of F is a dense proper
subspace of C0(R) and thus by a theorem of Banach F−1 is not continuous.
We show next that F is noncompact. Indeed, consider the sequence fn(x) =
χ[n,n+1](x) where χ[n,n+1] is the characteristic function of [n, n+1]. We have
‖fn‖L1(R) = 1. We claim that the closure of {Ffn} is noncompact. In fact
writing f̂n for Ffn, we have

f̂n =
∫ n+1

n

e−ixtdx = e−int

(
1 − e−it

it

)
. (2.67)

Suppose by contradiction that there exists a subsequence (fnk
) such that

(f̂nk
) converge to a g in C0(R). Then for each interval (a, b) ⊂ R, we have

that for all φ in L2(a, b),∫ b

a

e−int

(
1 − e−it

it

)
φ(t)dt −→

∫ b

a

gφdt for n → ∞

On the other hand, we have∫ b

a

e−int

(
1 − e−it

it

)
φ(t)dt −→ 0 for n → ∞
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It follows that ∫ b

a

gφdt = 0 for all φ ∈ L2(a, b).

Thus g = 0 on (a, b). Since (a, b) is arbitrary, we deduce that g ≡ 0 on R,
and hence that

f̂nk
−→ 0 in C0(R) for k → ∞.

Therefore
‖f̂nk

‖∞ −→ 0 for k → ∞. (2.68)

By (2.67)

‖f̂nk
‖∞ = sup

t∈R

∣∣∣∣1 − e−it

it

∣∣∣∣ = const > 0

which contradicts (2.68). This contradiction shows that (f̂n) is not compact.
We conclude that F is a noncompact map.

Concerning the operator A of the Hausdorff moment problem taking
L2(0, 1) into l2, it is known that A−1 is unbounded. B. Hofmann [H] has raised
the question whether A is or is not compact. The answer which is negative is
given by A. Neubauer to whom we owe the counterexample xn(t) =

√
n tn.

For completeness, we show that A−1 is unbounded. In fact, consider the
operator A : L2(0, 1) → l2 defined by

Au = (µ0, µ1, ...)

with

µk =
∫ 1

0
xku(x)dx.

We claim that A−1 is unbounded. In fact, let up(x) = x−1/2−ln x/p, p =
1, 2, . . . . Then

µk =
∫ 1

0
xk−1/2−ln x/pdx

=
∫ ∞

0
e−t(k+1/2)−t2/pdt ≤ 1

k + 1/2
.

Hence,

‖Aup‖l2 ≤
∞∑

k=0

(
k +

1
2

)−2

< ∞ ∀p > 0.

But we have after some computations

‖up‖2
L2 =

√
p/2

∫ ∞

0
e−y2

dy → ∞ for p → ∞.

It follows that A−1 is unbounded (cf. Inglese [In]).
On the other hand, A is not compact. In fact, let xn(t) =

√
ntn, n =

1, 2, . . . . Then all xn ∈ L2(0, 1). We shall prove that xn ⇀ 0 as n → ∞ and
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‖Axn‖2
l2 −→

∫ ∞

0

dx

1 + x2 > 0.

It will then follow that A is not compact.
We first prove that xn ⇀ 0 in L2(0, 1) as n → ∞. Indeed, let ϕ ∈ L2(0, 1)

and let 0 < δn < 1, δn → 0 as n → ∞, be a sequence of numbers to be
specified later and let

ϕn(t) = ϕ(t) for 1 − δn < t < 1,
= 0 for 0 < t < δn

Then∣∣∣∣∫ 1

0
xn(t)ϕ(t)dt

∣∣∣∣ =

∣∣∣∣∣
(∫ 1−δn

0
+

∫ 1

1−δn

)
√
ntnϕ(t)dt

∣∣∣∣∣
≤

(∫ 1−δn

0
nt2ndt

)1/2

‖ϕ‖L2 +
(∫ 1

1−δn

nt2ndt

)1/2

‖ϕn‖L2

≤ (1 − δn)n+1/2‖ϕ‖L2 + ‖ϕn‖L2 .

Now, for the choice δn = 1/
√
n, one has

‖ϕn‖2
L2 =

∫ 1

1−δn

|ϕ(t)|2dt → 0 as n → ∞

and
(1 − δn)n+1/2 → 0 as n → ∞.

It follows that xn ⇀ 0 in L2(0, 1).
On the other hand,

µn = (Axn)k =
∫ 1

0
tk

√
ntndt =

√
n

n+ k + 1
.

Hence,

‖Axn‖2
l2 = n

∞∑
k=0

1
(n+ k + 1)2

=
∞∑

k=0

1/n
(1 + (k + 1)/n)2

→
∫ ∞

0

dx

1 + x2 > 0 as n → ∞.

From the above argument, it follows that A is not compact as claimed.

We conclude with an example of a moment problem of the form (0.2) of
the Introduction, corresponding to Ω = (0, 2π), gn(t) = eint, i.e.,
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0
eintdσ(t) = µn, n = 0, 1, 2, ..., µ̄n = c−n, (2.69)

where the unknown function σ(t) is a nondecreasing function on [0, 2π]. This
is a trigonometric moment problem, a special case of which was given in (2.3).
Trigonometric moment problems are discussed in, e.g., [AGl], [RN], [Kr]. We
have

Proposition 2.12. (i) Suppose there exists a nondecreasing function σ(t) on
[0, 2π] satisfying (2.69). Then the nonnegativity of the trigonometric sum

n=k∑
n=−k

ξne
int, k = 0, 1, 2, . . . , for all t ∈ [0, 2π],

implies the inequality
n=k∑

n=−k

ξnµn ≥ 0.

(ii) Suppose that for any real number x, the expressions

n=k∑
n=−k

(
1 − |n|

k

)
e−inxµn, n = 1, 2, ...,

are nonnegative. Then there exists a nondecreasing function σ(t) on [0, 2π]
satisfying (2.69).

A proof of the preceding proposition is given in [AGl] where the problem
of the number of solutions of (2.69) is also discussed.



3 Backus-Gilbert regularization of a moment
problem

3.1 Introduction

In Chapter 2, we presented two methods of regularization for the moment
problem, namely, the method of truncated expansion in L2(Ω) and the
method of regularization by coercive variational equations (the Tikhonov
method) in Lp(Ω), 1 < p < ∞.

In the method of truncated expansion of Chapter 2, we used an orthonor-
malization of the system (gn). In the present chapter, we also use truncated
expansion, however, the approximate solutions, instead of being built from
an orthonormalized system, are constructed as combinations of some pre-
determined basis functions (called the Backus-Gilbert basis functions). The
natural framework for this method is an Lp(Ω) space for 1 < p < ∞. In
Chapter 4 (Notes and remarks) we shall apply the Backus-Gilbert method
to regularize the Hausdorff moment problem in an Lp-setting, 1 < p < ∞.
Thus we shall consider the problem

(MP) Find a function u in Lp(Ω) such that∫
Ω

u(y)gj(y)dy = µj , j = 1, 2, . . . ,

where Ω is a bounded domain in Rd, q is the conjugate exponent of p, 1 <
p < ∞, g1, g2, ... is a given sequence of functions in Lq(Ω) and (µ1, µ2, ...) is
a sequence of real numbers.

We shall briefly go over the motivation of the method and, for illustra-
tive purposes, calculate explicitly the Backus-Gilbert solutions in a standard
Hausdorff problem for some standard choices of the parameters therein.

Let v1, ..., vn be functions defined on Ω. Let A and B be the linear oper-
ators defined by

Au =
(∫

Ω

u(y)g1(y)dy, ...,
∫

Ω

u(y)gn(y)dy
)
,

(u is in an appropriate function space) and

Bv(µ) = un =
n∑

j=1

µjvj (µ = (µ1, ..., µn) ∈ Rn).

The Backus-Gilbert method is to find the functions v = (v1, ..., vn) mak-
ing the composition BvA as close to the identity mapping as possible. The
approximation BvAu of u is related to the original function u by the equation

D.D. Ang, R. Gorenflo, V.K. Le, and D.D. Trong: LNM 1791, pp. 51–81, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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BvAu(x) =
∫

Ω

 n∑
j=1

gj(y)vj(x)

u(y)dy. (3.1)

The resolvent function (also called the averaging kernel) is thus

δ̂v(x, y) =
n∑

j=1

gj(y)vj(x).

If δ̂v(x, y) approximates the Delta function δ(x−y) (in an appropriate sense)
then we hope that BvA is close to the identity mapping. The Backus-Gilbert
method aims to minimize the ”spread” of δ̂v(x, y) (that is, to maximize the
resolving power). For this purpose, Backus and Gilbert (see [KSB], [HSo],
[BG]) proposed a measure of this spread of δ̂v(x, y) (at each value of x) by
the convolution-type integral

Sn
x (v) =

∫
Ω

|x− y|2[δ̂v(x, y)]2dy.

In fact, we shall find v such

BvAu = u for u ≡ const (3.2)

and that

|BvAu(x) − u(x)| is as small as possible for each x ∈ Ω.

One has in view of (3.1), (3.2)

n∑
j=1

vj(x)
∫

Ω

gj(y)dy = 1 (3.3)

and

BvAu(x) − u(x) = BvAu(x) − u(x)BvA1

=
∫

Ω

(u(y) − u(x))δ̂v(x, y)dy.

Using standard arguments of functional analysis, we get, from the latter
equality, the ”spread” of δ̂v(x, y) as

sup
u∈Lx

|BvAu(x) − u(x)|2 =
∫

Ω

|x− y|2[δ̂v(x, y)]2dy ≡ Sn
x (v)

where

Lx =
{
u ∈ C(Ω) :

∫
Ω

|u(y) − u(x)|2
|y − x|2 dy ≤ 1

}
.

Hence, one has

min
v
Sn

x (v) = min
v

sup
u∈Lx

|BvAu(x) − u(x)|2
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where v satisfies (3.3). For fixed n, the functions vn
i , i = 1, ..., n, (vn =

(vn
1 , ..., v

n
n)) satisfying the foregoing minimization procedure are called the

Backus-Gilbert functions (see Sect. 3.1. for details). The solution u of the
problem (MP) will be approximated by

un = BvnAu =
n∑

j=1

µjv
n
j

(called Backus-Gilbert solution).
Now, we present an example in which the Backus-Gilbert functions are

calculated explicity. We consider the Hausdorff moment problem on Ω =
(0, 1), that is gj(y) = yj−1 for y ∈ (0, 1), j ∈ N. Accordingly, the functional
Sn

x and the constraint (3.3) become

Sn
x (v) =

∫ 1

0
(x− y)2

 n∑
j=1

vjy
j−1

2

dy

and
n∑

j=1

1
j
vj = 1.

Let
γ = (1, 1/2, ..., 1/n)T ∈ Rn

and let G(x) be the n× n matrix with entries

Gij(x) =
∫ 1

0
(x− y)2yi−1yj−1dy

=
1

i+ j − 1
x2 − 2

i+ j
x+

1
i+ j + 1

(i, j ∈ {1, ..., n}).

Using the Lagrange multiplier rule, we see that the constrained minimization
problem

min
v
Sn

x (v)

for v satisfying (3.3) is equivalent to the problem of finding (v, λ) ∈ Rn+1

such that {
G(x)v + λv = 0
vT γ = 1

that is, (v, λ) is the (unique) solution of the linear system(
G(x) γ
γT 0

)(
v
λ

)
=

(
0
1

)
(cf. [KSB], [HSo]). Also, according to Lemma 2.2 in [KSB], for each n ∈ N,
the Backus-Gilbert functions vj(x) = vn

j (x) (j = 1, ..., n) are rational func-
tions whose numerators and denominators are polynomials of degrees at most
2(n − 1). The denominators have no zeros in (0, 1). Therefore, the approxi-
mate solutions un(x) are always rational functions with no singularities on
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(0, 1). Using the latter linear system, together with interpolation and other
numerical methods, one can find the functions vn

j . For example, in the case
n = 4, the Backus-Gilbert solutions are:

v4
1(x) = 1

2
882x6−3528x5+5852x4−5208x3+2625x2−700x+75

441x6−1323x5+1603x4−1001x3+343x2−63x+6

v4
2(x) = 7 126x5−504x4+836x3−654x2+225x−25

441x6−1323x5+1603x4−1001x3+343x2−63x+6

v4
3(x) = 21

2
126x4−504x3+566x2−224x+25

441x6−1323x5+1603x4−1001x3+343x2−63x+6

v4
4(x) = 126 14x3−21x2+9x−1

441x6−1323x5+1603x4−1001x3+343x2−63x+6 .

For further illustrations, let us calculate the Backus-Gilbert approximation
u4(x) for the (original) function

u(x) = ex, x ∈ (0, 1).

The moments are, in this case,

µ1 = e− 1, µ2 = 1, µ3 = e− 2,

µ4 = −2e+ 6, µ5 = 9e− 24, µ6 = −44e+ 120, ...

and the Backus-Gilbert approximation is the rational function

u4(x) =
1
2
[882(e− 1)x6 + (5292 − 3528e)x5 + (8498e− 18200)x4

+(59248 − 22848e)x3 + (5095e− 673052)x2

+(26866 − 9940e)x− 2987 + 1104e]
×(441x4 − 1323x5 + 1603x4 − 1001x3 + 343x2 − 63x+ 6)−1.

The remainder of the chapter consists of two sections. In Section 3.2, we
extend the concept of Backus-Gilbert solution (henceforth, also written BG
solution, for short) to the case where q ∈ (1,∞) and the exponent of the
weight function is a positive real number (Sect. 3.2.1). In Sect. 3.2.2, the sta-
bility of BG solutions is proved. Section 3.3 is devoted to our regularization
of (MP) via the Backus-Gilbert solutions. Some preliminary lemmas are pre-
sented in Sect. 3.3.1. For the proofs of these lemmas, we have used ideas from
[KSB]. Sect. 3.3.2 contains the main results of the chapter, namely Theorem
2 and Theorem 3, which give stability estimates for the BG solutions. The
paper concludes with Theorems 3.6 and 3.7, which extend Theorem 3.1 and
Theorem 4.2 of [KSB]. Compare also [AGV1].

3.2 Backus-Gilbert solutions and their stability

3.2.1 Definition of the Backus-Gilbert solutions

We consider problem (MP) with the following assumptions :
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The vector space spanned by g1, g2, . . . is dense in Lq(Ω). (3.4)

g1, ..., gn are linearly independent for all n ∈ N. (3.5)

The Backus-Gilbert method consists in approximating the solution u of (MP)
by an appropriate sequence of functions un = un(., µ), stable with respect to
variations in µ, that are linear combinations of some predetermined functions
called Backus-Gilbert basis functions (see [KSB]).

For x ∈ Rd, the values of the Backus-Gilbert basis functions at x are
defined by the following minimization procedure :

minv∈LnS
n
x (v) (3.6)

where

Ln = {v ∈ Rn :
n∑

j=1

vj

∫
Ω

gj(y)dy = 1}

and

Sn
x (v) = Sx(v) =

∫
Ω

|x− y|β
∣∣∣∣∣∣

n∑
j=1

vjgj(y)

∣∣∣∣∣∣
q

dy

Here n ∈ N , and β is a fixed positive number (when q = 2 and β = 2k,
k ∈ N , this reduces to the problem considered in [KSB]).

The following proposition guarantees the existence and uniqueness of the
Backus-Gilbert (BG) basis functions.

Proposition 3.1. For each x ∈ Rd, the functional Sx is continuous, strictly
convex and coercive on Rn in the sense that there exists C > 0 such that

Sx(v) ≥ C|v|q, ∀v ∈ Rn.

Consequently, the minimization problem (3.6) has a unique solution.

Proof.
Let vm → v in Rn. Then

n∑
j=1

vmjgj →
n∑

j=1

vjgj in Lq(Ω)

and thus ∣∣∣∣∣∣
n∑

j=1

vmjgj

∣∣∣∣∣∣
q

→
∣∣∣∣∣∣

n∑
j=1

vjgj

∣∣∣∣∣∣
q

in L1(Ω).

Therefore,

∫
Ω

|x− y|β
∣∣∣∣∣∣

n∑
j=1

vmjgj(y)

∣∣∣∣∣∣
q

dy →
∫

Ω

|x− y|β
∣∣∣∣∣∣

n∑
j=1

vjgj(y)

∣∣∣∣∣∣
q

dy (m → ∞).
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This means
Sx(vm) → Sx(v) (m → ∞).

Hence Sx is continuous on Rn.
For the proof of the strict convexity of Sx, observe first that the function

t �→ tq from [0,∞) to [0,∞) is strictly convex.
For v, w ∈ Rn, y ∈ Ω, we put

(v, w) =
n∑

j=1

vjwj and g(y) = (g1(y), ..., gn(y)).

Now, let v, w ∈ Rn, λ, µ ≥ 0 and λ+ µ = 1. We have

Sx(λv + µw) =
∫

Ω

|x− y|β |(λv + µw, g(y))|qdy

≤ λ

∫
Ω

|x− y|β |(v, g(y))|qdy

+µ
∫

Ω

|x− y|β |(w, g(y))|qdy
= λSx(v) + µSx(w). (3.7)

Suppose 0 < λ, µ < 1 and that equality holds in (3.7). Then we have

|(λv + µw, g(y))|q = {λ|(v, g(y))| + µ|(w, g(y))|}q

= λ|(v, g(y))|q + µ|(w, g(y))|q a.e., y ∈ Ω.

It follows from the first equality that (v, g(y)) and (w, g(y)) have the same
sign.

From the second equality the strict convexity of the function tq implies

|(v, g(y))| = |(w, g(y))|.
Then

(v, g(y)) = (w, g(y)) a.e., y ∈ Ω.

This and the linear independence of g1, ..., gn imply

v = w (3.8)

and the strict convexity of Sx follows.
We can also conclude from the linear independence of g1, ..., gn that

Sx(v) > 0 if v ∈ Rn \ {(0, ..., 0)}.
Hence C ≡ min

|v|=1
Sx(v) > 0. On the other hand, it is easy to prove that

Sx(λv) = |λ|qSx(v) ∀v ∈ Rn, ∀λ ∈ R. (3.9)

Then, for v �= (0, ..., 0),
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|v|−qSx(v) = Sx(|v|−1v) ≥ C,

i.e.
Sx(v) ≥ C|v|q, ∀v ∈ Rn.

This implies Sx(v) → ∞ as |v| → ∞.
Now, since Ln is closed in Rn and by the continuity of Sx, the foregoing

relation implies the existence of a solution of (3.6). By the strict convexity of
Sx, we get the uniqueness of the solution of (3.6). This completes the proof
of Proposition 3.1.

From Proposition 3.1, we can define a function from Rd to Rn :

x �→ v(x) = vn(x)

such that vn(x) ∈ Ln and

Sn
x (vn(x)) = min

w∈Ln

Sn
x (w). (3.10)

Definition 3.1. (a) Let vn(x) = (vn
1 (x), ..., vn

n(x)) = (v1(x), ..., vn(x)), x ∈
Rd be defined by (3.10). We call vn

1 , ..., v
n
n the Backus-Gilbert functions of

order n.
(b) For µ1, ..., µn ∈ R,

un = un(µ1, ..., µn) =
n∑

j=1

µjv
n
j

is called the Backus-Gilbert solution corresponding to µ1, ..., µn (and g1, ..., gn).

The following proposition gives us an elementary property of the BG basis
functions.

Proposition 3.2. The Backus-Gilbert basis functions are continuous on Rd.

Proof . Let v1, ..., vn be the BG basis functions and let xm → x in Rd.
Remark first that

Sxm → Sx uniformly on A = {w ∈ Rn : |w| = 1}. (3.11)

where |.| is Euclidean norm in Rn. Indeed, for w ∈ A, we have

|Sxm(w) − Sx(w)| ≤
∫

Ω

∣∣|xm − y|β − |x− y|β∣∣
 n∑

j=1

|wj ||gj(y)|
q

dy

≤
(

sup
y∈Ω

∣∣|xm − y|β − |x− y|β∣∣) ∫
Ω

 n∑
j=1

|gj(y)|
q

dy.
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Using the inequalities

|xβ − yβ | ≤ |x− y|β (x, y ≥ 0, 0 < β < 1)

and
|xβ − yβ | ≤ β|x− y|{max(x, y)}β−1 (x, y ≥ 0, β ≥ 1),

we can prove directly that

sup
y∈Ω

||xm − y|β − |x− y|β | → 0 (m → ∞) (3.12)

and then obtain (3.11).
It can be shown as in the proof of Proposition 3.1 that there exists C > 0

so that
Sx(w) > C, ∀w ∈ A.

From (3.11), there is an m0 ∈ N such that

Sxm(w) > C, ∀w ∈ A, ∀m ≥ m0.

By (3.9),
Sxm

(w) ≥ C|w|q ∀w ∈ Rn, ∀m ≥ m0.

Now, fix w0 ∈ Ln. We have, for m ≥ m0,

C|v(xm)|q ≤ Sxm(v(xm)) ≤ Sxm(w0).

Since supy∈Ω,m≥m0
|xm − y|β < ∞, this means that {v(xm)}m is a

bounded sequence in Rn. Suppose v is a limit point of (v(xn)), i.e.,

v(xmk
) → v (k → ∞)

for a subsequence (xmk
) of (xm). We have, for w ∈ Ln, k ≥ 1,

Sxmk
(v(xmk

)) =
∫

Ω

|xmk
− y|β |(v(xmk

), g(y))|qdy

≤
∫

Ω

|xmk
− y|β |(w, g(y))|qdy.

= Sxmk
(w). (3.13)

From (3.12) and the fact that

|(v(xmk
), g)|q → |(v, g)|q in L1(Ω)

we obtain∫
Ω

|xmk
− y|β |(v(xmk

), g(y))|qdy →
∫

Ω

|x− y|β |(v, g(y))|qdy (k → ∞).

Similarly, ∫
Ω

|xmk
− y|β |(w, g(y))|qdy →

∫
Ω

|x− y|β |(v, g(y))|qdy.



3.2 Backus-Gilbert solutions and their stability 59

Letting k → ∞ in (3.13), we obtain

Sx(v) ≤ Sx(w).

Since this holds for every w ∈ Ln, we have, by the uniqueness of the solution
of (3.6), v = v(x).

Therefore, v(x) is the unique limit point of the bounded sequence {v(xm)}.
Hence v(xm) → v(x) (m → ∞) and Proposition 3.2 is proved.

3.2.2 Stability of the Backus-Gilbert solutions

In view of Definition 3.1 (b), we can prove for a fixed n, that the BG solutions
depend continuously on µ1, ..., µn. We give here a somewhat stronger stability
property of the BG solutions.

Theorem 3.3. (a) Let (gλ
1 , ..., g

λ
n)λ∈N be a sequence in [Lq(Ω)]n such that

gλ
j → gj in Lq(Ω), j = 1, ..., n.

Then gλ
1 , ..., g

λ
n are linearly independent for all λ sufficiently large, and

vλ
j → vj uniformly on compact subsets of Rd,

where vλ
1 , .., v

λ
n (resp. v1, ..., vn) denote the BG solutions corresponding to

gλ
1 , ..., g

λ
n (resp. g1, ..., gn).

(b) Suppose furthermore that (µλ
1 , ..., µ

λ
n)λ∈N is a sequence in Rn and that

(µλ
1 , ..., µ

λ
n) → (µ1, ..., µn) in Rn (λ → ∞).

Let un
λ (resp. un) be the BG solution corresponding to µλ

1 , ..., µ
λ
n and gλ

1 , ..., g
λ
n

(resp. µ1, ..., µn and g1, ..., gn). Then un
λ → un uniformly on compact subsets

of Rd. In particular, un
λ → un uniformly on Ω.

Proof. (a) Let V be the subspace of Lq(Ω) generated by g1, ..., gn. Since
dimV < ∞, there exists an inner product (., .)V in V , and V admits a topo-
logical complement in Lq(Ω), that is, there exists a bounded linear mapping

P : Lq(Ω) → V

such that
P (g) = g, ∀g ∈ V.

We claim that P (gλ
1 ), ..., P (gλ

n) are linearly independent for λ sufficiently
large. This will hold if the Gram determinant of P (gλ

1 ), ..., P (gλ
n) is different

from 0. Since

P (gλ
j ) → P (gj) = gj in V (λ → ∞), j = 1, 2, .., n,

we see that

det[(P (gλ
i ), P (gλ

j ))V ]i,j=1,...,n → det[(gi, gj)V ]i,j=1,...,n as λ → ∞.
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But det[(gi, gj)V ]i,j=1,...,n �= 0. Then, for λ sufficiently large,

det[(P (gλ
i ), P (gλ

j ))V ]i,j=1,...,n �= 0

This means the linear independence of P (gλ
1 ), ..., P (gλ

n), and then of gλ
1 , ..., g

λ
n

for λ sufficiently large, e.g., for λ ≥ λ0 (λ0 ∈ N). Now, we prove that the set

{ vλ = (vλ
1 , ..., v

λ
n) : λ ≥ λ0}

is equicontinuous on each compact subset K of Rd.
Suppose by contradiction that there exist a compact set K in Rd, ε0 > 0

and sequences (λm), (xm), (ym) such that xm, ym ∈ K,

|xm − ym| < 1/m and |vλm(xm) − vλm(ym)| > ε0, ∀m ∈ N. (3.14)

If λm = λ for all m sufficiently large then vλm = vλ and by the uniform
continuity of vλ on K (Proposition 3.2), the conditions in (3.14) cannot hold
at the same time. Therefore, by extracting a subsequence of {λm}, we can
assume that λm → ∞ as m → ∞. Similarly, we can also assume that xm →
x ∈ K (m → ∞). By (3.14), the latter assumption implies ym → x.

By the definition of vλ, we have

Sλ
x (vλ(x)) = min

w∈Lλ
n

Sλ
x (w),

where

Lλ
n =

 w = (w1, .., wn) ∈ Rn :
n∑

j=1

wj

(∫
Ω

gλ
j (y)dy

)
= 1


and

Sλ
x (w) =

∫
Ω

|x− y|β
∣∣∣∣∣∣

n∑
j=1

wjg
λ
j (y)

∣∣∣∣∣∣
q

dy.

We show that

Sλm
xm

(w) → Sx(w) uniformly on A (A is defined in (3.11)). (3.15)

We have, for w ∈ A,

|Sλm
xm

(w) − Sx(w)| ≤ Im
1 + Im

2

with

Im
1 =

∫
Ω

|xm − y|β
∣∣∣∣∣∣|

n∑
j=1

wjg
λm
j (y)|q − |

n∑
j=1

wjgj(y)|q
∣∣∣∣∣∣ dy,

Im
2 =

∫
Ω

∣∣|xm − y|β − |x− y|β∣∣
∣∣∣∣∣∣

n∑
j=1

wjgj(y)

∣∣∣∣∣∣
q

dy.
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By direct computations, it follows that

Im
1 ≤ q

∫
Ω

|xm − y|β
∣∣∣∣∣∣

n∑
j=1

wj

[
gλm

j (y) − gj(y)
]∣∣∣∣∣∣ ×

×
max


∣∣∣∣∣∣

n∑
j=1

wjg
λm
j (y)

∣∣∣∣∣∣ ,
∣∣∣∣∣∣

n∑
j=1

wjgj(y)

∣∣∣∣∣∣

q−1

dy

≤ q

∫
Ω

|xm − y|β
 n∑

j=1

|gλm
j (y) − gj(y)|

 n∑
j=1

|gλm
j | +

n∑
j=1

|gj(y)|
q−1

dy

≤ q sup
y∈Ω,m≥1

|xm − y|β
∫

Ω

 n∑
j=1

|gλm
j (y) − gj(y)|

q

dy


1
q

×

×
∫

Ω

 n∑
j=1

|gλm
j (y)| +

n∑
j=1

|gj(y)|
q

dy


q−1

q

But sup
y∈Ω,m≥1

|xm − y|β < ∞, the sequence


∫

Ω

 n∑
j=1

|gλm
j (y)| +

n∑
j=1

|gj(y)|
q

dy


m∈N

is bounded and∫
Ω

 n∑
j=1

|gλm
j (y) − gj(y)|

q

dy → 0 as m → ∞.

Hence Im
1 → 0 uniformly on A (m → ∞). On the other hand, as in (3.11),

we can show that Im
2 → 0 uniformly on A. These imply (3.15).

From (3.15) and the fact that Sx(w) > C (∀w ∈ A) for some C > 0, we
have an m0 ∈ N such that

Sλm
xm

(w) > C, ∀w ∈ A, ∀m ≥ m0.

Therefore,
Sλm

xm
(w) > C|w|q, ∀w ∈ Rn, ∀m ≥ m0.

Now, fix an element w ∈ Ln and define

γ =
(∫

Ω

g1, ...,

∫
Ω

gn

)
, γm =

(∫
Ω

gλm
1 , ...,

∫
Ω

gλm
n

)

wm = (w, γm)−1w (m ≥ 1). (3.16)
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Since γm → γ in Rn, wm is well defined and wm ∈ Lλm
n for all large m. Then

C|vλm(xm)|q ≤ Sλm
xm

(vλm(wm))

≤ Sλm
xm

(wm)

≤
∫

Ω

|xm − y|β
 n∑

j=1

|wmj ||gλm
j (y)|

q

dy

≤ sup
y∈Ω,m≥1

|xm − y|β max
1≤j≤n

|wmj |q
∫

Ω

 n∑
j=1

|gλm
j (y)|

q

dy.

As shown above, the set
∫

Ω

 n∑
j=1

|gλm
j (y)|

q

dy


m≥1

is bounded.

Since (w, γm) → (w, γ) = 1 (m → ∞), we have

wm → w in Rn.

Hence, {max{ |wmj | : 1 ≤ j ≤ n }}m≥1 is also bounded.
It follows that the sequence

{
vλm(xm)

}
m

is bounded in Rn. Similarly,{
vλm(ym)

}
m

is bounded. Hence, by passing to a subsequence, we can assume
that

vλm(xm) → v0, vλm(ym) → v1 (m → ∞). (3.17)

Now, let w ∈ Ln and define wm from w by (3.16). We have, for all m suffi-
ciently large

Sλm
xm

(vλm(xm)) ≤ Sλm
xm

(wm). (3.18)

However,

|Sλm
xm

(vλm(xm))−Sx(v0)| ≤ |Sλm
xm

(vλm(xm))−Sλm
xm

(v0)|+ |Sλm
xm

(v0)−Sx(v0)|.
Hence

|Sλm
xm

(vλm(xm)) − Sλm
xm

(v0)| ≤

≤
∫

Ω

|xm − y|β
∣∣∣∣∣∣|

n∑
j=1

[vλm(xm)]jgj(y)|q − |
n∑

j=1

v0jgj(y)|q
∣∣∣∣∣∣ dy.

Since
n∑

j=1

[vλm(xm)]jgj →
n∑

j=1

v0jgj in Lq(Ω),

we have



3.3 Regularization via Backus-Gilbert solutions 63∣∣Sλm
xm

(vλm(xm)) − Sλm
xm

(v0)
∣∣ → 0 (m → ∞).

As in the proof of (3.15), we can show that

Sλm
xm

(v0) → Sx(v0) (m → ∞).

Then
Sλm

xm
(vλm(xm)) → Sx(v0) as m → ∞.

Similarly, from wm → w in Rn, we obtain

Sλm
xm

(wm) → Sx(w) as m → ∞.

Letting m → ∞ in (3.18), we have Sx(v0) ≤ Sx(w). Since this holds for every
w ∈ Ln, we have, via Proposition 3.1,

v0 = v(x). (3.19)

Similarly, v1 = v(x); i.e., v0 = v1. This and (3.17) contradict (3.14). Hence
{vλ}λ≥λ0 is equicontinuous on every compact subset of Rd.

Now, let x ∈ Rd. As in the above proof, we can show that there exist
C > 0, λ0 ∈ N such that

Sλ
x (vλ(x)) ≥ C

∣∣vλ(x)
∣∣q , ∀λ ≥ λ0.

Repeating the proof of the boundedness of
{
vλm(xm)

}
m

we have that{
vλ(x)

}
λ

is bounded in Rn. Suppose v is a limit point of this sequence.
By a proof similar to that of (3.19), we obtain v = v(x). Therefore v(x) is
the unique limit point of the bounded sequence

{
vλ(x)

}
λ
. It follows that

lim
λ→∞

vλ(x) = v(x), x ∈ Rd. (3.20)

Let K be a compact subset of R. Ascoli’s theorem shows that the set{
vλ|K : λ ≥ λ0

}
is relatively compact in C(K). (3.20) also implies that v|K is the unique
limit point of {vλ|K}λ in C(K). Hence vλ|K → v|K in C(K), i.e., vλ → v
uniformly on compact subsets of Rd.

(b) From (a) and the definitions of un
λ, u

n, we have

un
λ =

n∑
j=1

µλ
j v

λ
j →

n∑
j=1

µjvj = un

uniformly on compact subsets of Rd as λ → ∞. This completes the proof of
Theorem 3.3.

3.3 Regularization via Backus-Gilbert solutions

In view of the discussion in Introduction of the present chapter, (MP) is often
ill-posed, and a regularization is in order. We shall present here a regulariza-
tion method based on the Backus-Gilbert solutions. We show that with an
appropriate order n, the BG solution un(µ) can be regarded as a stabilized
approximate solution of (MP). This is the content of Section 3.2.2. In Section
3.2.1, we prove some preparatory lemmas needed for the analysis in Section
3.2.2.
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3.3.1 Definitions and notations

For n ∈ N, let Vn be the subspace of Lq(Ω) generated by g1, ..., gn. Put

W =
{
v ∈ Lq(Ω) :

∫
Ω

v = 1
}

and Wn = W ∩ Vn (n ≥ 1).

For x ∈ Rd, n ≥ 1, put

εn(x) = min
v∈Wn

∫
Ω

|x− y|β |v(y)|qdy = min
w∈Ln

Sx(w).

By Definition 3.1 (a),

εn(x) = Sx(vn(x)). (3.21)

We also need some geometrical properties of Ω.
As in [KSB], we say that Ω satisfies a cone condition if

∀x ∈ ∂Ω,∃λx ∈ (0, 1),∃ax ∈ Rd such that |ax| = 1 and

C(x, ax, λx) ⊂ Ω.

Here

C(x, a, λ) =
{
y ∈ Rd : |x− y| < λ and aT (x− y) > (1 − λ)|x− y|} .

We say that Ω satisfies a uniform cone condition if there exists a λ ∈ (0, 1)
satisfying

∀x ∈ Ω,∃ax ∈ Rd such that |ax| = 1 and C(x, ax, λ) ⊂ Ω.

The following proposition presents some properties of εn.

Proposition 3.3. (a) {εn}n∈N is a nonincreasing sequence of continuous
functions on Rd.

(b) If β ≥ (q − 1)d then εn → 0 uniformly on compact subsets of Ω. If Ω
satisfies a cone condition, then εn → 0 uniformly on Ω.

(c) If β < (q − 1)d then εn converges to the function

ε : x �−→
(∫

Ω

|x− y|β/(1−q)dy

)1−q

uniformly on compact subsets of Rd. Consequently, there exists an m0 > 0
such that

εn(x) ≥ m0, ∀x ∈ Ω, ∀n ≥ 1.

Proof.
(a) It is clear that the sequence (εn(x))n (x ∈ Rd) is nonincreasing. The

continuity of εn is a consequence of (3.21) and of Proposition 2.
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(b) For our proof, we use some ideas in the proof of Lemma 3.2 of [KSB].
Let us recall first a well known result concerning integrals : For λ ∈ (0, 1), a ∈
Rd, |a| = 1, 

∫
C(0,a,λ)

|x|−γdx = ∞ ⇔ γ ≥ d∫
B(0,1)

|x|−γdx = ∞ ⇔ γ ≥ d,
(3.22)

where B(0, 1) is the unit ball in Rd.
Suppose now that ζ = β/(q − 1) ≥ d. Fix x ∈ Ω and choose, for each

n ∈ N, a function vn satisfying : vn ∈ C(Ω)
0 ≤ vn(y) ≤ |x− y|−ζ , ∀y ∈ Ω
vn(y) = |x− y|−ζ if |x− y| ≥ 1/n.

Since

vn =
(∫

Ω

vn

)−1

vn ∈ Wn,

we have

0 ≤ εn(x) ≤
∫

Ω

|x− y|β |vn(y)|qdy

≤
(∫

Ω

vn

)−q ∫
Ω

|x− y|β−ζ(q−1)vn(y)dy

=
(∫

Ω

vn

)1−q

.

Since x ∈ Ω, B(x, r) ⊂ Ω for some r > 0, and by (3.22),∫
Ω

|x− y|−ζdy =
∫

B(x,r)
|x− y|−ζdy = ∞.

and then

lim inf
n→∞

∫
Ω

vn ≥ lim inf
n→∞

∫
{ y∈Ω : |x−y|≥1/n }

|x− y|−ζdy

=
∫

Ω

|x− y|−ζdy = ∞.

It follows that

lim
n→∞ εn(x) = 0 (x ∈ Ω). (3.23)

By (a) and Dini’s theorem, we see that εm → 0 uniformly on compact subsets
of Ω.

Now suppose furthermore that Ω satisfies a cone condition. Then (3.23)
holds also for x ∈ ∂Ω. Indeed, let x ∈ ∂Ω. Since C(x, a, λ) ⊂ Ω for some
λ ∈ (0, 1), a ∈ Rd, |a| = 1, it follows that
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Ω

|x− y|−ζdy ≥
∫

C(x,a,λ)
|x− y|−ζdy = ∞.

Hence the arguments for the case x ∈ Ω still hold in this case. Thus, we have
(3.23) for every x ∈ Ω. Applying Dini’s theorem for Ω, we obtain εn → 0
uniformly on Ω.

(c) Suppose ζ = β/(q − 1) < d. Fix x ∈ Rd. For each v ∈ Wn, one has

1 =
∫

Ω

v ≤
∫

Ω

|v(y)||x− y|β/q|x− y|−β/qdy

≤
(∫

Ω

|x− y|β |v(y)|qdy
)1/q (∫

Ω

|x− y|β/(1−q)dy

)1−1/q

,

i.e. ∫
Ω

|x− y|β |v(y)|q ≥
(∫

Ω

|x− y|−ζdy

)1−q

.

Since this holds for every v ∈ Wn, we have

εn(x) ≥
(∫

Ω

|x− y|−ζdy

)1−q

(n ∈ N)

and

lim
n→∞ εn(x) ≥

(∫
Ω

|x− y|−ζdy

)1−q

= ε(x). (3.24)

Now for y �= x, define

v(y) = vx(y) =
(∫

Ω

|x− η|−ζdη

)−1

|x− y|−ζ .

By (3.22), v ∈ L1(Ω), v > 0 and
∫

Ω

v(y)dy = 1. There exists a sequence

{wn} in Lq(Ω) such that

wn → v in L1(Ω) and a.e. in Ω.

Replacing wn by min(|wn|, v), we can assume that 0 ≤ wn ≤ v in Ω.
Put

vn =
(∫

Ω

wn

)−1

wn.

Since vn ∈ W , we have

inf
w∈W

∫
Ω

|x− y|β |w(y)|qdy ≤
∫

Ω

|x− y|β |vn(y)|qdy

=
(∫

Ω

wn

)−q ∫
Ω

|x− y|β [wn(y)]qdy. (3.25)

However, for all n ∈ N and almost all y ∈ Ω,
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0 ≤ |x− y|β [wn(y)]q ≤ |x− y|β [v(y)]q =
(∫

Ω

|x− η|−ζdη

)−q

|x− y|−ζ ,

and the last function is in L1
y(Ω). On the other hand,

|x− y|β [wn(y)]q → |x− y|β [v(y)]q (n → ∞).

Then, by the dominated convergence theorem,∫
Ω

|x− y|β [wn(y)]qdy →
∫

Ω

|x− y|β [v(y)]qdy =
(∫

Ω

|x− y|−ζdy

)1−q

.

Letting n → ∞ in (3.25), we obtain

inf
w∈W

∫
Ω

|x− y|β |w(y)|qdy ≤ ε(x).

Now, let δ > 0 and choose w = w(δ) ∈ W such that∫
Ω

|x− y|β |w(y)|qdy ≤ inf
w∈W

∫
Ω

|x− y|β |w(y)|qdy + δ ≤ ε(x) + δ.

It is easy to show that there exists a sequence {pn}, pn ∈ Wn, ∀n, such that

pn → w in Lq(Ω).

We have, for each n ∈ N ,

εn(x) ≤
∫

Ω

|x− y|β |pn(y)|qdy.

But ∫
Ω

|x− y|β |pn(y)|qdy →
∫

Ω

|x− y|β |w(y)|qdy as n → ∞.

Then

lim
n→∞ εn(x) ≤ lim

n→∞

∫
Ω

|x− y|β |pn(y)|qdy

=
∫

Ω

|x− y|β |w(y)|qdy
≤ ε(x) + δ.

Since this holds for every δ > 0,

lim
n→∞ εn(x) ≤ ε(x). (3.26)

(3.24) and (3.26) imply
lim

n→∞ εn(x) = ε(x).
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By the properties of the Fredholm integral operator ( cf Chapter 1 ), ε is
continuous in Rd. Applying Dini’s theorem once more, we have εn → ε uni-
formly on compact subsets of Rd. Since ε(x) > 0, ∀x ∈ Rd and εn ≥ ε, the
last conclusion of (c) follows. This completes the proof of Proposition 3.4.

Now we consider a concrete estimate for εn when the subspaces Vn ap-
proximate Lq(Ω) in the following sense :

For m ≥ 1, there exists C0 = C0(m,Ω) > 0 such that for all u ∈
Wm,q(Ω), there is pn ∈ Vn satisfying

‖u− pn‖q ≤ C0‖u‖m,qn
−m. (3.27)

Here, as usual, we use the notations

‖.‖q = ‖.‖Lq(Ω), ‖.‖m,q = ‖.‖W m,q(Ω)

with m ≥ 1 and 1 ≤ q ≤ ∞.
In view of Proposition 3.4, we see that εn → 0 if and only if β ≥ (q− 1)d.

The following proposition gives the order of convergence of εn in this case.

Proposition 3.5. Suppose (3.27) holds and that Ω satisfies a uniform cone
condition.

If β > (q − 1)d, then for all

0 < s <
β

q − 1
− d,

there exists C = C(q, β, s,Ω) > 0 so that

‖εn‖∞ ≤ Cns(1−q).

If β = (q − 1)d, then there exists C = C(q, β,Ω) > 0 so that

‖εn‖∞ ≤ C(lnn)1−q.

Proof . The proof is divided into three steps

Step 1. Put γ = β/(q − 1) (γ ≥ d). Let m ∈ N, x ∈ Ω and δ ∈ (0, 1). We
show that there exists a function vδ with the following properties :

vδ ∈ Cm(Ω), vδ ≥ 0 on Ω
vδ(y) = |x− y|−γ if |x− y| ≥ δ

sup
y∈Ω,|x−y|≤δ

{
max
|p|≤j

|Dpvδ(y)|
}

≤ C1δ
−γ−j ,

0 ≤ j ≤ m, C1 = C1(m,Ω).

(3.28)

Indeed, by classical extension theorems (see for example Theorem 1, §4, ch.
III, [Mi]), there exists w1 ∈ Cm(Rd) such that w1 ≥ 0 in Rd and w1(y) =
|y|−γ if |y| ≥ 1. Put

C(m) = sup
|y|≤1,|q|≤m

|Dqw1(y)|
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and
wδ(y) = δ−γw(y/δ) (0 < δ < 1).

It is clear that

wδ ∈ Cm(Rd), wδ ≥ 0 in Rd, and wδ(y) = |y|−γ if |y| ≥ δ.

For |y| ≤ δ, |p| ≤ j, j = 0, 1, ...,m, we have

|Dpwδ(y)| = δ−γ(1/δ)|p||Dpw1(y/δ)|
≤ δ−γ−j |Dpw1(y/δ)| ≤ C(m)δ−γ−j .

Then, it can be shown that the function

vδ(y) = wδ(x− y) (y ∈ Rd)

satisfies (3.28).
In the following, we fix m ∈ N and define

δ = δ(n) = n−l with l = l(m) = mq[mq + β + (q − 1)d]−1. (3.29)

Fix x ∈ Ω and put

vn =
(∫

Ω

vδ

)−1

vδ.

We estimate ‖vn‖m,q.
From (3.28) and the uniform cone condition :∫

Ω

vδ ≥
∫

{ y∈Ω | |x−y|≥δ}
|x− y|−γdy

≥ C

∫ λ

δ

ρ−γρd−1dρ

=


C

γ − d

[(
1
δ

)γ−d

−
(

1
λ

)γ−d
]

(γ > d)

C ln(λ/δ) (γ = d).

For δ sufficiently small (i.e. n sufficiently large), for example n ≥ n0, n0 =
n0(λ, δ, γ), we have, with C2 = C2(λ, d, γ) = C2(q, β,Ω,m),∫

Ω

vδ ≥
{
C2(1/δ)γ−d (γ > d)
C2 ln(1/δ) (γ = d). (3.30)

By induction, we can prove that, with C = C(m, γ),

|Dp(|y|−γ)| ≤ C|y|−γ−j

for all y ∈ Rd \ {(0, ..., 0)}, ∀|p| ≤ j, j = 0, 1, ...,m.
Then

|Dp(|x− y|−γ)| ≤ C|x− y|−γ−j a.e. y ∈ Ω.

Letting |p| = j ≤ m, one has
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‖Dpvδ‖q
q =

(∫
{y∈Ω : |x−y|≤δ}

+
∫

{y∈Ω : |x−y|>δ}

)
|Dpv̄δ(y)|qdy

≤ C(
1
δ
)(γ+j)q

∫ δ

0
ρd−1dρ+

+C
∫

{y∈Ω :δ≤|x−y|≤R}
|Dp(|x− y|−γ |)qdy (R = diamΩ)

≤ C(
1
δ
)q(γ+j)−d + C

∫
{y∈Ω : δ≤|x−y|≤R}

|x− y|−γ−jdy

≤ C(
1
δ
)q(γ+j)−d + C

∫ R

δ

ρ−γ−jρd−1dρ

= C(
1
δ
)q(γ+j)−d + C

[
(
1
δ
)q(γ+j)−d − (

1
R

)q(γ+j)−d

]
≤ C(

1
δ
)q(γ+j)−d

with C = C(q, β,Ω,m), j = 0, 1, ...,m.
It follows that, with C = C(q, β,Ω,m),

‖vδ‖q
m,q =

m∑
j=0

∑
|p|=j

∫
Ω

|Dpvδ(y)|qdy ≤ C(1/δ)q(γ+m)−d.

This and (3.30) imply

‖vn‖q
m,q =

(∫
Ω

vδ

)−q

‖vδ‖q
m,q

≤ C3

{
(1/δ)qm+(q−1)d (γ > d)
| ln δ|−q(1/δ)qm+(q−1)d (γ = d)

with C3 = C3(q, β,Ω,m).
Now from (3.27), for every n, there exists a function pn ∈ Vn such that

‖vn − pn‖q ≤ C0‖v‖m,qn
−m

≤ C
1/q
3 C0n

−m

{
nl[qm+(q−1)d]/q (γ > d)

1
l ln nn

l[qm+(q−1)d]/q (γ = d)

≤ C4

{
nl(m+d/p)−m (γ > d)
(lnn)−1nl(m+d/p)−m (γ = d)

with C4 = C4(q, β,Ω,m).

Step 2. Let

pn =
(∫

Ω

pn

)−1

pn.

We estimate ‖vn − pn‖n. We have
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∫

Ω

pn

∣∣∣∣ =
∣∣∣∣∫

Ω

vn −
∫

Ω

pn

∣∣∣∣
≤ ‖vn − pn‖1

≤ |Ω|1/p‖vn − pn‖q

≤ C4|Ω|1/p

{
nl(m+d/p)−m (γ > d)
(lnn)−1nl(m+d/p)−m (γ = d).

(3.31)

But from (3.29),

l(m+ d/p) −m = − mβ/q

m+ d/p+ β/q
< 0.

Then there exists n1 = n1(q, β,Ω,m) ≥ n0 such that the term in RHS of

(3.31) is bounded by 1/2 for all n ≥ n1. Hence in this case,
∫

Ω

pn ≥ 1/2.

Then pn is defined and pn ∈ Wn. Moreover,

‖pn − pn‖q = ‖pn‖q

∣∣∣∣1 −
∫

Ω

pn

∣∣∣∣ ∣∣∣∣∫
Ω

pn

∣∣∣∣−1

≤ 2‖pn‖q

∣∣∣∣1 −
∫

Ω

pn

∣∣∣∣
≤ 2C4|Ω|1/p‖pn‖q

{
nl(m+d/p)−m (γ > d)
(lnn)−1nl(m+d/p)−m (γ = d)

(3.32)

But, from the above estimate for ‖vn‖m,q, we have (for m = 0)

‖vn‖q =
∣∣∣∣∫

Ω

vδ

∣∣∣∣−1

‖vδ‖q ≤ C

{
nld/p (γ > d)
(lnn)−1nld/p (γ = d)

Hence

‖pn‖q ≤ ‖vn‖q + ‖vn − pn‖q

≤ C

{
nld/p + nl(m+d/p)−m (γ > d)
(lnn)−1[nld/p + nl(m+d/p)−m] (γ = d)

≤ 2C
{
nld/p (γ > d)
(lnn)−1nld/p (γ = d).

Substituting this into (3.32), we obtain, with C5 = C5(q, β,Ω,m),

‖pn − pn‖q ≤ C5

{
nl(m+2d/p)−m (γ > d)
(lnn)−1nl(m+2d/p)−m (γ = d).

It follows that

‖vn − pn‖q ≤ ‖vn − pn‖q + ‖pn − pn‖q

≤ C

{
nl(m+d/p)−m + nl(m+2d/p)−m (γ > d)
(lnn)−1[nl(m+d/p)−m + nl(m+2d/p)−m] (γ = d)

≤ C6

{
nl(m+2d/p)−m (γ > d)
(lnn)−1nl(m+2d/p)−m (γ = d).

(3.33)
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Now, using the arguments in [KSB], we shall obtain an estimate for∫
Ω

|x− y|β |vn(y)|qdy.

In fact, we have, with C = C(q, β,Ω,m),∫
Ω

|x− y|β |vδ(y)|qdy =

(∫
{y∈Ω : |x−y|≤δ}∪{y∈Ω : |x−y|>δ}

)
|x− y|β |vδ(y)|qdy

≤ C

∫ δ

0
ρβδ−γqρd−1dρ+ C

∫ R

δ

ρβρ−γqρd−1dρ

= C(1/δ)γ−d + C

{
(1/δ)γ−d − (1/R)γ−d (γ > d)
ln(R/δ) (γ = d).

≤ C

{
(1/δ)γ−d (γ > d)
ln(1/δ) (γ = d). (3.34)

This and (3.30) give, with C7 = C7(q, β,Ω,m),∫
Ω

|x− y|βvq
n(y)dy =

(∫
Ω

v̄δ

)−q ∫
Ω

|x− y|β [v̄δ(y)]qdy

≤ C

{
(1/δ)(1−q)(γ−d) (γ > d)
| ln δ|1−q (γ = d).

≤ C7

{
nl(1−q)(γ−d) (γ > d)
(lnn)q−1 (γ = d).

Step 3. Since pn ∈ Wn (n ≥ n1), we have (by the elementary inequality
(x+ y)q ≤ 2q−1(xq + yq) for x, y ≥ 0, q > 1),

εn(x) ≤
∫

Ω

|x− y|β |pn(y)|qdy

≤
∫

Ω

|x− y|β(|vn(y)| + |pn(y) − vn(y)|)qdy

≤ 2q−1
[∫

Ω

|x− y|β |vn(y)|qdy +
∫

Ω

|x− y|β |pn(y) − vn(y)|qdy
]

≤ 2q−1
[∫

Ω

|x− y|β |vn(y)|qdy +Rβ‖pn − vn‖q
q

]

≤ C


nl(1−q)(γ−d) + nl[qm+2(q−1)d]−qm (γ > d)

1
(lnn)q−1 +

nl(1−q)(γ−d) + nl[qm+2(q−1)d]−qm

(lnn)q
(γ = d),

(3.35)

by (3.33) and (3.34). But from (3.29), it can be seen that

l[m+ 2(q − 1)d] − qm = l(1 − q)(γ − d)
{
< 0 if γ > d
= 0 if γ = d.

Then the term in RHS of (3.35) is bounded by
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C8

{
(1/n)l(q−1)(γ−d) (γ > d)
(lnn)1−q (γ = d)

(3.36)

for all n ≥ n1, where C8 = C8(q, β,Ω,m). Since n1 = n1(q, β,Ω,m), changing
the constant C8, we can assume that (3.36) holds for every n.

If γ > d, then from (3.29), l(m) → 1 as m → ∞. Hence, for 0 < s < γ−d,
there exists m = m(q, β,Ω,m) so that [l(m)](γ − d) > s. Therefore, for
this m, the term in RHS of (3.36) is bounded by C(1/n)s(q−1) with C8 =
C8(q, β,Ω,m) = C8(q, β,Ω, s).

Since this is true for all x ∈ Ω, we obtain the first estimate of Proposition
3.5. If γ = d, we choose m = 1 and then C8 = C8(q, β,Ω), and (3.36) gives
us the second estimate of Proposition 3.5.

3.3.2 Main results

Let us recall first some definitions about Sobolev spaces and set some nota-
tions. For σ ∈ [0, 1), q ∈ (1,∞),

u ∈ W σ,q(Ω) ⇔ |u(x) − u(y)|
|x− y|σ+d/q

∈ Lq(Ω ×Ω),

‖u‖σ,q =
(∫

Ω×Ω

|u(x) − u(y)|q
|x− y|d+σq

dxdy

) 1
q

.

For σ ∈ (0, 1), q = ∞,

u ∈ W σ,∞(Ω) ⇔ |u(x) − u(y)|
|x− y|σ ∈ L∞(Ω ×Ω),

‖u‖σ,∞ = sup
(x,y)∈Ω×Ω

|u(x) − u(y)|
|x− y|σ .

Here, W σ,∞(Ω) is the space of functions which are Hölder continuous in Ω
with exponent σ. For a sequence µ = (µ1, µ2, ...) of real numbers, we denote
by ‖µ‖∞ the sup norm of µ :

‖µ‖∞ = sup
j∈N

|µj |.

For n ∈ N , we denote by un(µ) the BG solution corresponding to µ1, ..., µn

and g1, ..., gn :

un(µ) =
n∑

j=1

µjv
n
j

where vn
j , j = 1, ..., n, are the BG basis functions of order n, constructed in

Section 3.1 (remark that vn
1 , ..., v

n
n depend only on n, q, β,Ω and g1, ..., gn).

Theorem 3.6. Suppose Ω satisfies a cone condition and let u be the solution
of (MP) corresponding to the sequence

µ0 = (µ0
1, µ

0
2, ...).
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(a) If u0 ∈ W σ,∞(Ω), σ ∈ (0, 1) (i.e., u0 is Hölder continuous with exponent
σ in Ω), and

(q − 1)d ≤ β < (q − 1)d+ σq,

then for each δ ∈ (0, δ0) (δ0 > 0), there exist n(δ) and η(δ) > 0 such that

lim
δ→0

η(δ) = 0 (3.37)

and for every sequence µ satisfying

‖µ− µ0‖∞ ≤ δ, (3.38)

we have
‖un(δ)(µ) − u0‖∞ ≤ η(δ).

(b) If u0 ∈ W σ,max(γ,p)(Ω), σ ∈ [0, 1), γ ∈ [1,∞), and{
(q − 1)d ≤ β < (q − 1)d+ σq if γ > q
(q − 1)d ≤ β ≤ (q − 1)d+ σq if γ ≤ q,

then for each δ ∈ (0, δ0) (δ0 > 0), there exist n(δ) ∈ N and η(δ) > 0 such
that (3.37) holds and that for every sequence µ satisfying (3.38), we have

‖un(δ)(µ) − u0‖γ ≤ η(δ).

Here n(δ), η(δ) will be given explicitly by (3.42), (3.49), (3.53).

Proof.
(a) Observe first that for each n ∈ N, the function (x, v) �→ Sn

x (v) is con-
tinuous on Rd × Rn. Now, since Sn

x (v) > 0, ∀x ∈ Rd, ∀v ∈ Rn \ {(0, ..., 0)},
we see that

C(n) = min

 Sn
x (v) : x ∈ Ω, |v| =

n∑
j=1

|vj | = 1

 > 0

(C(n) depends only on n, q, β,Ω and { gj : j ∈ N }). This implies that

Sn
x (v) ≥ C(n)|v|q, ∀v ∈ Rn, ∀x ∈ Ω.

Now, since
∫

Ω

g1 �= 0 for at least one n ∈ N, we can assume without loss of

generality that
∫

Ω

g1 = 1. Since v0 = (1, 0, ..., 0) ∈ Ln, n = 1, 2, ..., we have

C(n)|vn(x)|q ≤ Sn
x (vn(x)) ≤ Sn

x (v0)

=
∫

Ω

|x− y|β |g1(y)|qdy ≤ (diam Ω)β‖g1‖q
q.

Since this holds for every x ∈ Ω, we obtain

‖vn‖∞ ≤ (C(n))−1/q(diam Ω)β/q‖g1‖q (n = 1, 2, ...). (3.39)
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Let us now choose a function f continuous and strictly increasing on [1,∞)
to [(C(1))−1/q,∞) so that

f(n) ≥ (C(n))−1/q ∀n ∈ N. (3.40)

We can choose, for example,

f(t) = t− 1 + (t− [t])(C([t] + 1))−1/q +
[t]∑

k=1

(C(k))−1/q (3.41)

where [t] denotes the (unique) integer such that [t] ≤ t < [t]+1. (The function
f defined by (3.41) is equal to

n− 1 +
n∑

k=1

(C(k))−1/q

at each n ∈ N and is affine in the interval [n, n+ 1), n ∈ N). Now let

δ0 = (C(1))2/q = min
x∈Ω

∫
Ω

|x− y|β |g1(y)|qdy.

For 0 < δ ≤ δ0, we have δ−1/2 ≥ δ
−1/2
0 = (C(1))−1/q, hence f−1(δ−1/2) ∈

[1,∞). We choose

n(δ) = [f−1(δ−1/2)] ∈ N. (3.42)

Then n(δ) ≤ f−1(δ−1/2), and by (3.39), (3.40),

‖vn(δ)‖∞ ≤ (diam Ω)β/q‖g1‖q(C(n(δ)))−1/q

≤ (diam Ω)β/q‖g1‖qf(n(δ))

≤ (diam Ω)β/q‖g1‖qδ
−1/2. (3.43)

Now, let

un(µ0) =
n∑

j=1

µ0
jv

n
j

be the BG solution corresponding to µ0
1, ..., µ

0
n and g1, ..., gn. Then

‖un(µ) − u0‖∞ ≤ ‖un(µ) − un(µ0)‖∞ + ‖un(µ0) − u0‖∞. (3.44)

We estimate the terms in the right-hand side of (3.44). One has

‖un(µ) − un(µ0)‖∞ =

∥∥∥∥∥∥
n∑

j=1

(µj − µ0
j )v

n
j

∥∥∥∥∥∥
∞

≤ max
1≤j≤n

|µj − µ0
j | sup

x∈Ω


n∑

j=1

|vn
j (x)|


≤ ‖µ− µ0‖∞‖vn‖∞.
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(3.43) implies
‖un(δ)(µ) − un(δ)(µ0)‖∞ ≤ δ‖vn(δ)‖∞

≤ (diam Ω)β/q‖g1‖qδ
1/2. (3.45)

We next estimate ‖un(µ0) − u0‖∞. Let x ∈ Ω. Then we have

|un(µ0)(x) − u0(x)|

=

∣∣∣∣∣∣
n∑

j=1

µ0
jvj(x) − u0(x)

∣∣∣∣∣∣
=

∣∣∣∣∣∣
n∑

j=1

(∫
Ω

u0(y)gj(y)dy
)
vj(x) − u0(x)

∫
Ω

n∑
j=1

vj(x)gj(y)dy

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∫

Ω

(u0(y) − u0(x))

 n∑
j=1

vj(x)gj(y)

 dy

∣∣∣∣∣∣
≤

∫
Ω

|u0(y) − u0(x)|
∣∣∣∣∣∣

n∑
j=1

vj(x)gj(y)

∣∣∣∣∣∣ dy (3.46)

≤ ‖u0‖σ,∞
∫

Ω

|x− y|σ−β/q

|x− y|β/q

∣∣∣∣∣∣
n∑

j=1

vj(x)gj(y)

∣∣∣∣∣∣
 dy

≤ ‖u0‖σ,∞

(∫
Ω

|x− y|(σ−β/q)pdy

)1/p

×

×
∫

Ω

|x− y|β
∣∣∣∣∣∣

n∑
j=1

vj(x)gj(y)

∣∣∣∣∣∣
q

dy

1/q

. (3.47)

But by hypothesis,

−
(
σ − β

q

)
q

q − 1
=
β − σq

q − 1
< d.

Hence the function
x �→

∫
Ω

|x− y|(σ−β/q)pdy

is continuous on Rd, and, therefore

C ≡ C(q, β,Ω, σ) ≡ sup
x∈Ω

(∫
Ω

|x− y|(σ−β/q)pdy

)1/p

< ∞.

It follows that the right-hand side of (3.47) is bounded by C‖u0‖σ,∞ [εn(x)]1/q.
We then obtain

|un(µ0)(x) − u0(x)| ≤ C‖u0‖σ,∞[εn(x)]1/q.

Since this holds for every x ∈ Ω, we have
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‖un(µ0) − u0‖∞ ≤ C‖u0‖σ,∞‖εn‖1/q
∞ (3.48)

with C = C(q, β,Ω, σ). From (3.44), (3.45), (3.48), we see that ‖un(δ)(µ) −
u0‖∞ ≤ η(δ) with

η(δ) = (diam Ω)β/q‖g1‖qδ
1/2 + C(q, β,Ω, σ)‖u0‖σ,∞‖εn(δ)‖1/q

∞ . (3.49)

Now, as δ → 0, we have δ−1/2 → ∞. Hence, f−1(δ−1/2) → ∞ and n(δ) =
[f−1(δ−1/2)] → ∞. Therefore ‖εn(δ)‖∞ → 0 by Proposition 3.4(b). This
means that η(δ) → 0 as δ → 0 and completes the proof of (a).

(b) Let un(µ0) be as in the proof of (a). By Proposition 3.2, un(µ0) ∈
C(Ω) ⊂ Lγ(Ω), and as in (3.44), we have

‖un(µ) − u0‖γ ≤ ‖un(µ) − un(µ0)‖γ + ‖un(µ0) − u0‖γ . (3.50)

Choose δ0 and n(δ) as in (a). In view of (3.45), we obtain

‖un(δ)(µ) − un(δ)(µ0)‖γ ≤ |Ω|1/γ‖un(δ)(µ) − un(δ)(µ0)‖∞
≤ |Ω|1/γ(diam Ω)β/q‖g1‖qδ

1/2. (3.51)

Now, we estimate ‖un(µ0) − u0‖γ . We shall show that

‖un(µ0) − u0‖γ ≤ C‖εn‖1/q
∞ ‖u0‖σ,max(γ,p) (3.52)

where C = C(q, β, γ,Ω, σ). We consider three cases.
Case (i): p < γ < ∞, (ii) γ = p, (iii) 1 ≤ γ < p.
In case (i), max(γ, p) = γ and there exists 1 < p < ∞ such that 1/p +

1/γ = 1/p.
Put λ = d/γ + σ. Then by hypothesis,

−(λ− β/q)p = (β/q − λ)p < (d/p+ σ − d/γ − σ)p = dp(1/p− 1/γ) = d

Therefore, the function

x �→
∫

Ω

|x− y|(λ−β/q)pdy

is continuous on Rd, and

C ≡ C(q, β, γ,Ω, σ) ≡ sup
x∈Ω

(∫
Ω

|x− y|(λ−β/q)pdy

)1/p

< ∞

For x ∈ Ω, Hölder’s inequality gives us∫
Ω

|u0(x) − u0(y)|
∣∣∣∣∣∣

n∑
j=1

vj(x)gj(y)

∣∣∣∣∣∣ dy
=

∫
Ω

|x− y|λ−β/q

|x− y|β/q

∣∣∣∣∣∣
n∑

j=1

v(x)gj(y)

∣∣∣∣∣∣
 |u0(x) − u0(y)|

|x− y|λ

≤
(∫

Ω

|x− y|(λ−β/q)pdy

)1/p
∫

Ω

|x− y|β
∣∣∣∣∣∣

n∑
j=1

vj(x)gj(y)

∣∣∣∣∣∣
q

dy

1/q

×

×
(∫

Ω

|u0(x) − u0(y)|γ
|x− y|λγ

dy

)1/γ

.
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This and (3.46) imply

‖un(µ0) − u0‖γ =
(∫

Ω

|un(µ0)(x) − u0(x)|γdx
)1/γ

≤
{∫

Ω

(∫
Ω

|x− y|(λ−β/q)pdy

)γ/p

(εn(x))γ/q×
(∫

Ω

|u0(x) − u0(y)|γ
|x− y|λγ

dy

)
dx

}1/γ

≤
{∫

Ω

Cγ(εn(x))γ/q

(∫
Ω

|u0(x) − u0(y)|γ
|x− y|λγ

dy

)
dx

}1/γ

≤ C‖εn‖1/q
∞

(∫
Ω×Ω

|u0(x) − u0(y)|γ
|x− y|d+σγ

dydx

)1/γ

.

This is (3.52).

Case (ii) : γ = p. Put λ = d/p + σ. Then λ − β/q ≥ 0 and the function
(x, y) �→ |x− y |λ−β/q is continuous on Rd × Rd. Hence

C ≡ C(q, β,Ω, σ) ≡ sup
(x,y)∈Ω×Ω

|x− y|λ−β/q < ∞.

In this case,

∫
Ω

|u0(x) − u0(y)|
∣∣∣∣∣∣

n∑
j=1

vj(x)gj(y)

∣∣∣∣∣∣ dy =

=
∫

Ω

|x− y|λ−β/q

|x− y|β/q

∣∣∣∣∣∣
n∑

j=1

vj(x)gj(y)

∣∣∣∣∣∣
 |u0(x) − u0(y)|

|x− y|λ dy

≤ C

∫
Ω

|x− y|β/q

∣∣∣∣∣∣
n∑

j=1

vj(x)gj(y)

∣∣∣∣∣∣
 |u0(x) − u0(y)|

|x− y|λ dy

≤ C

∫
Ω

|x− y|β
∣∣∣∣∣∣

n∑
j=1

vj(x)gj(y)

∣∣∣∣∣∣
q

dy

1/q (∫
Ω

|u0(x) − u0(y)|p
|x− y|λp

dy

)1/p

= C(εn(x))1/q

(∫
Ω

|u0(x) − u0(y)|q�

|x− y|λp
dy

)1/p

.

This and (3.46) imply

‖un(µ0) − u0‖p =
(∫

Ω

|un(µ0)(x) − u0(x)|pdx
)1/p

≤

≤ C‖εn‖1/q
∞

(∫
Ω×Ω

|u0(x) − u0(y)|p
|x− y|d+σp

dydx

)1/p

.
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We obtain (3.52).

Case (iii) : 1 ≤ γ < p. We have max(γ, p) = p and, by Hölder’s inequality,∫
Ω

|un(µ0)(x) − u0(x)|γdx ≤ |Ω|1−γ/p

(∫
Ω

|un(µ0)(x) − u0(x)|pdx
)γ/p

.

This means

‖un(µ0) − u0‖γ ≤ |Ω|1/γ−1/p‖un(µ0) − u0‖p.

Applying (ii), we obtain (3.52) in this case.
We have just proved that (3.52) holds for all cases. It follows from (3.50),

(3.52), (3.52) that
‖un(δ)(µ) − u0‖γ ≤ η(δ)

with

η(δ) = |Ω|1/γ(diam Ω)β/q‖g1‖qδ
1/2 +

+C(q, β, γ,Ω, σ)‖u0‖σ,max(γ,p)‖εn(δ)‖1/q
∞ . (3.53)

As in (a), we have n(δ) → ∞ as δ → 0. Since β ≥ (q − 1)d, Proposition 3.4
(b) implies that ‖εn(δ)‖∞ → 0. Hence η(δ) → 0 as δ → 0 and our proof is
complete.

Combining Theorems 3.6 with Proposition 3.5, we obtain the following
result which gives concrete estimates for un(δ)(µ) − u0.

Theorem 3.7. Suppose (3.27) holds and that Ω satisfies a uniform cone
condition. Let u0 be the solution of (MP) corresponding to the sequence µ0 =
(µ0

1, µ
0
2, ...). Let

δ0 =
(

min
x∈Ω

∫
Ω

|x− y|β |g1(y)|qdy
)2/q

and choose, for 0 < δ < δ0,

n(δ) = [f−1(δ−1/2)] ∈ N

(f is given by (3.40) or (3.41)).
(a) If the conditions of Theorem 3.6(a) hold, then for any sequence µ

satisfying (3.38), we have

‖un(δ)(µ) − u0‖∞ ≤ Cδ1/2 +

+C‖u0‖σ,∞.
{

[f−1(δ−1/2)]−s/p (β > (q − 1)d)
(ln[f−1(δ−1/2)])−1/p (β = (q − 1)d)

where 0 < s < β/(q − 1) − d and C = C(q, β, σ, s,Ω, ‖g1‖q).
(b) If the conditions of Theorem 3.6(b) hold, then for any sequence µ

satisfying (3.38), we have

‖un(δ)(µ) − u0‖γ ≤ Cδ1/2 +

+ C‖u0‖σ,max(γ,p).

{
[f−1(δ−1/2)]−s/p (β > (q − 1)d)
(ln[f−1(δ−1/2)])−1/p (β = (q − 1)d)
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where 0 < s < β/(q − 1) − d and C = C(q, β, γ, σ, s,Ω, ‖g1‖q).

Proof.
In view of Proposition 3.5 and of the choice of n(δ), we have

‖εn(δ)‖1/q
∞ ≤ C

{
[f−1(δ−1/2)]−s/p (β > (q − 1)d)
(ln[f−1(δ−1/2)])−1/p (β = (q − 1)d)

where C = C(q, β, s,Ω) and 0 < s < β/(q − 1) − d. Substituting this into
(3.49) and (3.53), we obtain the estimate in Theorem 3.7.

Theorems 3.6 and 3.7 above give stability estimates for the BG solutions
in case (MP) may not have a solution. In the case (MP) does have a solution,
we actually have convergence to the solution and moreover sharper estimates
are available. More precisely, we have the following two theorems, whose
proofs are essentially contained in the proofs of Theorems 3.6 and 3.7.

Theorem 3.8. Let u be the solution of (MP) corresponding to µ1, µ2, ...
and let un be the BG solution corresponding to µ1, ..., µn and g1, ..., gn (n =
1, 2, ...).

(a) Suppose u is Hölder continuous with exponent σ ∈ (0, 1] in Ω and
(q − 1)d ≤ β < (q − 1)d+ σq. Then un → u uniformly on compact subsets of
Ω, and for all x ∈ Ω,

|un(x) − u(x)| ≤ C[εn(x)]1/q‖u‖σ,∞.

The convergence is uniform on Ω if Ω satisfies a cone condition (here C =
C(q, β,Ω, σ)). If we suppose further that (3.27) holds and that Ω satisfies a
uniform cone condition, then

‖un − u‖∞ ≤ C‖u‖σ,∞

{
n−s/p (β > (q − 1)d)
(lnn)−1/p (β = (q − 1)d)

where C = C(q, β, σ, s,Ω) and 0 < s < β/(q − 1) − d.
(b) Suppose

u ∈ W σ,max(γ,p)(Ω), σ ∈ [0, 1), γ ∈ [1,∞),

and

(q − 1)d ≤ β < (q − 1)d+ σq if γ > q,

(q − 1)d ≤ β ≤ (q − 1)d+ σq if γ ≤ q

and that Ω satisfies a cone condition. Then un → u in Lγ(Ω) and we have
the estimate

‖un − u‖γ ≤ C‖u‖σ,max(γ,p)‖ε‖1/q
∞

where C = C(q, β, γ,Ω, σ). If we suppose further that (3.27) holds and that
Ω satisfies a uniform cone condition, then

‖un − u‖γ ≤ C‖u‖σ,max(γ,p)

{
n−s/p (β > (q − 1)d)
(lnn)−1/p (β = (q − 1)d)
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where C = C(q, β, γ, σ, s,Ω) and 0 < s < β/(q − 1) − d.

It is also interesting to consider the case when q = 2 and β = 2k. In this
particular case, Theorem 3.8 becomes

Theorem 3.9. Consider the case when q = 2 and β = 2k, k ∈ N , and let
u, un be as in Theorem 3.8.

(a) Suppose u is Hölder continuous with exponent σ ∈ (0, 1] in Ω and
choose

k =
{
d/2 if d is even
(d+ 1)/2 if d is odd and 1/2 < σ ≤ 1.

Then un → u uniformly on compact subsets of Ω and there exists C =
C(Ω, σ) > 0 such that, for all n ∈ N, x ∈ Ω,

|un(x) − u(x)| ≤ C‖u‖σ,∞[εn(x)]1/2.

The convergence is uniform on Ω if Ω satisfies a cone condition. If we suppose
further that

Ω satisfies a uniform cone condition

and (3.27) holds for q = 2, (3.54)

then, with C = C(σ, s,Ω),

‖un − u‖∞ ≤ C‖u‖σ,∞

{
n−s/2 if s ∈ (0, 1), d is odd and 1/2 < σ ≤ 1
(lnn)−1/2 if d is even.

In particular, these results hold if u is Lipschitz continuous in Ω and k =
[(d+ 1)/2].
(b) Suppose u ∈ W σ,max(2,γ)(Ω), σ ∈ [0, 1), γ ∈ [1,∞), and that Ω satisfies
a cone condition. Choose

k =
{
d/2 if d is even
(d+ 1)/2 if d is odd and 1/2 < σ ≤ 1, or 1/2 ≤ σ < 1 if γ ≤ 2.

Then un → u in Lγ(Ω) and there exists C = C(Ω, σ, γ) such that

‖un − u‖γ ≤ C‖u‖σ,max(2,γ)‖εn‖1/2
∞ ∀n.

If we suppose further that (3.54) holds, then, with C = C(γ, σ, s,Ω),

‖un − u‖γ ≤ C‖u‖σ,max(γ,2)(lnn)−1/2

if d is even,
‖un − u‖γ ≤ C‖u‖σ,max(γ,2)n

−s/2

if s ∈ (0, 1), d is odd and 1/2 < σ < 1 (or 1/2 ≤ σ < 1 if γ ≤ 2).

The foregoing Theorems 3.8 and 3.9 extend Theorem 3.1 and Theorem
4.2 of [KSB] where the solution (denoted by u) is either Lipschitzian or in
Hα(Ω) for 0 < α < 1.



4 The Hausdorff moment problem:
regularization and error estimates

The Hausdorff moment problem has its origin in Mechanics. The prob-
lem consists in finding the distribution of (positive) mass on an interval
(a, b) ⊂ (−∞,∞), given the moments of order k (k = 0, 1, 2, ...) of the mass
distribution. If u = u(x) is the mass distribution on (a, b), then the total
mass on the whole interval is given by∫ b

a

u(x)dx,

while
∫ b

a
xu(x)dx represents the static moment of the mass distribution and∫ b

a
x2u(x)dx is the moment of inertia with respect to the point x = 0. Stieltjes

gave the name of generalized moment of order k to the integral
∫ b

a
xku(x)dx

and studied the problem in the case (a, b) = (0,∞). The moment problem on
(−∞,∞) was considered by Hamburger in 1920, while the Hausdorff moment
problem, which is concerned with the problem on (a, b) = (0, 1), was first
investigated by Hausdorff in 1923.

The classical moment problems referred to above have connections with
several topics in both pure and applied mathematics, such as in spectral
representation of operators, partial fractions, theory of harmonic functions
on a half plane, inverse problems . . .. Moment problems constitute a typical
and very important class of ill-posed problems.

The ill-posedness of the Hausdorff moment problem and some of the regu-
larization procedures will be studied in detail in the sequel. We shall consider
the problem in the multidimensional case. Thus, let I = (0, 1)d ⊂ Rd (d ∈
N). Consider the problem of finding u in L2(I) satisfying the sequence of
equations ∫

I

u(x1, .., xd)xk1
1 ..x

kd

d dx1..dxd = µk1..kd
,

ki = 0, 1, 2..., i = 1, .., d (4.1)

where µ = (µk1..kd
) is a given bounded sequence. When d = 1 the problem

(4.1) is the classical Hausdorff moment problem. It can be shown that (4.1)
is ill-posed, i.e., solutions do not always exist, and in the case of existence
of solutions, these do not depend continuously on the given data (which,
in this case, are represented by the right hand side µ). It is the purpose of
this chapter to give a regularization of the problem by finite moments. The
chapter is divided into two sections. Sect. 4.1 deals with the finite moment

D.D. Ang, R. Gorenflo, V.K. Le, and D.D. Trong: LNM 1791, pp. 83–97, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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approximation of (4.1). Here, while following the general approach of [AGT],
the treatment differs from the work of Chapter 2 in the crucial choice of
the function f(t), [f−1(ε−1/2)] being the dimension of the finite moment ap-
proximation. The exposition is here based on [AGT]. Sect. 4.2 deals with the
moment problem associated with the Laplace transform. Under the heading
”Notes and remarks” at the end of the chapter, we shall point to a sharpen-
ing of the results in Theorem 4.2. Under the same heading, we shall further
discuss the ill-posedness of the Hausdorff moment problem and the regular-
ization of the problem in an Lp-setting, 1 < p < ∞, using the Backus-Gilbert
theory.

4.1 Finite moment approximation of (4.1)

The regularization method of moment problems in Chapter 2, we recall, is
based upon the Gram-Schmidt orthonormalization process. We shall regular-
ize (4.1) by a sequence of finite moment problems∫

I

u(x1, .., xd)xk1
1 ..x

kd

d dx1dx2..dxd = µk1..kd
,

ki = 0, 1, 2, .., n, i = 1, .., d. (4.2)

In our construction of finite dimensional approximations, we obtain an
orthonormalization of the basis functions {xk1

1 ..x
kd

d }, ki = 0, 1, .., i = 1, .., d,
not through the orthonormalization process but by using products of one-
dimensional Gram-Schmidt orthonormalized polynomials.

Hence, a first step in our analysis is to orthonormalize the family (1, x, x2, ...).
The orthonormalization will be given in terms of Legendre polynomials. Let
Pn(t) be the Legendre polynomial of degree n:

Pn(t) =
n∑

k=0

(n+ k)!
(n− k)!(k!)2

(t− 1)k

2k
(4.3)

or equivalently (cf [Co3], p. 163)

Pn(t) =
1

2nn!
dn

dtn
(t2 − 1)n. (4.4)

By direct computations from (4.3)-(4.4), we have∫ 1

−1
Pn(t)Pm(t)dt = 0, n �= m, (4.5)∫ 1

−1
P 2

n(t)dt =
2

2n+ 1
. (4.6)

Define

Ln(x) =
√

2n+ 1Pn(1 − 2x). (4.7)

Then we have by (4.5), (4.6)
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0
Ln(t)Lk(t)dt = 0, n �= k, (4.8)∫ 1

0
L2

n(t)dt = 1. (4.9)

Since Ln is a polynomial of degree n, we have by (4.7)-(4.9) that (Ln) is
a complete orthonormal sequence in L2(0, 1). Note that (Ln) is the Gram-
Schmidt orthogonalization of (1, x, x2, ..) and hence is complete in L2(0, 1).

Substituting t = 1 − 2x into (4.3), we get:

Ln(x) =
n∑

k=0

Cnkx
k (4.10)

where

Cnk = (2n+ 1)1/2(−1)k (n+ k)!
(n− k)!(k!)2

. (4.11)

Now put

Lk1..kd
(x1, .., xd) = Lk1(x1)...Lkd

(xd). (4.12)

Then by the completeness of (Ln)n≥0 in L2(0, 1), the sequence {Lk1..kd
} forms

a complete orthonormal set in L2(I). In view of (4.10), (4.12), we have

Lk1..kd
(x1, .., xd) =

k1∑
p1=0

...

kd∑
pd=0

Ck1p1 ..Ckdpd
xp1

1 ..x
pd

d (4.13)

If µ = (µk1..kd
) is a real sequence, we define the sequence

λ = λ(µ) = (λk1..kd
), k1, . . . , kd = 0, 1, . . . ,

as follows

λk1..kd
= λk1..kd

(µ) =
k1∑

p1=0

. . .

kd∑
pd=0

Ck1p1 ..Ckdpd
µp1...pd

.

Now, put

pn = pn(µ) =
n∑

k1,..,kd=0

λk1..kd
(µ)Lk1..kd

. (4.14)

Then pn is a minimal norm solution of (4.3).
The main results of this chapter are Theorem 4.1 and Theorem 4.2 below.

Theorem 4.1. Let µ = (µk1..kd
) be a given sequence of real numbers. Then

a necessary and sufficient condition for (4.1) to have a solution is that

∞∑
k1,..,kd=0

( ∞∑
p1,..,pd=0

Ck1p1 ..Ckdpd
µp1..pd

)2

< ∞ (4.15)
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where Cij, i, j = 0, .. is defined by (4.11) if j ≤ i and Cij = 0 if j > i.
If u is the (unique) solution of (4.1) then

pn(µ) → u in L2(I) as n → ∞. (4.16)

Moreover, if the solution u is in H1(I) then

‖pn(µ) − u‖ ≤ 1
2(n+ 1)

‖u‖H1 , n = 1, 2, . . . . (4.17)

Remark 4.1. If the solution u is in H2(I), then it can be shown that

‖pn(µ) − u‖ ≤ 1
2
√

2
‖u‖H2(n+ 1)−2. (4.18)

Note that this estimate is probably not optimal. The derivation of (4.18)
involves lengthy calculations not shown here. If u is in Hm(I) then one would
have a similar estimate, through some elaborate estimates.

Theorem 4.2. Let u0 ∈ L2(I) be the solution of (4.1) corresponding to
µ0 = (µ0

k1..kd
) in the right hand side. Let

f(t) =
(

27
8
√

5
(2t+ 1)1/232t

)d

, (4.19)

and for 0 < ε < 1, put
n(ε) =

[
f−1(ε−1/2)

]
(4.20)

where [x] is the largest integer ≤ x.
Then there exists a function η(ε), 0 < ε < 1, such that η(ε) → 0 as ε → 0

and that for all sequences µ satisfying

‖µ− µ0‖∞ ≡ sup
k1..kd

|µk1..kd
− µ0

k1..kd
| < ε (4.21)

we have
‖pn(ε)(µ) − u0‖ ≤ η(ε).

Moreover, if u0 ∈ H1(I), then

‖pn(ε)(µ) − u0‖ ≤ ε1/2 +
‖u0‖H1(I)

C(ε)
(4.22)

with

C(ε) = 2(2 ln 3 +
1
2

ln 2)−1 ln

(
8
√

5
27

√
2 2d

√
ε

)

Remark 4.2. If u0 is in H2(I), then using Remark 4.1, one can take the
right hand side of (4.22) as
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ε1/2 +
‖u0‖H2

2
√

2C̃(ε)

where

C̃1(ε) = (2 ln 3 +
1
2

ln 2)−2 ln2

(
8
√

5
27

√
2 2d

√
ε

)
.

Before giving the proofs of Theorem 4.1 and Theorem 4.2, we first state
(and prove) the following Lemma 4.1 which is crucial for the proof of these
theorems. The idea of the following simplified proof of Lemma 4.1 was kindly
suggested to us by one of the referees.

Lemma 4.1. For every v in H1(0, 1), we have
∞∑

k=1

4k2|αk|2 ≤
∫ 1

0
|v′(x)|2dx (4.23)

where
αk = (v, Lk) and (., .) is the L2(0, 1) − inner product.

Proof

We rely on the differential equation for shifted Legendre polynomials (see,
e.g., [AS])

[x(1 − x)L′
k(x)]′ = k(k + 1)Lk(x), k = 0, 1, 2, . . . .

We first consider the case v ∈ C2[0, 1]. From the foregoing equations, we
can calculate the Fourier-Legendre coefficients of [x(1 − x)v′]′ as

([x(1 − x)v′]′, Lk) = k(k + 1)αk, k = 0, 1, 2, ...,

where αk = (v, Lk).
Using the Parseval theorem for two functions v and [x(1−x)v′]′, the latter

equialities imply∫ 1

0
[x(1 − x)v′(x)]′v̄(x)dx =

∞∑
k=0

k(k + 1)αkᾱk.

It follows that ∫ 1

0
x(1 − x)|v′(x)|2dx =

∞∑
k=0

k(k + 1)|αk|2. (4.24)

Since C2[0, 1] is dense in H1(0, 1), the latter equality also holds for every
v ∈ H1(0, 1).

Now, one has
x(x− 1) ≤ 1/4 for all x ∈ [0, 1].

Hence, (4.24) gives (4.23). This completes the proof of Lemma 4.1.

We now give the proofs of Theorem 4.1 and Theorem 4.2.
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4.1.1 Proof of Theorem 4.1.

We easily get the first result of Theorem 4.1 using the completeness and or-
thonormality of the family (Lk1..kd

) and considering the series representation

u =
∞∑

k1,..kd=0

λk1..kd
(µ)Lk1..kd

(4.25)

for every u in L2(I). From (4.14) and the latter relation, we shall get (4.15),
(4.16). For the proof of (4.17), we rely on Lemma 4.1. From that lemma, one
has

∞∑
k1,..,kd=0

4k2
jλ

2
k1..kd

≤
∫

I

∣∣∣∣ ∂u∂xj

∣∣∣∣2 dx1..dxd (4.26)

for j = 1, 2, .., d.
Letting j = 1, .., d in (4.26) and adding together the results thus obtained,

we get

∞∑
k1,..,kd=0

4
d∑

j=1

k2
j

λ2
k1..kd

≤ ‖u‖2
H1(I). (4.27)

Now, subtracting (4.14) from (4.25), we have

u− pn(µ) =
∑

max1≤i≤d |ki|>n

λk1..kd
Lk1..kd

Hence

‖pn(µ) − u‖2 =
∑

max1≤i≤d |ki|>n

λ2
k1..kd

. (4.28)

Note that

4
d∑

j=1

k2
j ≥ 4(n+ 1)2 as max

1≤i≤d
|ki| > n. (4.29)

Combining (4.27)-(4.29) gives

(n+ 1)2‖pn(µ) − u‖2 ≤
∑

max1≤i≤d |ki|>n

(n+ 1)2λ2
k1..kd

≤ 1
4

‖u‖2
H1(I)

which is the desired inequality. This completes the proof of Theorem 4.1.
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4.1.2 Proof of Theorem 4.2.

We have

‖pn(µ) − u0‖ ≤ ‖pn(µ) − pn(µ0)‖ + ‖pn(µ0) − u0‖. (4.30)

Using (4.14), we have

pn(µ) − pn(µ0) =
∞∑

k1,..,kd=0

∞∑
p1,..,pd=0

Ck1p1 ..Ckdpd
(µp1..pd

− µ0
p1..pd

)Lp1..pd
.

Here we recall that Cij = 0 if i < j.
Hence:

‖pn(µ) − pn(µ0)‖2 =
∞∑

k1,..,kd=0

( ∞∑
p1,..,pd=0

Ck1p1 ..Ckdpd
(µp1..pd

− µ0
p1..pd

)

)2

≤ ε2
∞∑

k1,..,kd=0

( ∞∑
p1,..,pd=0

|Ck1p1 ..Ckdpd
|
)2

. (4.31)

From (4.11) one has

Cmj = (2m+ 1)1/2(−1)j (m+ j)!
(j!)2(m− j)!

.

But
(m+ j)!

(j!)2(m− j)!
≤ (1 + 1 + 1)m+j = 3m+j .

Hence
|Cij | ≤ √

2i+ 1 3m+j .

Therefore
i∑

j=0

|Cij | ≤ (2i+ 1)1/2
i∑

j=0

3i+j (4.32)

=
√

2n+ 1 3i 3
i+1 − 1
3 − 1

<
√

2n+ 1
3
2
.32i. (4.33)

Since Cij = 0 for j > i, we have

∞∑
p1,..,pd=0

|Ck1p1 ...Ckdpd
| =

(
k1∑

p1=0

|Ck1p1 |
)
...

(
kd∑

pd=0

|Ckdpd
|
)

(4.34)

In view of (4.33), (4.34), we see that( ∞∑
p1,..,pd=0

|Ck1p1 ...Ckdpd
|
)2
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≤
(

3
2

)2d
 d∏

j=1

(2kj + 1)

 34
∑d

j=1
ki . (4.35)

From (4.35) one has

n∑
k1,..,kd=0

( ∞∑
p1,..,pd=0

|Ck1p1 ...Ckdpd
|
)2

≤
(

3
2

)2d

(2n+ 1)d

 n∑
j=0

34j

d

.

Hence

n∑
k1,..,kd=0

( ∞∑
p1,..,pd=0

|Ck1p1 ...Ckdpd
|
)2

≤
(

3
2

)2d

(2n+ 1)d

(
34(n+1)−1

34 − 1

)d

≤
(

3
2

)2d

(2n+ 1)d

(
81
80

)d

34nd. (4.36)

Put

f(t) =
(

3
2

)d (81
80

)d/2

(2t+ 1)d/232td

=
(

27
8
√

5
(2t+ 1)1/232t

)d

.

Then we have in view of (4.36)

‖pn(ε)(µ) − pn(ε)(µ0)‖ ≤ ε1/2. (4.37)

If we put

η(ε) = ε1/2 +

 ∑
max1≤i≤d |ki|>n(ε)

( ∞∑
p1,..,pd=0

Ck1p1 ...Ckdpd
µ0

p1..pd

)2
1/2

then by (4.30), (4.37), it follows that

‖pn(ε)(µ) − u0‖ ≤ η(ε).

As ε → 0, we have f−1(ε−1/2) → ∞ and n(ε) → ∞. By (4.15)

∑
max1≤i≤d |ki|>n(ε)

( ∞∑
p1,..,pd=0

Ck1p1 ...Ckdpd
µ0

p1..pd

)2

→ 0 for ε → 0.
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Hence η(ε) → 0 for ε → 0.
Finally, let u0 ∈ H1(I). By Theorem 4.1 one has

‖pn(ε)(µ0) − u0‖ ≤ 1
2(n(ε) + 1)

‖u0‖H1(I). (4.38)

We estimate n(ε). From the definition of n(ε), one has

n(ε) + 1 > f−1(ε−1/2).

Since f is a monotone increasing function, the foregoing inequality gives

f(n(ε) + 1) > ε−1/2,

i.e.
27

8
√

5

√
2tε + 1 32tε > ε−1/2d

with
tε = n(ε) + 1.

Since
tε + 1 ≤ 2tε

we have
27

8
√

5

√
2 2tε/2.32tε > ε−1/2

which gives

e(2 ln 3+ 1
2 ln 2)tε >

8
√

5
27

√
2
√
ε
.

Hence

tε ≥
(

2 ln 3 +
1
2

ln 2
)−1

ln

(
8
√

5
27

√
2
√
ε

)
. (4.39)

In view of (4.39), inequality (4.38) gives

‖pn(ε)(µ0) − u0‖ ≤ 1
C(ε)

‖u0‖H1(I) (4.40)

where

C(ε) = 2
(

2 ln 3 +
1
2

ln 2
)−1

ln

(
8
√

5
27

√
2 2d

√
ε

)
.

By (4.37), (4.40), the proof of Theorem 4.2 is completed.
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4.2 A moment problem from Laplace transform

We consider the problem of approximating u0 ∈ L2(0,∞) such that∫ ∞

0
u0(x)e−kxdx = µ0

k, k = 1, 2, . . . . (4.41)

Put t = e−x, w0(t) = tu0(− ln t). It follows from (4.41) that w0 satisfies∫ 1

0
w0(t)tkdt = µ0

k+2, k = 0, 1, 2, . . . . (4.42)

Note that ∫ 1

0
|w0(t)|2dt =

∫ ∞

0
|u0(x)|2e−3xdx.

Hence, since u0 ∈ L2(0,∞), we have w0 ∈ L2(0, 1). Using Theorem 4.2
(d = 1) for the system (4.42), one has the following

Theorem 4.3. Let u0 ∈ L2(0,∞) be the solution of (4.41) corresponding
to µ0 = (µ0

1, µ
0
2, ..) ∈ l∞ in the right hand side of (4.41). Let

f(t) =
27

8
√

5
(2t+ 1)1/232t

and for 0 < ε < 1, put
n(ε) = [f−1(ε−1/2)].

Then there exists a function η(ε), 0 < ε < 1 such that η(ε) → 0 as ε → 0 and
that for all sequences µ = (µ1, µ2, ..) satisfying

‖µ− µ0‖l∞ ≤ ε

we have

‖qn(ε)(µ) − u0‖ρ ≤ η(ε) (4.43)

where

qn(ε)(µ) = expn(ε)(µ̃)(e−x), µ̃ = (µ2, µ3, . . .).

The norm ‖ · ‖ρ is defined by ‖h‖2
ρ =

∫ ∞

0
|h(x)|2e−3xdx,

and pn(ε)(µ̃) is as in Theorem 4.2.
Moreover, if u0 ∈ H1(0,∞) then

‖qn(ε)(µ) − u0‖ρ ≤ ε1/2 +
3‖u0‖H1(0,∞)

C(ε)
(4.44)
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where C(ε) is as in Theorem 4.2.

Proof.

From Theorem 4.2, one gets

‖pn(ε)(µ̃) − w0‖ ≤ η(ε), µ̃ = (µ2, µ3, ..) (4.45)

where
w0(t) = tu0(− ln t).

But

‖pn(ε)(µ̃) − w0‖2 =
∫ 1

0
|pn(ε)(µ̃)(t) − w0(t)|2dt

=
∫ ∞

0
|pn(ε)(µ̃)(e−x) − e−xu0(x)|2e−xdx

=
∫ ∞

0
|expn(ε)(µ̃)(e−x) − u(x)|2e−3xdx

= ‖qn(ε)(µ) − u0‖2
ρ. (4.46)

By (4.45), (4.46), inequality (4.43) holds. Now if u0 ∈ H1(0,∞) then

w′
0 = u0(− ln t) − u′

0(− ln t).

Hence

‖w0‖H1(0,1) ≤
(∫ 1

0
|tu0(− ln t)|2dt

)1/2

+

+
(∫ 1

0
|u0(− ln t)|2dt

)1/2

+
(∫ 1

0
|u′

0(− ln t)|2dt
)1/2

=
(∫ ∞

0
|u0(x)|2e−3xdx

)1/2

+
(∫ ∞

0
|u0(x)|2e−xdx

)1/2

+
(∫ ∞

0
|u′

0(x)|2e−xdx

)1/2

≤ 3‖u0‖H1(0,∞). (4.47)

From Theorem 4.2, one has

‖pn(ε)(µ̃) − w0‖ ≤ ε1/2 +
‖w0‖H1(0,1)

C(ε)
.

In view of (4.46) and (4.47) the latter inequality gives

‖qn(ε)(µ) − u0‖ρ ≤ ε1/2 +
3‖u0‖H1(0,∞)

C(ε)
.

This completes the proof of the theorem.
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4.3 Notes and remarks

1. Using Theorem 2 in [AGT], we can get an estimate which is sharper than
the last one of Theorem 4.2. In fact, one has

‖pñ(ε) − u0‖ ≤ ε1/2 +
‖u0‖H1(I)

C1 + C2 ln 1
ε

where
ñ(ε) = [f̃−1(ε−1/2)], f̃(t) =

1√
(2π)d

(3 + 2
√

2)dt+d

and

C1 =
ln(

√
2π(3 − 2

√
2))

ln(3 + 2
√

2)
and C2 =

1
2d ln(3 + 2

√
2)
.

Moreover, in [AGT], we also proved that the order magnitude 0( 1
ln(1/ε) ) of

the above estimate is optimal in an appropriate sense.
2. In Chapter 2 (Notes and Remarks) was presented an example show-

ing the ill-posedness of the Hausdorff moment problem. Following is another
example. Consider the sequence

un(x) = cos 2nπx, 0 ≤ x ≤ 1.

By direct computation, one has

‖un‖2
L2(0,1) =

1
2
, n = 1, 2, . . . .

Consider the map A : L2(0, 1) −→ l2 defined by

(Au)k =
∫ 1

0
u(x)xkdx k = 0, 1, 2, . . . .

Then we have
|(Aun)k| ≤ 1

k + 1
.

Since
(

1
k+1

)
∈ l2, we see that the sequence (Aun) is bounded by a fixed

element of l2. By the dominated convergence theorem (applied to N with the
counting measure), we have that

Aun −→ 0 in l2.

Since ‖un‖L2(0,1) = 1/
√

2 ∀n, we see that A−1 is not continuously invertible
on R(A), i.e. the problem is ill-posed.

3. Although, as shown above, the Hausdorff moment problem is ill-posed,
it is controllable, with A as defined in 2. above, which means that the range
R(A) of A is dense in l2. Indeed, we claim that if µ ∈ l2 is such that

(µ,Au)l2 = 0 ∀u ∈ L2(0, 1)
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or equivalently

∞∑
n=0

µk

(∫ 1

0
xku(x)dx

)
= 0, ∀u ∈ L2(0, 1), (4.48)

then µ = 0. In fact, let v ∈ L2(0, 1/2), and let ṽ be the natural extension of
v on (0,1),

ṽ(x) = v(x) if 0 < x < 1/2,
= 0 if 1/2 < x < 1, (4.49)

then ṽ ∈ L2(0, 1) and by the condition (4.48) above

0 =
∞∑

n=0

∫ 1

0
xkµkũ(x)dx =

∫ 1/2

0
xkµku(x)dx. (4.50)

Since |xk| ≤ 1/2k on [0, 1/2] and since sup
k∈N

|µk| < ∞, the series

F (x) =
∞∑

k=0

µkx
k (4.51)

converges uniformly and absolutely on [0, 1/2] and defines a continuous func-
tion on [0, 1/2]. Now, interchanging the order of integration and summation
in (4.51) and recalling the definition (4.51) of F (x) we have∫ 1/2

0
v(x)F (x)dx = 0, ∀v ∈ L2(0, 1/2).

It follows that F (x) = 0 ∀x ∈ [0, 1/2]. As a consequence µk = 0 ∀k =
0, 1, 2, ... (i.e. µ = 0). We have completed the proof that R(A) is dense in l2.

4. As shown in 3., R(A) = l2. Now, R(A) �= l2. In fact, we claim that
e1 = (1, 0, 0, ...) is in l2 \R(A) since there is no function in L2(0, 1) such that
Au = e1, or equivalently, that

∫ 1
0 u(x)dx = 1 and

∫ 1
0 x

ku(x)dx = 0 ∀k =
1, 2, ....

The fact that R(A) = l2 and R(A) �= l2 can be used to prove that A−1 is
unbounded on R(A) to L2(0, 1), i.e., that the Hausdorff moment problem is
ill-posed.

5. This section is devoted to a regularization of the Hausdorff moment
problem by the Backus-Gilbert method (BG method for short).

Consider the Hausdorff moment problem on (0, 1).
Find u in Lp(0, 1), 1 < p < ∞, satisfying∫ 1

0
xku(x)dx = µk, k = 0, 1, 2, . . . .

Following the BG method, we approximate the solution u ∈ Lp(0, 1) of
the moment problem by finite combinations

un(µ) =
n∑

j=1

µjv
n
j
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where vn
j , j = 1, . . . , n, are the BG basis functions. The construction of these

basis functions, we recall, is done according to the following procedure:

For x ∈ R, the value of vn
j at x is defined as a solution of the following

minimization problem
min
v∈Ln

Sn
x (v)

where Ln is the hyperplane

Ln =

v = (v1, v2, ..., vn) ∈ Rn :
n∑

j=1

vj

j
= 1


and

Sn
x (v) =

∫ 1

0
|x− y|β

∣∣∣∣∣∣
n∑

j=1

vj(y)yj

∣∣∣∣∣∣
q

dy.

Here n ∈ N and β > 0 is fixed.
Now Ln is closed and convex and by the results of Chapter 3, Sn

x is strictly
convex, continuous and coercive. Hence the above minimization problem has
a unique solution vn(x) ∈ Ln such that

Sn
x (vn(x)) = min

w∈Ln

Sn
x (w).

Defining vn(x) for each x ∈ R by this procedure, we obtain the basis functions
vn = (vn

1 , ..., v
n
n) on R. One can show that the vn’s are continuous on R. For

σ ∈ [0, 1) and q ∈ [0,∞), let (W σ,q(0, 1), ‖ . ‖σ,q) be the fractional Sobolev
space defined as in Chapter 3. Then we have

Proposition 4.4. Let u0 be the solution of the Hausdorff moment problem
above, associated with a sequence µ0 = (µ0

0, µ
0
1, ...).

Let

δ0 =
(

min
0≤x≤1

∫ 1

0
|x− y|βdy

)2/q

C(n) = min{Sn
x (v)| x ∈ [0, 1], |v| =

n−1∑
j=0

|vj | = 1}

and choose, for δ ∈ (0, δ0),

n(δ) = [f−1(δ−1/2)] ∈ N

where f is chosen to be continuous and strictly increasing on [0,∞) to
[(C(0))−1/q,∞) such that

f(n) ≥ (C(n))−1/q ∀n ∈ N.

a) Suppose u ∈ W σ,∞(0, 1), σ ∈ (0, 1] and
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q − 1 ≤ β < (σ + 1)q − 1, ‖µ− µ0‖∞ ≤ δ.

Then the following estimate of the error between the exact solution and the
finite dimensional approximation un(δ) holds:

‖un(δ)(µ) − u0‖L∞ ≤
C

(
δ1/2 + ‖u‖σ,∞

{
[f−1(δ−1/2)]−s/p if β > q − 1
ln[f−1(δ−1/2)]−1/p if β = q − 1

)
where 0 < s < β

q−1 − 1 and C depends only on q, β, σ and s.
b) Let u0 ∈ W σ,max(γ,p)(0, 1) with σ ∈ [0, 1), γ ∈ [1,∞) and let

q − 1 ≤ β < (σ + 1)q − 1 if γ > δ

or
q − 1 ≤ β ≤ (σ + 1)q − 1 if γ ≤ δ.

Suppose
‖µ− µ0‖L∞ ≤ δ.

Then we have the following error estimate in the Lγ-norm

‖un(δ)(µ) − u0‖Lγ ≤
C

(
δ1/2 + ‖u‖σ,max(γ,p)

{
[f−1(δ−1/2)]−s/p if β > q − 1
ln[f−1(δ−1/2)]−1/p if β = q − 1

)
.

Here s is as in a) and depends only on q, β, γ, δ and s.

The above proposition is a consequence of Theorem 3.7 since (0, 1) satis-
fies the uniform cone condition. In the above proposition, there may be no
solution to (MP ) associated with µ. In the case a solution corresponding to
µ does exist, we can obtain a sharper error estimate. We do not pursue the
matter any further but instead, leave it to the reader to derive approximate
estimates, using the general results of Chapter 3.



5 Analytic functions: reconstruction and Sinc
approximations

In this chapter, we address two problems in function theory:
- The problem of reconstructing an analytic function in the Hardy space

H2(U) of the unit disc from a sequence of moments.
- A cardinal series representation theorem in the two dimensional case.
Both problems can be viewed as moment problems. The results of this

chapter, beside their intrinsic interest, will play an important role in our
regularization of the inverse problems in Potential Theory and in Heat Con-
duction to be considered in the chapters to follow.

As is known, the problem of reconstructing an analytic function from its
values at a sequence of points of its domain is an ill-posed problem. Two
approaches will be followed: the first one is by polynomial approximation,
and the second one is through optimal recovery.

In the case of analytic functions of one complex variable, it follows from
the Paley-Wiener theorem that a function in L2(R) admits a cardinal series
representation iff its Fourier transform has bounded support. For functions in
L2(R2), whose Fourier transforms have bounded supports, we shall establish
a theorem of representation in terms of one-dimensional Sinc functions. This
Sinc representation theorem will be used in our approximation of functions
in L2(R2).

All function spaces in this chapter are complex function spaces. For no-
tational simplicity, we use the same notations as in previous chapters to
denote function spaces. Similarly, all sequences in this chapter are complex
sequences.

The remainder of this chapter consists of three sections. Section 5.1 is
concerned with a reconstruction of functions in H2(U) using approximating
polynomials. Section 5.2 deals with the same problem, using the approach
of optimal recovery. The final Section 5.3 is devoted to two-dimensional Sinc
theory and a moment problem on R2.

5.1 Reconstruction of functions in H2(U):
approximation by polynomials

Let U be the open unit disc of C. We consider the problem of reconstructing
a function u in H(U) (the space of functions analytic on U) satisfying the
following moment problem

u(zn) = µn, n = 1, 2, ..., (5.1)

where (zn) is a sequence in U such that zn �= zm for n �= m, zn → 0 as
n → ∞ and (µn) ∈ l∞.

D.D. Ang, R. Gorenflo, V.K. Le, and D.D. Trong: LNM 1791, pp. 99–130, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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For definiteness, we take

zn =
1

n+ 1
, n = 1, 2, . . . .

Let µ0 = (µ0
n) ∈ l∞ be a sequence such that the following problem has a

(unique) solution u0 in H(U)

u0(zn) = µ0
n. (5.2)

Let µ = (µn) ∈ l∞ satisfy

‖µ− µ0‖∞ = sup
n

|µn − µ0
n| < ε.

We shall construct a polynomial that, in a sense to be specified, approximates
the exact solution u0. For m ∈ N, we consider the following system of linear
equations

m−1∑
k=0

amkz
k
n = µn, n = 1, 2, ..,m. (5.3)

Put
Pm(z) =

∑
0≤k≤m/2

amkz
k. (5.4)

We shall give an estimate of the error between Pn and the exact solution
u0 corresponding to the exact data µ0 ∈ l∞.

Before stating our main result, we set some notations. The Hardy space
H2(U) is the class of all analytic functions F on U having the form

F (z) =
∞∑

k=0

αkz
k

with ∞∑
k=0

|αk|2 < ∞.

Writing H2 for H2(U), we define the norm

‖F‖H2 =

( ∞∑
k=0

|αk|2
)1/2

(see, e.g. [Ho]).
We now state the main result of this section.

Theorem 5.1. Let u0 ∈ H2(U) be the solution of (5.2) corresponding to
µ0 = (µ0

n). Let

f(θ) = (θ + 2)
(

32e(θ + 1)2

θ

)θ

, θ > 0,
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and for 0 < ε < 1, put
m(ε) = [f−1(ε−1)]

where [x] is the largest integer ≤ x.
Then there exists a function η(ε), 0 < ε < 1 such that η(ε) → 0 as ε → 0

and that, for all sequences µ = (µn) ∈ l∞ satisfying

‖µ− µ0‖∞ = sup
n

|µn − µ0
n| < ε,

we have
‖u0 − Pm(ε)‖2

H2 ≤ η(ε)

where Pm(ε) is defined by (5.4) for m = m(ε).
If, in addition u′

0 ∈ H2(U), then for ε → 0,

‖u0 − Pm(ε)‖2
H2 ≤ δ(ε)

where

δ(ε) = ε+ 16‖u0‖2
H2(m(ε) + 2)

(
32e
m(ε)

)m(ε)

+
4‖u′

0‖2
H2

m2(ε)
.

Proof. Since u0 ∈ H2(U), u0 is represented by a series

u0(z) =
∞∑

k=0

akz
k (5.5)

where ∞∑
k=0

|ak|2 < ∞. (5.6)

On the other hand,

u0(zn) = µ0
n, n = 1, 2, . . . .

Hence, (5.5) gives
m−1∑
k=0

akz
k
n = µ0

n −
∞∑

k=m

akz
k
n. (5.7)

Subtracting (5.7) from (5.3) gives

m−1∑
k=0

cmkz
k
n = ϕmn, n = 1, 2, ..,m, (5.8)

where

cmk = amk − ak, k = 0, 1, ..m− 1,

ϕmn = εn +
∞∑

k=m

akz
k
n,

εn = µn − µ0
n, n = 1, 2, ..,m.
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We wish to estimate |cmk|. For this purpose, we shall give an explicit form of
(cmk). Put

Qm(z) =
m−1∑
k=0

cmkz
k. (5.9)

Eq. (5.8) gives
Qm(zn) = ϕmn, n = 1, 2, ..,m.

Hence, using Lagrange’s interpolation formula (cf. [MSM]), we get:

Qm(z) =
m∑

n=1

ϕmn
(z − z1)..(z − zn−1)(z − zn+1)..(z − zm)

(zn − z1)..(zn − zn−1)(zn − zn+1)..(zn − zm)
. (5.10)

We shall rewrite (5.10) in a more convenient form. Let us first set some
notations. For j = 1, 2, ..,m, put

ẑj = (z1, .., zj−1, zj+1, .., zm) ∈ Rm−1.

Letting t = (t1, .., tm−1) ∈ Rm−1, we define the elementary symmetric func-
tions σj (j = 1, 2, ..,m− 1) (see [MSM]) of t by

σ0(t) = 1,
σ1(t) = t1 + t2 + ..+ tm−1,

σ2(t) =
∑

1≤j1<j2≤m−1

tj1tj2 ,

σ3(t) =
∑

1≤j1<j2<j3≤m−1

tj1tj2tj3 ,

...
...

σm−1(t) = t1t2..tm−1.

We next set

smn = (zn − z1)..(zn − zn−1)(zn − zn+1)..(zn − zm).

Using these notations, we can rewrite (5.10) as

Qm(z) =
m∑

n=1

ϕmns
−1
mn

m−1∑
k=0

zk(−1)m−k−1σm−k−1(ẑn)

=
m−1∑
k=0

(
m∑

n=1

ϕmns
−1
mn(−1)m−k−1σm−k−1(ẑn)

)
zk. (5.11)

Combining (5.9) with (5.11) gives

cmk =
m∑

n=1

ϕmns
−1
mn(−1)m−k−1σm−k−1(ẑn). (5.12)

Now, we have
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|ϕmn| ≤ |εn| +
∞∑

k=m

|ak||zn|k.

Noting that |ak| ≤ ‖u0‖H2 , we get after some computations:

|ϕmn| ≤ ε+
‖u0‖H2 |zn|m

1 − |zn| .

Since zn = 1/(n+ 1) ≤ 1/2, n = 1, 2, .., the latter inequality gives

|ϕmn| ≤ ε+
2‖u0‖H2

(n+ 1)m
. (5.13)

We propose to estimate |s−1
mn|. We have

smn = (zn − z1)..(zn − zn−1)(zn − zn+1)..(zn − zm)

=
(

1
n+ 1

− 1
2

)(
1

n+ 1
− 1

3

)
...

(
1

n+ 1
− 1
n

)(
1

n+ 1
− 1
n+ 2

)
...

...

(
1

n+ 1
− 1
m+ 1

)
=

(−1)n−1(n− 1)!(m− n)!
(n+ 1)m−2(m+ 1)!

.

Hence

|smn|−1 =
(n+ 1)m−2(m+ 1)!

(n− 1)!(m− n)!
. (5.14)

To estimate |σm−k−1(ẑk)| we note that if

t1 > t2 > .. > tm−1 > 0

then

|σm−k−1(t)| =

∣∣∣∣∣∣
∑

1≤j1<..<jm−k−1≤m−1

tj1tj2 ..tjm−k−1

∣∣∣∣∣∣
≤ t1t2..tm−k−1

∣∣∣∣∣∣
∑

1≤j1<..<jm−k−1≤m−1

1

∣∣∣∣∣∣ , (5.15)

t = (t1, .., tm). Note that the quantity∑
1≤j1<..<jm−k−1≤m−1

1

is the number of (m−k− 1)-element subsets of the set {1, 2, .,m− 1}. Hence∑
1≤j1<..<jm−k−1≤m−1

1 =
(

m− 1
m− k − 1

)
. (5.16)
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We get in view of (5.15), (5.16)

|σm−k−1(t)| ≤ t1t2..tm−k−1

(
m− 1

m− k − 1

)
.

For t = ẑn, the latter inequality gives

|σm−k−1(ẑn)| ≤ 1
(m− k)!

(
m− 1

m− k − 1

)
. (5.17)

In view of (5.13), (5.14), (5.17), the relation (5.12) implies

|cmk| ≤
m∑

n=1

(
ε+

2‖u0‖H2

(n+ 1)m

)(
m− 1

m− k − 1

)
×

× 1
(m− k)!

.
(n+ 1)m−2(m+ 1)!

(n− 1)!(m− n)!

≤ ε
(

m−1
m−k−1

)
(m− k)!

m∑
n=1

(n+ 1)m−2(m+ 1)!
(n− 1)!(m− n)!

+

+
2‖u0‖H2

(
m−1

m−k−1

)
(m− k)!

m∑
n=1

(m+ 1)!
(n+ 1)2(n− 1)!(m− n)!

. (5.18)

But, we have

(m+ 1)!
(n+ 1)2(n− 1)!(m− n)!

≤ (m+ 1)!
(n+ 1)!(m− n)!

=
(
m+ 1
n+ 1

)
. (5.19)

On the other hand,

p∑
k=0

(
p

k

)
= (1 + 1)p = 2p, p = 1, 2, . . . . (5.20)

From (5.18), (5.19), (5.20) we get after some computations

|cmk| ≤ ε2m−1(m+ 1)m

(m− k)!

m∑
n=1

(
m+ 1
n+ 1

)

+
2m‖u0‖H2

(m− k)!

m∑
n=1

(
m+ 1
n+ 1

)
≤ ε4m(m+ 1)m

(m− k)!
+

4m+1‖u0‖H2

(m− k)!
, (5.21)

k = 0, 1, ..,m− 1.

Stirling’s formula (cf. [Tay]) gives

(m− k)! =
(
m− k

e

)m−k √
2π(m− k)erk
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where
1

12(m− k)
< rk <

1
12(m− k − 1)

.

Hence

(m− k)! ≥
(
m− k

e

)m−k

.

For 0 ≤ k ≤ m/2, one has

(m− k)! ≥
(
m− k

e

)m−k

≥
(m

2e

)m/2
, m = 1, 2, . . . . (5.22)

Substituting (5.22) into (5.22), one gets, for 0 ≤ k ≤ m/2,

|cmk| ≤ ε

(
4(m+ 1)

√
2e√

m

)m

+ 4‖u0‖H2

(
4
√

2e√
m

)m

. (5.23)

Now, we have

Pm(z) − u0(z) =
∑

0≤k≤m/2

cmkz
k +

∑
k>m/2

akz
k

where
Pm(z) =

∑
0≤k≤m/2

amkz
k.

Hence
‖Pm − u0‖2

H2 =
∑

0≤k≤m/2

|cmk|2 +
∑

k>m/2

|ak|2.

Using (5.23) and the inequality

(a+ b)2 ≤ 2(a2 + b2), ∀a, b ∈ R,

we get

‖Pm − u0‖2
H2 ≤ 2 (

m

2
+ 1)ε2

(
32e(m+ 1)2

m

)m

+ 16(m+ 2)‖u0‖2
H2

(
32e
m

)m

+
∑

k≥m/2

|ak|2. (5.24)

Now choosing
m(ε) = [f−1(ε−1)]

with

f(θ) = (θ + 2)
(

32e(θ + 1)2

θ

)θ

we have
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(m(ε) + 2)
(

32e(m(ε) + 1)2

m(ε)

)m(ε)

≤ ε−1.

Hence, (5.24) implies

‖Pm(ε) − u0‖2
H2 ≤ ε+ 16‖u0‖2

H2(m(ε) + 2)
(

32e
m(ε)

)m(ε)

+

+
∑

k≥m(ε)/2

|ak|2 ≡ η(ε). (5.25)

Now, if u′
0 ∈ H2(U) then

∞∑
k=0

k2|ak|2 = ‖u′
0‖2

H2 < ∞.

Hence ∑
k≥m(ε)/2

|ak|2 ≤ 4
m2(ε)

∑
k≥m(ε)/2

k2|ak|2

≤ 4‖u′
0‖2

H2

m2(ε)
. (5.26)

From (5.22), (5.23), we get

‖Pm(ε) − u0‖2
H2 ≤ ε+ 16‖u0‖2

H2(m(ε) + 2)
(

32e
m(ε)

)m(ε)

+

+
4‖u′

0‖2
H2

m2(ε)
.

This completes the proof of Theorem 5.1.

5.2 Reconstruction of an analytic function: a problem of
optimal recovery

In the preceding section, we considered the problem of recovering an an-
alytic function in H2(U) from its values on the sequence of points zn =
(n + 1)−1, n = 1, 2, . . . . If (zn) is an infinite sequence of points in U , then
a regularization can be performed using any of the methods presented in
previous chapters. However, to obtain error estimates is a more subtle prob-
lem. In this chapter, following an alternate approach, we shall find functions
bm1(z), .., bmm(z) (m ∈ N) such that

bm1(z)µ1 + ..+ bmm(z)µm → u as m → ∞.

To this end, for each z ∈ U , we put

ϕz(x) =
∞∑

k=0

αkz
k, x = (αk)k≥0 ∈ l2.
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Then ϕz : l2 → C is a continuous linear mapping. Moreover, if the function
u has the expansion

u(z) =
∞∑

k=0

akz
k,

then, putting x0 = (ak)k≥0, one has

ϕz(x0) = u(z), ∀z ∈ U.

Hence ∣∣∣∣∣∣ϕz(x0) −
m∑

j=1

bmj(z)
∞∑

k=0

akz
k
j

∣∣∣∣∣∣ =

∣∣∣∣∣∣u(z) −
m∑

j=1

bmj(z)
∞∑

k=0

akz
k
j

∣∣∣∣∣∣ .
Therefore, our problem here is to find bm1(z), .., bmm(z) such that the se-
quence ∣∣∣∣∣∣ϕz(x) −

m∑
j=1

bmj(z)
∞∑

k=0

αkz
k
j

∣∣∣∣∣∣ , x = (αk)k≥0,

tends to 0 as fast as possible as m → ∞ for x in an appropriately chosen
bounded subset of l2. In the latter form, our problem can be seen as one of
optimal recovery.

The method is based on the following

Proposition 5.2. Let H be a complex Hilbert space, and let

ϕ : H → C, Φ : H → Cm

be linear continuous mappings, Φ = (F1, .., Fm). Then
a) there is bm = (bm1, .., bmm) ∈ Cm such that

ϕ(x) −
m∑

j=1

bmjFj(x) = 0, ∀x ∈ (kerΦ)⊥, (5.27)

where

ker f = {x ∈ H : f(x) = 0}, f ∈ H∗,

W⊥ = {x ∈ H : (x,y) = 0 ∀y ∈ W}, W ⊂ H,

and (., .), H∗ are the inner product and the dual of H respectively.
b) For any bm = (bm1, .., bmm) ∈ Cm satisfying (5.27) one has

‖ϕ−
m∑

j=1

bmjFj‖H∗ = sup
x∈B1(0)∩kerΦ

|ϕ(x)|

where Br(0) (r > 0) is the open ball of radius r in H centered at 0 ∈ H.

Margaril-Il’yaev and Le [ML] (see also [Le1], [Le2]) proved a theorem for
optimal recovery of functionals in general linear spaces. In the case that the
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linear space is a Hilbert space, the above proposition gives a stronger result
and moreover it has a constructive character. In fact, since the (complex)
dimensions dim (kerFj)⊥ = 1, j = 1, 2, ..,m, and since

(kerΦ)⊥ = (kerF1)⊥ + ...+ (kerFm)⊥

we have dim (kerΦ)⊥ ≤ m. Hence, in Part a) of Proposition 5.2, we can find
the quantities bm = (bm1, .., bmm) ∈ Cm by solving a finite system of linear
algebraic equations.

Proof of Proposition 5.2.

a) By the representation theorem for linear functionals in Hilbert spaces,
we can find elements φ, φ1, ..., φm in H such that

ϕ(x) = (x, φ), Fj(x) = (x, φj) (5.28)

where (., .) is the inner product in H.
From (5.28), one has x ∈ kerΦ iff

(x, φj) = 0, j = 1, 2, ..,m.

Hence

(kerΦ)⊥ =< φ1, .., φm > (5.29)

where < φ1, .., φm > is the linear space generated by {φ1, .., φm}.
Using (5.28), we can rewrite (5.27) in the formx, φ−

m∑
j=1

b̄mjφj

 = 0, ∀x ∈ (kerΦ)⊥, (5.30)

Noting that

H = kerΦ⊕ (kerΦ)⊥ (5.31)

one has
φ = φ′ + φ′′ where φ′ ∈ kerΦ, φ′′ ∈ (kerΦ)⊥.

Substituting the latter relations into (5.30), one getsx, φ′′ −
m∑

j=1

b̄mjφj

 = 0, ∀x ∈ (kerΦ)⊥. (5.32)

Hence (5.27) holds iff there is bm = (bm1, .., bmm) such that

φ′′ =
m∑

j=1

b̄mjφj . (5.33)
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Since φ′′ ∈ (kerΦ)⊥, this gives in view of (5.29)

φ′′ ∈< φ1, .., φm > .

Therefore, there are β1, .., βm such that

φ′′ =
m∑

j=1

βmjφj .

Putting
bm = (β̄m1, .., β̄mm)

one then has (5.33). This completes the proof of Part a).

b) For any y ∈ B1(0), we can, in view of (5.31), write

y = y1 + y2 y1 ∈ kerΦ, y2 ∈ (kerΦ)⊥.

Since y1, y2 are mutually orthogonal, one has

‖y‖2
H = ‖y1‖2

H + ‖y2‖2
H .

Hence
‖y1‖2

H ≤ ‖y‖2
H < 1

which gives

y1 ∈ kerΦ ∩B1(0). (5.34)

Now, one has

ϕ(y) −
m∑

j=1

bmjFj(y) =

= ϕ(y1) +

ϕ(y2) −
m∑

j=1

bmjFj(y2)

 . (5.35)

(Here we use the fact y1 ∈ kerΦ, i.e., Fj(y1) = 0, j = 1, 2, ..,m).
On the other hand, bm = (bm1, .., bmm) satisfies (5.27), and, hence

ϕ(y2) −
m∑

j=1

bmjFj(y2) = 0. (5.36)

From (5.35), (5.36), we get in view of (5.34)

|ϕ(y) −
m∑

j=1

bmjFj(y)| = |ϕ(y1)|

≤ sup
x∈kerΦ∩B1(0)

|ϕ(x)|.
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Since y is any element in B1(0), the latter inequality implies

‖ϕ−
m∑

j=1

bmjFj‖H∗ ≤ sup
x∈kerΦ∩B1(0)

|ϕ(x)|. (5.37)

Conversely, for x ∈ kerΦ ∩B1(0), one has

|ϕ(x)| = |ϕ(x) −
m∑

j=1

bmjFj(x)|

≤ ‖ϕ−
m∑

j=1

bmjFj‖H∗ .

It follows that

sup
x∈kerΦ∩B1(0)

|ϕ(x)| ≤ ‖ϕ−
m∑

j=1

bmjFj‖H∗ . (5.38)

Combining (5.37), (5.38) completes the proof of Proposition 5.2.

We shall consider the case that the Hilbert space H is the set of all
complex sequences (αk)k≥0 such that

‖(αk)‖H ≡
(

|α0|2 +
∞∑

k=1

k2|αk|2
)1/2

< ∞.

On H, we consider the linear forms

Fn(x) =
∞∑

k=0

αkz
k
n, x = (αk)k≥0, n = 1, 2, ...,

Φ = (F1, .., Fm). (5.39)

We recall that

ϕz(x) =
∞∑

k=0

αkz
k, x = (αk)k≥0 ∈ H,

where (zn) is a given sequence in U and z is a point of U .
In our newly introduced notations, the reconstruction problem (5.1) is

equivalent to one of solving an infinite system of linear algebraic equations
in infinitely many unknowns α0, α1, .., that is,

Fn(x) = µn, n = 1, 2, . . . . (5.40)

Our aim is to find an estimate of the asymptotic behavior for m → ∞ of
the quantities
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sup
x∈BC0 (0)

∣∣∣∣∣∣ϕz(x) −
m∑

j=1

bmj(z)Fj(x)

∣∣∣∣∣∣ = C0‖ϕz −
m∑

j=1

bmj(z)
∞∑

k=0

αkz
k
j ‖H∗

where b(z) = (bm1(z), .., bmm(z)) is a solution of

ϕz(x) −
m∑

j=1

bmj(z)Fj(x) = ϕz(x) −
m∑

j=1

bmj(z)
∞∑

k=0

αkz
k
j

= 0, ∀x = (αk)k≥0 ∈ (kerΦ)⊥. (5.41)

In other words, we want to estimate the degree of accuracy of finite di-
mensional approximations to equations (5.40).

In fact, we have

Theorem 5.3. Let z ∈ U , let α > 0 and (zj) ⊂ U satisfy

zk �= zj ∀k �= j, |zj | ≤ α ≤ 1/16, k, j = 1, 2, . . . .

Then for C0 > 0, we have

sup
x∈BC0 (0)

∣∣∣∣∣∣ϕz(x) −
m∑

j=1

bmj(z)
∞∑

k=0

αkz
k
j

∣∣∣∣∣∣ ≤

≤ 4C0

1 − |z| max
{

1
7.2m/2 ,

2
m

}
, ∀z ∈ U,

provided bm(z) = (bm1(z), .., bmm(z)) satisfies (5.41) and x = (αk)k≥0 ∈
BC0(0).

If u ∈ H2(U), u′ ∈ H2(U) and

u(zj) = µj , j = 1, 2, ...,

then the following holds∣∣∣∣∣∣u(z) −
m∑

j=1

bmj(z)µj

∣∣∣∣∣∣ ≤ 4C ′
0

1 − |z| max
{

1
7.2m/2 ,

2
m

}
, ∀z ∈ U,

where
C ′

0 = ‖u‖H2(U) + ‖u′‖H2(U).

Moreover, if K is a compact subset of U then

sup
z∈K

∣∣∣∣∣∣u(z) −
m∑

j=1

bmj(z)µj

∣∣∣∣∣∣ ≤ 4C ′
0

dist (K, ∂U)
max

{
1

7.2m/2 ,
2
m

}
.

Proof. For the proof, we shall apply Proposition 5.2. It is therefore suf-
ficient to give an estimate of
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sup
x∈B1(0)∩kerΦ

|ϕz(x)|

where Φ = (F1, .., Fm) as in (5.39).
From the definition, one has

ϕz(x) =
∞∑

k=0

αkz
k, x = (αk)k≥0.

Hence

|ϕz(x)| ≤ sup
k

|αk|
∞∑

k=0

|z|k =
supk |αk|
1 − |z| . (5.42)

We claim that

|αk| ≤ 4 max
{

1
7.2m/2 ,

2
m

}
, ∀k = 0, 1, ...,

where x = (αk)k≥0 ∈ B1(0) ∩ kerΦ. If the latter inequalities hold, then, in
view of (5.42), the proof of the theorem will have been completed.

Now, we estimate |αk|. In fact, x = (αk)k≥0 is in kerΦ iff the following
system of m linear equations is satisfied

α0 + α1z1+ ... +αm−1z
m−1
1 = −∑∞

n=0 αm+nz
m+n
1 ≡ ψm1

...
...

...
...

α0 + α1zm+ ... +αm−1z
m−1
m = −∑∞

n=0 αm+nz
m+n
m ≡ ψmm

(5.43)

Using Cramer’s rule, we can in view of (5.43) write

αk = D−1
m (ξ)

∣∣∣∣∣∣∣
1 . . . zk−1

1 ψm1 zk+1
1 . . . zm−1

1
...

...
...

...
...

1 . . . zk−1
m ψmm zk+1

m . . . zm−1
m

∣∣∣∣∣∣∣
where k = 0, 1, ..,m − 1 and Dm(ξ) is the Vandermonde determinant as a
function of ξ = (z1, .., zm), i.e.,

Dm(ξ) =

∣∣∣∣∣∣∣∣∣
1 z1 z2

1 . . . zm−1
1

1 z2 z2
2 . . . zm−1

2
...

...
...

...
1 zm z2

m . . . zm−1
m

∣∣∣∣∣∣∣∣∣ (5.44)

From (5.43), (5.44) one has

αk = −
∞∑

l=0

αm+lDm(l, k, ξ)D−1
m (ξ) (5.45)

where
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Dm(l, k, ξ) =

∣∣∣∣∣∣∣∣∣
1 z1 . . . zk−1

1 zm+l
1 zk+1

1 . . . zm−1
1

1 z2 . . . zk−1
2 zm+l

2 zk+1
2 . . . zm−1

2
...

...
...

...
...

...
1 zm . . . zk−1

m zm+l
m zk+1

m . . . zm−1
m

∣∣∣∣∣∣∣∣∣
l = 0, 1, 2, .., k = 0, 1, ..,m− 1.

We claim that Dm(l, k, ξ)D−1
m (ξ) is a homogeneous polynomial in ξ =

(z1, z2, .., zm). We first set some notations. For m,M = 1, 2, .., k = 1, 2, ..,m−
1, β = (β1, .., βm), ξ = (z1, z2, .., zm), we put

|β| = β1 + ...+ βm, ξβ = zβ1
1 ..zβm

m ,

and

A(m,M) = {β = (β1, .., βm) ∈ (Z+)m : |β| = M},
B(m,M, k) = {β ∈ A(m,M) : there are i1, .., im−k

in 1,m such that βij ≥ 1, j = 1, 2, ..,m− k}

where Z+ = {0, 1, 2, ..}. Now we prove that

Dm(l, k, ξ)D−1
m (ξ) =

∑
β∈B(m,l+m−k,k)

Cβ,l,kξ
β (5.46)

where the coefficients Cβ,l,k satisfy

|Cβ,l,k| ≤
(
m

k

)
. (5.47)

We prove (5.46), (5.47) by induction on m.
Let m = 2. Then ξ = (z1, z2), k = 0 or k = 1.
If k = 0, we have

Dm(l, 0, ξ)D−1
m (ξ) = −z1z2

l∑
j=0

zl−j
1 zj

2

= −
l∑

j=0

zl−j+1
1 zj+1

2 .

Since
(l − j + 1, j + 1) ∈ B(2, l + 2 − 0, 0), j ∈ 0, l,

we infer that (5.46), (5.47) hold for m = 2, k = 0.
Now, for k = 1, we have

Dm(l, 1, ξ)D−1
m (ξ) =

l+1∑
j=0

zl−j+1
1 zj

2.

Since
(l − j + 1, j) ∈ B(2, l + 2 − 1, 1), j ∈ 0, l + 1,
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we infer that (5.46), (5.47) hold in this case.
Now, assuming that (5.46), (5.47) hold for m = s (s ≥ 2) we shall prove

that it also holds for m = s+ 1.
For ξ = (z1, .., zs+1) we put t = (t2, .., ts+1) with

tj = zjz
−1
1 , j = 2, 3, .., s+ 1.

We can write

Ds+1(l, k, ξ) = z
s(s+1)

2 +s+l+1−k
1 ×

×

∣∣∣∣∣∣∣∣∣
1 1 . . . 1 1 1 . . . 1
1 t2 . . . tk−1

2 ts+l+1
2 tk+1

2 . . . ts2
...

...
...

...
...

...
1 ts+1 . . . t

k−1
s+1 t

s+l+1
s+1 tk+1

s+1 . . . t
s
s+1

∣∣∣∣∣∣∣∣∣
= z

s(s+1)
2 +s+l+1−k

1 ×

×

∣∣∣∣∣∣∣∣∣
1 1 . . . 1 1 1 . . . 1
0 t2 − 1 . . . tk−1

2 − 1 ts+l+1
2 − 1 tk+1

2 − 1 . . . ts2 − 1
...

...
...

...
...

...
0 ts+1 − 1 . . . tk−1

s+1 − 1 ts+l+1
s+1 − 1 tk+1

s+1 − 1 . . . tss+1 − 1

∣∣∣∣∣∣∣∣∣
After some standard computations, we get

Ds+1(l, k, ξ) =

= z
s(s+1)

2 +s+l+1−k
1

s+1∏
j=2

(tj − 1) ×

×

∣∣∣∣∣∣∣∣
1 t2 . . . tk−2

2
∑l

j=0 t
s+j
2 tk−1

2 + tk2 tk+1
2 . . . ts−1

2
...

...
...

...
...

...
...

1 ts+1 . . . t
k−2
s+1

∑l
j=0 t

s+j
s+1 t

k−1
s+1 + tks+1 t

k+1
s+1 . . . t

s−1
s+1

∣∣∣∣∣∣∣∣
= z

s(s+1)
2 +s+l+1−k

1

s+1∏
j=2

(tj − 1) ×

×
l∑

j=0

(−Ds(j, k, t) +Ds(j, k − 1, t))

= z
s(s+1)

2 +s+l+1−k
1

s+1∏
j=2

(tj − 1) ×

× (Ds(t)
{
Ds(l, k − 1, t)D−1

s (t) −Ds(0, k, t)D−1
s (t)

}
+ Ds(t)

l−1∑
j=0

(Ds(j, k − 1, t) −Ds(j + 1, k, t))D−1
s (t))

for 3 ≤ k ≤ s− 1. (5.48)

We have
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Ds(t)z
s(s+1)

2
1

s+1∏
j=2

(tj − 1) = Ds+1(ξ).

Hence, relation (5.48) gives

Ds+1(l, k, ξ)D−1
s+1(ξ) = zs+l+1−k

1 ×
× (

{
Ds(l, k − 1, t)D−1

s (t) −Ds(0, k, t)D−1
s (t)

}
+

+
l−1∑
j=0

(Ds(j, k − 1, t) −Ds(j + 1, k, t))D−1
s (t))

for 3 ≤ k ≤ s− 1. (5.49)

Since (5.46), (5.47) hold for m = s we get in view of (5.49) and the relation

B(s, j + s+ 1 − k, k − 1) ⊂ B(s, j + s+ 1 − k, k)

that

Ds+1(l, k, ξ)D−1
s+1(ξ) = zs+l+1−k

1 ×

×
 ∑

β̃∈B(s,s+l+1−k,k−1)

Cβ̃,l,k−1t
β̃+

+
l−1∑
j=0

 ∑
β̃∈B(s,s+j+1−k,k)

(Cβ̃,j,k−1 − Cβ̃,j+1,k)tβ̃

 +

+
∑

β̃∈B(s,s−k,k)

Cβ̃,0,kt
β̃

 (5.50)

where 3 ≤ k ≤ s− 1 and

|Cβ̃,j,k−1| ≤
(

s

k − 1

)
, j = 0, 1, .., l − 1, (5.51)

|Cβ̃,j,k| ≤
(
s

k

)
, j = 0, 1, .., l. (5.52)

Recall that t = (t2, .., ts+1) = z−1
1 (z2, .., zs+1). Thus, relation (5.24) implies

Ds+1(l, k, ξ)D−1
s+1(ξ) =

=
∑

β̃∈B(s,s+l+1−k,k−1)

Cβ̃,l,k−1ξ
(0,β̃) +

+
l−1∑
j=0

 ∑
β̃∈B(s,s+j+1−k,k)

(Cβ̃,j,k−1 − Cβ̃,j+1,k)ξ(l−j,β̃)

 +

+
∑

β̃∈B(s,s−k,k)

Cβ̃,0,kξ
(l+1,β̃). (5.53)
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In view of (5.51), (5.52) and the identity(
s

k − 1

)
+

(
s

k

)
=

(
s+ 1
k

)
it follows that all the coefficients of Ds+1(l, k, ξ)D−1

s+1(ξ) satisfy (5.47) for
m = s+ 1, 3 ≤ k ≤ s− 1. On the other hand, we have

(0, β̃) ∈ B(s+ 1, s+ l + 1 − k, k) for

β̃ ∈ B(s, s+ l + 1 − k, k − 1), (5.54)

(l − j, β̃) ∈ B(s, s+ l + 1 − k, k) for

j ∈ 0, l − 1, β̃ ∈ B(s, s+ j + 1 − k, k), (5.55)

(l + 1, β̃) ∈ B(s+ 1, s+ l + 1 − k, k) for

β̃ ∈ B(s, s− k, k). (5.56)

In view of (5.54)-(5.56), the relation (5.46) holds for m = s+1, 0 ≤ k ≤ s−1.
Similarly as for (5.48), we shall get expansions for Ds+1(l, j, ξ) D−1

s+1(ξ)
(j = 0, 1, 2), Ds+1(l, s, ξ)D−1

s+1(ξ). In fact, these expansions are simpler than
(5.48). Similarly as for the case 3 ≤ k ≤ s − 1 we also get (5.46), (5.47) for
k = 0, 1, 2 and k = s. Hence, (5.46), (5.47) hold for m = s+ 1, 0 ≤ k ≤ s.

By the induction principle, (5.46), (5.47) hold for every m ≥ 2.
We now turn to relation (5.45). Using (5.46), (5.47), one gets

|αk| ≤
∞∑

l=0

|αm+l|Ck
mα

m+l−kcardB(m, l +m− k, k),

k = 1, 2, ..,m, (5.57)

where cardB(m, l+m− k, k) is the number of the elements of B(m, l+m−
k, k). We propose to derive an estimate of this number. We claim that

cardB(m, l +m− k, k) ≤
(
m

k

)(
l +m− 1
m− 1

)
. (5.58)

Put

A1(m, k) = {β = (β1, .., βm) : there are i1, 12, .., im−k

in 1,m such that βij
= 1 ∀j = 1,m− k

and βi = 0 if i ∈ {i1, .., im−k}}.
Consider the mapping

Ψ : A(m, l) ×A1(m, k) −→ B(m, l +m− k, k),

Ψ(β, γ) = β + γ, (β, γ) ∈ A(m, l) ×A1(m, k).

We prove that Ψ is surjective. Letting ζ = (ζ1, .., ζm) be in B(m, l+m−
k, k), one has |ζ| = m+ l − k and there are i1, .., im−k such that

ζij
≥ 1, j = 1, 2, ..,m− k.
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Put

γ = (0, .., 0, 1︸︷︷︸
i1−th

, 0, .., 0, 1︸︷︷︸
ij−th

, 0, .., 0, 1︸︷︷︸
im−k−th

, 0, .., 0) ∈ A1(m, k).

and
β = ζ − γ.

Then β ∈ A(m, l). Moreover, Ψ(β, γ) = ζ. Hence Ψ is surjective. Thus we
have

cardB(m,m+ l − k, k) ≤ cardA(m, l).cardA1(m, k). (5.59)

The number of the elements of A1(m, k) is the number of (m − k)-element
subsets of an n-element set. Hence

cardA1(m, k) =
(
m

k

)
. (5.60)

The number of the elements of A(m, l) is the number of solutions of the
equation

β1 + ..+ βm = l, βi ∈ 0, l, i = 1, 2, ..,m.

We know that the number of solutions of this equation is
(
m+l−1
m−1

)
(see, e.g.,

[Di], chap. 3, page 114). Hence

cardA(m, l) =
(
m+ l − 1
m− 1

)
. (5.61)

Combining (5.59)-(5.61) gives (5.58). Substituting (5.58) into (5.57) we get

|αk| ≤
∞∑

l=0

|αm+l|
(
m

k

)2(
m+ l − 1
m− 1

)
αm+l−k. (5.62)

In view of the inequalities(
m

k

)
≤ 2m,

(
m+ l − 1
m− 1

)
≤ 2m+l−1,

inequality (5.62) gives

|αk| ≤
∞∑

l=0

|αm+l|23m+l−1αm+l−k, 0 ≤ k ≤ m− 1. (5.63)

Since x = (αk)k≥0 ∈ B1(0), one has

|α0|2 +
∞∑

k=1

k2|αk|2 ≤ 1. (5.64)

In view of (5.64), the inequality (5.63) for 0 < α ≤ 1/16 implies
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|αk| ≤
∞∑

l=0

23m+l−1.2−4m−4l+4k

=
∞∑

l=0

2−3l−m−1+4k

= 2−m−1+4k 1
1 − 1/8

=
4
7
2−m+4k, ∀x = (αk)k≥0 ∈ B1(0) ∩ kerΦ.

Hence, for 0 ≤ k ≤ m/8 one has

|αk| ≤ 4
7
2−m/2, ∀x = (αk)k≥0 ∈ B1(0) ∩ kerΦ. (5.65)

From (5.64), one has

|αk| ≤ k−1, k = 1, 2, ..,∀x = (αk)k≥0 ∈ B1(0).

Hence, if k ≥ m/8 then

|αk| ≤ 8/m, ∀x = (αk)k≥0 ∈ B1(0). (5.66)

It follows from (5.65), (5.66) that

|αk| ≤ max
{

4
7
2−m/2,

8
m

}
, ∀x = (αk)k≥0 ∈ B1(0) ∩ kerΦ. (5.67)

Finally, we estimate
sup

x∈B1(0)∩kerΦ

|ϕz(x)|.

By the definition, one has

ϕz(x) =
∞∑

k=0

αkz
k.

Hence

|ϕz(x)| ≤ sup
k

|αk|
∞∑

k=0

|z|k =
supk |αk|
1 − |z| . (5.68)

If x ∈ B1(0) ∩ kerΦ, then (5.67) holds.
From (5.67), (5.68), we get

sup
x∈B1(0)∩kerΦ

|ϕz(x)| ≤ 4
1 − |z| max

{
1

7.2m/2 ,
2
m

}
.

By Proposition 5.2, the latter inequality implies
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sup
x∈BC0 (0)

∣∣∣∣∣∣ϕz(x) −
m∑

j=1

bj

∞∑
k=0

αkz
k
j

∣∣∣∣∣∣ = C0 sup
x∈B1(0)∩kerΦ

|ϕz(x)|

≤ 4C0

1 − |z| max
{

1
7.2m/2 ,

2
m

}
, ∀z ∈ U.

This is the first inequality in Theorem 5.3. Now, for u ∈ H2(U) satisfying
u′ ∈ H2(U), the function u can be represented by the series

u(z) =
∞∑

k=0

akz
k

with ∞∑
k=0

|ak|2 +
∞∑

k=0

k2|ak|2 = ‖u‖2
H2 + ‖u′‖2

H2 < ∞.

Hence x0 ≡ (ak)k≥0 ∈ BC0(0) with

C0 ≡ C ′
0 = ‖u‖H2 + ‖u′‖H2 .

( Here, we recall,

BC0(0) =

(αk)k≥0 :

(
|α0|2 +

∞∑
k=1

k2|αk|2
)1/2

≤ C0

)

We also have

ϕz(x0) =
∞∑

k=0

akz
k = u(z), (5.69)

∞∑
k=0

akz
k
j = u(zj) = µj . (5.70)

Hence ∣∣∣∣∣∣u(z) −
m∑

j=1

bmj(z)µj

∣∣∣∣∣∣ =

∣∣∣∣∣∣ϕz(x0) −
m∑

j=1

bmj(z)µj

∣∣∣∣∣∣
≤ sup

x∈BC0 (0)

∣∣∣∣∣∣ϕz(x) −
m∑

j=1

bmj(z)
∞∑

k=0

αkz
k
j

∣∣∣∣∣∣ . (5.71)

From (5.68), (5.71), we obtain∣∣∣∣∣∣u(z) −
m∑

j=1

bmj(z)µj

∣∣∣∣∣∣ ≤ 4C ′
0

1 − |z| max
{

1
7.2m/2 ,

2
m

}
. (5.72)



120 5 Analytic functions: reconstruction and Sinc approximations

Now, if z ∈ K (a compact subset of U) then

1
1 − |z| ≤ 1

dist (K, ∂U)
. (5.73)

From (5.72), (5.73) we get∣∣∣∣∣∣u(z) −
m∑

j=1

bmj(z)µj

∣∣∣∣∣∣ ≤ 4C ′
0

dist (K, ∂U)
max

{
1

7.2m/2 ,
2
m

}
, ∀z ∈ K.

Hence

sup
z∈K

∣∣∣∣∣∣u(z) −
m∑

j=1

bmj(z)µj

∣∣∣∣∣∣ ≤ 4C ′
0

dist (K, ∂U)
max

{
1

7.2m/2 ,
2
m

}
.

This completes the proof of Theorem 5.3.

5.3 Cardinal series representation and approximation:
reformulation of moment problems

In this section, we derive some theorems on cardinal series representation
and approximation by cardinal series. Although these results of independent
interest, their derivation has been motivated by the problem of reformulation
of moment problems as infinite systems of linear equations or approximation
of moment problems by infinite systems of linear equations.

We commence with a cardinal series representation theorem for functions
in L2(R2) the Fourier transforms of which have compact supports. A one-
dimensional version was proved in [St] (see Theorem 5.5 below). For the
two-dimensional case, we follow the approach of [St] (loc. cit.). An illustra-
tion is given of the application to the reformulation of a moment problem
on R as an infinite system of linear algebraic equations in infinitely many
unknowns. The section closes with two Sinc approximation theorems on R
and R2 respectively. These approximation theorems are, to our knowledge,
new.

5.3.1 Two-dimensional Sinc theory

Let f be a function in L2(R2). Define the Fourier transform of f by

f̂(s, t) =
∫ ∞

−∞

∫ ∞

−∞
f(x, y)eixs+iytdxdy. (5.74)

Suppose the support of f̂ is compact,

supp f̂ ⊂ [−π/h, π/h] × [−π/k, π/k].
We propose to represent f by a double series of Sinc functions, analogous

to the one-dimensional case.
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Putting
F (s, t) = f̂(s, t)

we have by the inversion formula

f(x, y) =
1

(2π)2

∫ π/h

−π/h

∫ π/k

−π/k

F (s, t)e−isx−itydsdt. (5.75)

Now, we have

F (s, t) ∼
∑
m,n

cmne
imhs+inkt (5.76)

where

cmn =
hk

(2π)2

∫ π/h

−π/h

∫ π/k

−π/k

F (s, t)e−imhs−inktdsdt

= hkf(mh, nk). (5.77)

Letting |m| ≤ |n| in the double Fourier series (5.76), we have from (5.76)

F (s, t) = hk

∞∑
n=−∞

∑
|m|≤|n|

f(mh, nk)eimhs+inkt, (5.78)

that is,

F (s, t) = hk
∞∑

n=−∞

∑
|m|≤|n|

f(mh, nk)eimhs+inkt

for (s, t) ∈ [−π/h, π/h] × [−π/k, π/k],
= 0 for (s, t) �∈ [−π/h, π/h] × [−π/k, π/k], (5.79)

where the Fourier series in (5.76) converges in L2(R2) (and also a.e.).
As in [St], p. 91, we define

S(p, d)(z) =
sin[π(z − pd)/d]
π(z − pd)/d

, p ∈ Z, d > 0. (5.80)

Substituting the right hand side of (5.79) into the right hand side of (5.75)
and integrating termwise, we get

f(x, y) =
∞∑

n=−∞

∑
|m|≤|n|

f(mh, nk)S(m,h)(x)S(n, k)(y). (5.81)

In the derivation of (5.81), we have used the relation

1
2π

∫ π/d

−π/d

deipdt−iztdt = S(p, d)(z), p ∈ Z, d > 0. (5.82)
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The normalized Sinc functions h−1/2S(m,h)(x)k−1/2S(n, k)(y) form a com-
plete orthonormal sequence in L2(R2). Indeed, we have∫

R2
S(m,h)(x)S(n, k)(y)S(l, h)(x)S(j, k)(y)dxdy =

=
h2k2

(2π)2

∫ π/h

−π/h

∫ π/k

−π/k

ei(m−l)ht+i(n−j)kxdtdx

=
{
hk if m = l, n = j,
0 otherwise.

Summarizing, we have

Theorem 5.4. Let h, k > 0. The family {ϕmn} where

ϕmn(x, y) = h−1/2k−1/2S(m,h)(x)S(n, k)(y)

is a complete orthonormal sequence in the space W (π
h ,

π
k ) of L2(R2)-functions,

the Fourier transforms of which have supports contained in [−π/h, π/h] ×
[−π/k, π/k] .

In the one-dimensional case, we have

Theorem 5.5. Let h > 0. Then the family of functions {h−1/2S(n, h)} is
a complete orthonormal function in the space W (π

h ) of L2(R)-functions, the
Fourier transforms of which have supports contained in [−π/h, π/h].

Consider now the moment problem∫
R
u(x)gk(x)dx = µk, k = 1, 2, ..., (5.83)

where (gk) is a given sequence of functions in W (π/h).
Assuming u ∈ W (π/h), we expand u(x) and each gk(x) into cardinal

series

u(x) =
∑
n∈Z

xnS(n, h)(x),

gk(x) =
∑
n∈Z

ankS(n, h)(x).

Using the orthonormality of the h−1/2S(n, h)’s, we arrive at an infinite set
of linear equations in infinitely many unknowns∑

n∈Z

ankxn = µk, k = 1, 2, ... (5.84)

This is, in general, an ill-posed problem. A regularization of (5.84) can
be achieved by using methods presented in previous chapters. Note that a
moment problem on R2 can, under appropriate hypotheses, be reduced, using
two-dimensional cardinal series representations, to a linear system of infinitely
many equations for which regularization methods of the previous chapters can
be applied. We do not go into details.
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5.3.2 Approximation theorems

We close this chapter with two approximation theorems that will be useful
in our regularization of various problems in subsequent chapters. Let f be
a function in L2(R) such that for a positive number h, f(x) is known at
equidistant points x = nh, n ∈ Z. We propose to approximate f by a function
in W (π

h ), the space introduced in Theorem 5.5. We note first that f has to
be (at least) continuous in order for f(nh) to be defined. We need other
conditions on f , namely

(1 + ω2)j f̂ ∈ L2(R) ∩ L∞(R), , (5.85)

f̂ ′exists and

(1 + ω2)j f̂ ′ ∈ L2(R), . (5.86)

where j ≥ 1 is an integer.
We put

f̃ =
∑
n∈Z

f(nh)S(n, h)(x). (5.87)

We claim that if f satisfies (5.85), (5.86), then this series converges in L2(R).
In fact, integrating by parts we have

f(x) =
1
2π

∫ ∞

−∞
f̂(ω)e−ixωdω

=
1
2π

∫ ∞

−∞

f̂ ′(ω)e−iωx

ix
dω.

Hence

|f(nh)| ≤ 1
2π

∫ ∞

−∞

|f̂ ′(ω)|
|n|h dω

≤ 1
2π|n|h

∫ ∞

−∞
(1 + ω2)−1/2(1 + ω2)1/2|f̂ ′(ω)|dω

≤ 1
2π|n|h

(∫ ∞

−∞
(1 + ω2)−1dω

)1/2

×

×
(∫ ∞

−∞
(1 + ω2)|f̂ ′(ω)|2dω

)1/2

≤ 1
2
√
π|n|h‖(1 + ω2)1/2f̂ ′‖L2(R). (5.88)

By (5.88), (f(nh))n∈Z ∈ l2(Z) where

l2(Z) =

{
(αn)n∈Z :

∑
n∈Z

|αn|2 < ∞
}
.
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Hence the series in (5.87) converges in L2(R).

Theorem 5.6. Let h ∈ (0, 1) and let j ≥ 1 be an integer. Suppose that f
satisfies (5.85), (5.86). Then there exists a C depending only on f, j such
that

‖f − f̃‖L2(R) ≤ Ch2j−1

where f̃ is defined in (5.87).

Proof.

Put

fh(x) =
1
2π

∫ π/h

−π/h

f̂(ω)e−iωxdω. (5.89)

Then

f̂h(ω) =
{
f̂(ω), ω ∈ (−π/h, π/h),
0, ω �∈ (−π/h, π/h).

i.e. fh ∈ W (π/h). We also note that

f(x) =
1
2π

∫ ∞

−∞
f̂(ω)e−iωxdω. (5.90)

We have in view of (5.89), (5.90)

‖f − fh‖2
L2(R) =

1
2π

‖f̂ − f̂h‖2
L2(R)

=
1
2π

∫
|ω|>π/h

|f̂(ω)|2dω.

Using (5.85) one has

‖f − fh‖L2(R) =
1√
2π

(∫
|ω|>π/h

(1 + ω2)−2j [(1 + ω2)j |f̂(ω)|]2dω
)1/2

≤ h2j

√
2π2j+1/2

‖(1 + ω2)j |f̂ | ‖L2(R). (5.91)

On the other hand, since fh ∈ W (π
h ), we can expand fh in a cardinal

series

fh(x) =
∑
n∈Z

fh(nh)S(n, h)(x). (5.92)

Hence (5.87), (5.92) give:

f̃(x) − fh(x) =
∑
n∈Z

(f(nh) − fh(nh))S(n, h)(x).

By the orthonormality of {h−1/2S(n, h)} in L2(R), this equality gives
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‖f̃ − fh‖2
L2(R) = h

∑
n∈Z

|f(nh) − fh(nh)|2. (5.93)

But we have in view of (5.90), (5.89)

f(nh) − fh(nh) =
1
2π

∫
|w|>π/h

f̂(ω)e−inhωdω.

Integrating here by parts the right hand side gives

|f(nh) − fh(nh)| ≤ 1
2πh|n|

(
|f̂(−π/h)| + |f̂(π/h)|

)
+

1
2πh|n|

∣∣∣∣∣
∫

|w|>π/h

f̂ ′(ω)e−inhωdω

∣∣∣∣∣ . (5.94)

In view of (5.85), this gives

1
2πh|n|

(
|f̂(−π/h)| + |f̂(π/h)|

)
≤ Ch2j−1

|n| (5.95)

where C is a generic constant depending only on f, j.
For the third term of the right hand side of (5.94) we have

1
2πh|n|

∣∣∣∣∣
∫

|w|>π/h

f̂(ω)e−inhωdω

∣∣∣∣∣ ≤

≤ 1
2πh|n|

∫
|w|>π/h

(1 + ω2)−j(1 + ω2)j |f̂ ′(ω)|dω

≤ 1
2πh|n|

(∫
|w|>π/h

(1 + ω2)−2jdω

)1/2

‖(1 + ω2)j f̂ ′(ω)‖L2(R).

Hence

1
2πh|n|

∣∣∣∣∣
∫

|w|>π/h

f̂(ω)e−inhωdω

∣∣∣∣∣ ≤

≤ C

|n|h

(
2
∫ ∞

π/h

ω−4jdω

)1/2

≤ C ′h2j−3/2

|n| . (5.96)

where C ′ is also a generic constant depending only on f, j.
Combining (5.94)-(5.96) gives

|f(nh) − fh(nh)| ≤ Ch2j−3/2

|n| . (5.97)

Using (5.97), the equality (5.93) implies
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‖f̃ − fh‖2
L2(R) ≤ 2hC(h2j−3/2)2

∞∑
n=1

1
n2

≤ C ′h4j−2. (5.98)

From (5.91), (5.98) one has

‖f̃ − f‖L2(R) ≤ ‖f − fh‖L2(R) + ‖f̃ − fh‖L2(R)

≤ C(h2j + h2j−1)

≤ C ′h2j−1

where C ′ is a constant independent from h. This completes the proof of
Theorem 5.6.

Now, we consider the problem of approximating a function g : R2 → R
satisfying

g(mh, nk) = µmn, m, n = 0,±1,±2, ... (5.99)

As in the one-dimensional case, we shall approximate g by functions in
W (π

h ,
π
h ). We assume g ∈ C(R2) and

(1 + ω2 + η2)j ĝ ∈ L2(R2) ∩ L∞(R2), (5.100)

(1 + ω2 + η2)j ∂ĝ

∂η
(ω, .) ∈ L∞(R, L2(R)), (5.101)

(1 + ω2 + η2)j ∂ĝ

∂ω
(., η) ∈ L∞(R, L2(R)), (5.102)

(1 + ω2 + η2)j ∂2ĝ

∂ω∂η
∈ L2(R2), (5.103)

where j ≥ 2 is an integer.

Theorem 5.7. Let j = 2, 3, ..., h ∈ (0, 1) and let g satisfy (5.100)-(5.103).
Then there exists C > 0 depending only on j and g such that

‖g − g̃‖L2(R2) ≤ Chj−3/2

where

g̃(x, y) =
∞∑

m,n=−∞
µmnS(m,h)(x)S(n, h)(y). (5.104)

Proof
Put

gh =
1

(2π)2

∫ π/h

−π/h

∫ π/h

−π/h

ĝ(ω, η)e−ixω−iyηdωdη. (5.105)

Then
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ĝh(ω, η) =
{
ĝ(ω, η), (ω, η) ∈ [−π/h, π/h] × [−π/h, π/h],
0, (ω, η) �∈ [−π/h, π/h] × [−π/h, π/h],

i.e., gh ∈ W (π/h, π/h). We therefore have

‖ĝ − ĝh‖2
L2(R2)

≤
∫

|w|>π/h

∫
R

|ĝ(ω, η)|2dηdω +
∫
R

∫
|η|>π/h

|ĝ(ω, η)|2dηdω

≤
∫

|w|>π/h

∫
R

(1 + ω2 + η2)−2j(1 + ω2 + η2)2j |ĝ(ω, η)|2dηdω +

+
∫
R

∫
|η|>π/h

(1 + ω2 + η2)−2j(1 + ω2 + η2)2j |ĝ(ω, η)|2dωdη

≤ 2
(π
h

)−4j
∫
R2

(1 + ω2 + η2)2j |ĝ(ω, η)|2dωdη.

In view of (5.100), the latter inequality gives

‖ĝ − ĝh‖L2(R2) ≤ Ch2j . (5.106)

From (5.82), one has

gh(x, y) =
∞∑

−∞

∑
|m|≤|n|

gh(mh, nh)S(m,h)(x)S(n, h)(y). (5.107)

Subtracting (5.104) from (5.107), we get

gh(x, y) − g̃(x, y) =
∞∑

n=−∞

∑
|m|≤|n|

(gh(mh, nh) − µmn) ×

×S(m,h)(x)S(n, h)(y).

Hence, by the orthonormality of {h−1/2S(m,h)(x)h−1/2S(n, h)(y)}m,n,

‖gh − g̃‖2 ≤ h2
∞∑

m,n=0

|gh(mh, nh) − g(mh, nh)|2. (5.108)

Now we have by (5.105)

gh(mh, nh) =
1

(2π)2

∫ π/h

−π/h

∫ π/h

−π/h

ĝ(ω, η)e−imhω−inkηdωdη.

On the other hand

g(mh, nh) =
1

(2π)2

∫
R2
ĝ(ω, η)e−imhω−inhηdωdη.

Hence
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gh(mh, nh) − g(mh, nh) =

=
1

(2π)2

(∫
|ω|<π/h

∫
|η|>π/h

+
∫

|ω|>π/h

∫
R

)
ĝ(ω, η)e−imhω−inhηdηdω. (5.109)

Now, integrating by parts we find∣∣∣∣∣
∫

|ω|<π/h

∫
|η|>π/h

ĝ(ω, η)e−imhω−inkηdωdη

∣∣∣∣∣ ≤

≤ 1
|mn|h2

(
|ĝ(π

h
,
π

h
)| + |ĝ(π

h
,−π

h
)|

+|ĝ(−π

h
,
π

h
)| + |ĝ(−π

h
,−π

h
)| +

+
∫

|η|>π/h

(∣∣∣∣∂ĝ∂η (π/h, η)
∣∣∣∣ +

∣∣∣∣∂ĝ∂η (−π/h, η)
∣∣∣∣) dη +

+
∫

|ω|<π/h

(∣∣∣∣ ∂ĝ∂ω (ω, π/h)
∣∣∣∣ +

∣∣∣∣ ∂ĝ∂ω (ω,−π/h)
∣∣∣∣) dω +

+
∫

|ω|<π/h

∫
|η|>π/h

∣∣∣∣ ∂2ĝ

∂ω∂η
(ω, η)

∣∣∣∣ dηdω
)
. (5.110)

From (5.100), one gets

|ĝ(±π/h,±π/h)| ≤ C
(
1 + (π/h)2 + (π/h)2

)−j

≤ C ′h2j . (5.111)

From (5.101), it follows that∫
|η|>π/h

∣∣∣∣∂ĝ∂η (±π/h, η)
∣∣∣∣ dη =

=
∫

|η|>π/h

(
1 + (π/h)2 + η2)−j (

1 + (π/h)2 + η2)j
∣∣∣∣∂ĝ∂η (±π/h, η)

∣∣∣∣ dη
≤

(∫
|η|>π/h

(
1 + (π/h)2 + η2)−2j

dη

)1/2

×

×‖ (1 + (π/h)2 + η2)j ∂ĝ

∂η
(±π/h, .)‖L2(R2)

≤ C

(∫ ∞

−∞

(
(π/h)2 + η2)−2j

dη

)1/2

= C

(
h4j−1

π4j−1

∫ ∞

−∞
(1 + η1)−2jdη1

)1/2

≤ C ′h2j−1/2 (5.112)



5.3 Cardinal series representation and approximation 129

where η1 = hη/π.
From (5.102), the same estimates as for (5.112) give∫

|ω|<π/h

∣∣∣∣ ∂ĝ∂ω (ω,−π/h)
∣∣∣∣ dω ≤ Ch2j−1/2. (5.113)

Now, from (5.103) we have∫
|ω|<π/h

∫
|η|>π/h

∣∣∣∣ ∂2ĝ

∂ω∂η
(ω, η)

∣∣∣∣ dηdω =

=
∫

|ω|<π/h

∫
|η|>π/h

(
1 + ω2 + η2)−j (

1 + ω2 + η2)j
∣∣∣∣ ∂2ĝ

∂ω∂η
(ω, η)

∣∣∣∣ dηdω
≤

(∫
|ω|<π/h

∫
|η|>π/h

(
1 + ω2 + η2)−2j

)1/2

‖ (1 + ω2 + η2)j ∂2ĝ

∂ω∂η
‖L2(R2)

≤
(∫

|η|>π/h

(η2)−jdη

∫
R

(1 + ω2)−jdω

)1/2

≤ C ′hj−1/2. (5.114)

From (5.110)-(5.114), it follows that∣∣∣∣∣
∫

|ω|<π/h

∫
|η|>π/h

ĝ(ω, η)e−imhω−inhηdηdω

∣∣∣∣∣ ≤ Chj−5/2

|mn| . (5.115)

Similarly, one has∣∣∣∣∣
∫

|ω|>π/h

∫
R
ĝ(ω, η)e−imhω−inhηdηdω

∣∣∣∣∣ ≤ Chj−5/2

|mn| . (5.116)

From (5.115), (5.116) we get in view of (5.109)

|g(mh, nh) − gh(mh, nh)|2 ≤ Chj−5/2

|mn| .

By this inequality, the equation (5.108) implies

‖gh − g̃‖2
L2(R2) ≤ Ch2.h2j−5

(∑
n∈Z

1
n2

)(∑
m∈Z

1
m2

)
≤ C ′h2j−3. (5.117)

Now, we have

‖g − g̃‖L2(R2) ≤ ‖g − gh‖L2(R2) + ‖gh − g̃‖L2(R2)

≤ 1
2π

‖ĝ − ĝh‖L2(R2) + ‖gh − g̃‖L2(R2).
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Hence, using (5.115), (5.117), we get

‖g − g̃‖L2(R2) ≤ C(h2j + hj−3/2)

≤ C ′hj−3/2.

This completes the proof of Theorem 5.7.



6 Regularization of some inverse problems in
potential theory

In this chapter, we shall discuss the following topics
- Cauchy’s problem for the Laplace equation ,
- Determination of surface temperature from borehole measurements (the

steady case).
Specifically, we will treat three problems numbered 1 to 3, the first two

being formulated in Section 6.2, the third in Section 6.3.
All the problems considered here are ill-posed. They will be regularized by

various methods: Tikhonov’s method, the method of truncated series expan-
sion and the method of truncated integration. As we shall see, regularization
by truncated integration for the problems under consideration is equivalent to
regularization by Sinc series. For both truncated expansion and truncated in-
tegration, we have obtained explicit error estimates for regularized solutions.
As general references for inverse problems in potential theory and partial
differential equations let us quote [A], [Is1] and [Is2]. On Cauchy’s problem
for the Laplace equation there exists a large literature on which we do not
attempt to give a survey. Let us only quote the recent paper [CHWY] in
which it is treated numerically.

The remainder of the chapter consists of three sections. Section 6.1 deals
with the analyticity (in each variable) of harmonic functions. Section 6.2 is
devoted to regularizations of Cauchy’s problem for the Laplace equation. The
final Section 6.3 is devoted to the determination of surface temperature from
borehole measurements (the steady case). For simplicity in the presentation,
we restrict ourselves to the two-dimensional case.

6.1 Analyticity of harmonic functions

We shall make use of the analyticity (in each variable) of harmonic functions.
We have

Theorem 6.1. Let u be a harmonic function on a domain Ω. Then u is
analytic in each variable.

Proof. Since analyticity is a local property, it is sufficient to prove that
each (x0, y0) in Ω has a neighborhood I1 × I2 ⊂ Ω such that u is analytic in
each variable x in I1 and each variable y in I2. In fact, let R be a rectangle
centered at (x0, y0) such that R̄ ⊂ Ω. Let

Γ (x, y; ξ, η) = − 1
2π

ln
√

(x− ξ)2 + (y − η)2.

D.D. Ang, R. Gorenflo, V.K. Le, and D.D. Trong: LNM 1791, pp. 131–146, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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Then for (ξ, η) �= (x, y), Γ (x, y; ξ, η) is harmonic in (ξ, η). Hence for (ξ, η) �=
(x, y), the following identity holds

∇.(u∇Γ − Γ∇u) = 0

where the operations of divergence and gradient are with respect to (ξ, η).
Applying the divergence theorem on the domain R \Bε(x, y) where Bε(x, y)
is the closed ball centered at (x, y) and of radius ε > 0 sufficiently small, then
letting ε → 0, we have after some rearrangements

u(x, y) = − 1
2π

∫
∂R

ln
√

(x− ξ)2 + (y − η)2
∂u

∂n
(ξ, η)ds

− 1
2π

∫
∂R

(x− ξ)n1 + (y − η)n2

(x− ξ)2 + (y − η)2
u(ξ, η)ds, (x, y) ∈ R, (6.1)

where ds = ds(ξ, η) is the arc length differential and n1 = n1(ξ, η), n2 =
n2(ξ, η) are the x and y-components of the unit outer normal to ∂R.

From (6.1) it is immediately seen that in R, u(x, y) is analytic in x for y
fixed and analytic in y for x fixed. This completes the proof of Theorem 6.1.

Remark 6.1. This theorem can also be proved using the fact that a real
harmonic function u(x, y) is the real part of an analytic function w(z) with
z = x+iy. However, we avoid methods of complex analysis, as they essentially
are restricted to potential theory in R2.

Using the analyticity of harmonic functions proved in Theorem 6.1 above,
we can formulate Problem 1 and Problem 2 as moment problems. For both
problems, we assume that the boundary contains a segment L0 parallel to the
x-axis on which η = k > 0 (say). We consider a subdomain Ω1 of Ω (where
Ω is a bounded domain in Problem 1 and is an infinite strip in Problem 2)
such that L0 ⊂ ∂Ω1 ∩ ∂Ω. Let u be a harmonic function on Ω and let

g(x, y; ξ, η) = − 1
2π

ln
√

(x− ξ)2 + (y − η)2

− 1
2π

ln
√

(x− ξ)2 + (y + η − 2k)2. (6.2)

Then for (ξ, η) �= (x, y), we have

∇.(u∇g − g∇u) = 0 (6.3)

where the divergence and gradient operators are with respect to (ξ, η). Let
(x, y) ∈ Ω1. Integrating (6.3) over Ω1 \ Bε(x, y) where Bε(x, y) is the closed
ball of sufficiently small radius ε > 0 centered at (x, y), using the divergence
theorem and letting ε → 0, we have after some rearrangements

u(x, y) =
∫

L0

g(x, y; ξ, η)v(ξ, η)ds

+
∫

∂Ω1\L0

g(x, y; ξ, η)v(ξ, η)ds

−
∫

∂Ω1\L0

∂g

∂n
(x, y; ξ, η)u(ξ, η)ds (6.4)
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where v = ∂u/∂n and

∂g

∂n
(x, y; ξ, η) = n1(ξ, η)

∂g

∂ξ
(x, y; ξ, η) + n2(ξ, η)

∂g

∂η
(x, y; ξ, η)

=
1
2π

(x− ξ)n1(ξ, η) + (y − η)n2(ξ, η)
(x− ξ)2 + (y − η)2

+
1
2π

(x− ξ)n1(ξ, η) − (y + η − 2k)n2(ξ, η)
(x− ξ)2 + (y + η − 2k)2

.

From (6.4), it is readily seen that if v = 0 on L0, then u is analytic in x
for x in L0. We have thus proved the following

Proposition 6.2. Let u be a harmonic function in a plane domain Ω such
that ∂Ω contains a segment L0 parallel to the x-axis. If ∂u/∂y = 0 on L0
then u is analytic in x for x ∈ L0.

Remark 6.2. This proposition can also be proved using results from
complex analysis. It is a consequence of the Schwarz reflection principle.

6.2 Cauchy’s problem for the Laplace equation

We shall give below important examples in Medicine and in Geophysics of
Cauchy’s problem for the Laplace equation.

A problem of great interest in Electrocardiology is the computation of the
electric potential on a closed surface near and surrounding the heart, given
the potential on a part of a body surface and the geometry of the heart and of
the thorax. This inverse problem leads to a Cauchy problem for the Laplace
equation in the case of constant conductivity.

A mathematical model of the electric field related to the bioelectric ac-
tivity of the heart is given by Maxwell’s equations. It can be shown from the
relative values of the coefficients that the time derivatives in the equation
can be neglected as a first approximation. Accordingly, the electric field E
and the current density J satisfy the equations

∇ × E = 0, ∇.J = 0

outside the cardiac region. Now the physiological tissue can be considered a
linear resistive medium and hence we can take J = σE. Since E is irrotational,
it admits a scalar potential V . Therefore with the conductivity σ assumed to
be a constant, V satisfies

∆V = 0 outside the heart.

Thus we arrive at the following Cauchy problem for V in the domain Ω
bounded by an outer surface L and an inner surface l :

∆V = 0 in Ω,

∂V

∂n
= 0 on L,

V = f on L0 ⊂ L
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where L0 is an open subset of L. Note that we have taken ∂V /∂n = 0 on
the outer boundary of the body since the surrounding medium is air which
is electrically nonconducting.

Our second example of a Cauchy problem arises in Gravimetry, the field
of Geophysics dealing with the gravity fields in the Earth. Assuming a Flat
Earth model, we represent an upper layer of the Earth by the strip

{(x, y) : 0 < y < φ(x), −∞ < x < ∞},
the line y = φ(x) corresponding to the Earth’s surface. The problem is to
determine the gravity potential and the gravity field in the strip from gravity
data, i.e., the gravity potential and the gravity field measured on all or part
of L, the line y = φ(x), −∞ < x < ∞.

We shall consider successively the following problems

Problem 1. Regularization of a Cauchy problem for the Laplace equation
in a bounded domain of R2,

Problem 2. Regularization of a Cauchy problem for the Laplace equation
in an irregular strip of R2.

Before considering each problem individually, we first point out that a
general method for dealing with Cauchy’s problem for the Laplace equation
is the method of quasi-reversibility, introduced by Lattès-Lions (see [LL1]
and [LL2]). For the problems under study, exploiting the special geometry
of the domains and basing ourselves on the fact that experimental measure-
ments give only finite sets of data, we shall give a simplified treatment, using
the moment approach or the truncated integration or truncated expansion
approach. Accordingly, both Problem 1 and Problem 2 are formulated as
moment problems.

Consider first Problem 1. For this problem we take a plane domain Ω
bounded by two C1-Jordan curves, L and l, such that l is interior to L. It is
assumed throughout this discussion that L contain a segment L0 parallel to
the x-axis. Let u be a harmonic function on Ω such that u ∈ C1(Ω∪L0). The
problem is to determine ∂u/∂n, the normal derivative of u, on the interior
boundary l from the values of ∂u/∂n on L and values of u on an appropriate
subset of L0. This problem will be formulated as a moment problem. In fact
we have

Theorem 6.3. Let N(x, y; ξ, η) be the Neumann function for the Laplace
equation in the domain Ω described above. Let u be a harmonic function
on Ω such that u ∈ C(Ω) and is piecewise C1 on ∂Ω. Then u admits the
representation

u(x, y) = a+
∫

L0

N(x, y; ξ, η)v(ξ, η)ds(ξ, η) +

+
∫

L\L0

N(x, y; ξ, η)v(ξ, η)ds(ξ, η) +

+
∫

l

N(x, y; ξ, η)v(ξ, η)ds(ξ, η) (6.5)

where v = ∂u/∂n, a is a constant to be determined and ds is the arc length
differential along ∂Ω.
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Let v be given on L and u given on a bounded sequence of points (xn, yn) ∈
L0 such that yn = k ∀n and xi �= xj for i �= j. Then the moment problem
for a and v∫

l

N(xn, yn; ξ, η)v(ξ, η)ds(ξ, η) =

= u(xn, yn) − a−
∫

L0

N(xn, yn; ξ, η)v(ξ, η)ds(ξ, η)

−
∫

L\L0

N(xn, yn; ξ, η)v(ξ, η)ds(ξ, η), n = 1, 2, ..., (6.6)

admits at most one solution.

Proof. Let u1, u2 be two harmonic functions on Ω satisfying (6.6). Then,
by Proposition 6.2, u1 − u2 is analytic on L0 since ∂(u1 −u2)/∂n = 0 on L0.
By the identity theorem for analytic functions , u1 − u2 = 0 on L0. By the
uniqueness of Cauchy’s problem for harmonic functions, u1 − u2 = 0 on Ω.
It follows that

∂u1

∂n
=
∂u2

∂n
on l

i.e. v1 = v2 on l. This proves uniqueness for the moment problem and thus
completes the proof of Theorem 6.3.

Regularization of Problem 1.
Let

L0 = {(x, k) : 0 < x < 1}, (xn, yn) = (xn, k) ∈ L0, xj �= xm for j �= m.

We assume that there are two C1 functions of the parameter t ∈ [0, 1] such
that l has the representation

l(t) = (ξ(t), η(t)) ∀t ∈ [0, 1], l(0) = l(1).

Using these functions, we can rewrite (6.6) as∫ 1

0
N(xn, k; ξ(t), η(t))

√
|ξ′(t)|2 + |η′(t)|2v(ξ(t), η(t))dt =

= u(xn, k) − a−
∫

L

N(xn, k; ξ, η)vL(ξ, η)ds(ξ, η),

n = 1, 2, ..., (6.7)

where vL is given.
We denote by H the Hilbert space

H = {(a, ψ) : a ∈ R, ψ ∈ H1(0, 1), ψ(0) = ψ(1)}
with the norm

‖(a, ψ)‖2
H = a2 + ‖ψ‖2

H1(0,1).

We define A : H → l2 by
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A(a, ψ) =
(
a

n
+

1
n

∫ 1

0
N(xn, k; ξ(t), η(t))

√
|ξ′(t)|2 + |η′(t)|2ψ(t)dt

)
n≥1

.

Using these notations, we can rewrite (6.7) (or (6.8)) as

A(a, z) = µ, (a, z) ∈ H, (6.8)

where µ = (µn)n≥1 and

µn =
1
n

(
u(xn, k) −

∫
L

N(xn, k; ξ, η)v(ξ, η)ds(ξ, η)
)
,

z(t) = v(ξ(t), η(t))
(

=
∂u

∂n

)
.

We shall use the method described in Chapter 2, Subsection 2.2.3 to
regularize (6.8). For β > 0, we consider the problem of finding wβ = wβ(µ̃) ∈
H such that

β(wβ , w)H + (Awβ , Aw)l2 = (µ̃, Aw)l2 , ∀w ∈ H, (6.9)

where (., .)H , (., .)l2 are the inner products ofH, l2 respectively. The following
theorem follows directly from the results in Subsection 2.2.3, Chapter 2.

Theorem 6.4. Let ε > 0. Let w0 = (a, z) be the exact solution of (6.8)
corresponding to µ0 ∈ l2 in the right hand side.

Then there exists a continuous increasing function

ϕ : [0,∞) −→ [0,∞)

with
lim
t↓0

ϕ(t) = ϕ(0) = 0,

such that, for all µ ∈ l2, satisfying

‖µ− µ0‖l2 < ε,

we have the estimate(
|aε − a|2 + ‖zε − z‖2

L2(0,1)

)1/2
≤ ϕ(ε1/2)

where (aε, zε) = wε is the solution of (6.9) with β = ε.

We now turn to Problem 2, i.e., the Cauchy problem for the Laplace
equation in the plane domain

Ω = {(x, y) : 0 < y < φ(x), −∞ < x < ∞}
the Cauchy data being prescribed on the curve L : y = φ(x). The problem
is to find v(x) = u(x, 0) on the line l : y = 0. The curve L is assumed to be
smooth and eventually straight, i.e., with constants c+, c− we have φ(x) = c+
for x > 0 sufficiently large, φ(x) = c− for x < 0 and −x sufficiently large,.
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The problem could be formulated as a moment problem in the same manner
as for Problem 1, and the moment problem could also be regularized using
the Tikhonov method. However, we no longer have at our disposal a Sobolev
compact embedding theorem and as a consequence the arguments we have
used to estimate the convergence of regularized solutions do not apply here.
We shall not pursue this matter any further, but, instead, will follow the
integral equation approach after having patched up the given Cauchy data
taken at equidistant points on R into a Sinc series.

We can now give a precise formulation of the problem. We first set some
notations. For y = φ(x) let

ux(x, y) = f(x), uy(x, y) = g(x), u(x, y) = w(x). (6.10)

We remark at once that these are the exact values of ux, uy and u on L,
which need not be known. All that we may know are the measured values
taken at certain points of L. Following are our standing assumptions

A1. f(x) and g(x) are in C(R), w(x) is in C2(R),
A2. f(x), g(x), w(x) tend to zero at least as 1/|x| for |x| → ∞ and

(1 + x2)1/2w′, (1 + x2)1/2w′′ are in L2(R),

A3. (1 + x2)1/2v is in L2(R), v(x) = u(x, 0).

From (6.10), we get a Fredholm equation in v(x). In fact, put

G(x, y; ξ, η) = Γ (x, y; ξ, η) − Γ (x, y; ξ,−η)
where, we recall

Γ (x, y; ξ, η) = − 1
2π

ln
√

(x− ξ)2 + (y − η)2.

Using G, we can derive an integral equation for the function v(x) = u(x, 0).
Indeed, let Ωε = Ω\Bε(x, y) (Bε(x, y)= closed ball of sufficiently small radius
ε centered at (x, y) ). Integrating the identity

div(G∇u− u∇G) = 0 ∀(ξ, η) ∈ Ωε

on Ωε and letting ε ↓ 0 give in view of (A1)-(A3)

1
π

∫ ∞

−∞

yv(ξ)
(x− ξ)2 + y2 dξ = −u(x, y)

−
∫ ∞

−∞
G(x, y; ξ, φ(ξ))(g(ξ) − f(ξ)φ′(ξ))dξ

+
∫ ∞

−∞

∂G

∂n
(x, y; ξ, φ(ξ))w(ξ)ds(ξ, φ(ξ))

for 0 < y < φ(x), −∞ < x < ∞, (6.11)

where
∂G

∂n
(.; ξ, φ(ξ)) = −∂G

∂ξ
(.; ξ, φ(ξ))

φ′(ξ)√
1 + |φ(ξ)|2
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+
∂G

∂η
(.; ξ, φ(ξ))

1√
1 + |φ(ξ)|2 .

In order to have an integral equation in v(x), we let y ↑ φ(x). We shall
make use of the jump relation (see, e.g., [Co3], Chap.5)

lim
y↑φ(x)

∫ ∞

−∞

∂G

∂n
(x, y; ξ, φ(ξ))w(ξ)ds(ξ, φ(ξ)) =

= −1
2
w(x) +

∫ ∞

−∞

∂G

∂n
(x, φ(x); ξ, φ(ξ))w(ξ)ds(ξ, φ(ξ)). (6.12)

Letting y ↑ φ(x) in (6.11) gives in view of (6.12)

1
π

∫ ∞

−∞

φ(x)v(ξ)
(x− ξ)2 + φ2(x)

dξ = −3
2
w(x)

−
∫ ∞

−∞
G(x, φ(x); ξ, φ(ξ))(g(ξ) − f(ξ)φ′(ξ))dξ

+
∫ ∞

−∞

∂G

∂n
(x, φ(x); ξ, φ(ξ))w(ξ)ds(ξ, φ(ξ)),

hence the integral equation

1
π

∫ ∞

−∞

φ(x)v(ξ)
(x− ξ)2 + φ2(x)

dξ = −3
2
w(x)

−
∫ ∞

−∞
G(x, φ(x); ξ, φ(ξ))(g(ξ) − f(ξ)φ′(ξ))dξ

−
∫ ∞

−∞

∂G

∂ξ
(x, φ(x); ξ, φ(ξ))φ′(ξ)w(ξ)dξ

+
∫ ∞

−∞

∂G

∂η
(x, φ(x); ξ, φ(ξ))w(ξ)dξ, (6.13)

which is an integral equation of the first kind.
Using the method of Tikhonov, one could regularize this equation. How-

ever it is usually difficult to derive an error estimate between a regularized
solution and the exact solution. Hence, we shall transform (6.13) into a con-
volution equation in v(x), for which error estimates are more easily derived.
Note that the function in the left hand side of (6.11) is harmonic in the half
plane y > 0. Denote by H that function, i.e.

H(x, y) =
1
π

∫ ∞

−∞

yv(ξ)
(x− ξ)2 + y2 dξ.

For 0 < y < φ(x), H(x, y) is given by (6.11). We shall calculate H(x, y) for
y > φ(x) in terms of w, f, g. Since the limit of H(x, y) as (x, y) → ∞ is zero,
the values of H(x, y) for y > φ(x) are determined uniquely from H(x, φ(x)),
∂H
∂n (x, φ(x)).



6.2 Cauchy’s problem for the Laplace equation 139

In (6.13), H(x, φ(x)) is given in terms of w, f, g. On the other hand,
H(x, y) has continuous derivatives everywhere in the domain y > 0 and in
particular for y ≥ φ(x). Hence

∂H

∂n
(x, φ(x)) = lim

y↑φ(x)

∂H

∂n
(x, y) =

1
π

lim
y↑φ(x)

∂

∂n

∫ ∞

−∞

yv(ξ)
(x− ξ)2 + y2 dξ

where, in this case, we define

∂ϕ

∂n
(x, y) =

∂ϕ

∂x
(x, y)

φ′(x)√
1 + |φ′(x)|2 − ∂ϕ

∂y
(x, y)

1√
1 + |φ′(x)|2 .

Thus, using (6.11) it is possible to calculate ∂H
∂n (x, φ(x)) in terms of

w, f, g. As mentioned above,H(x, y) is defined completely in terms of w, f, g
for all y > φ(x). In particular for y = k > sup

x∈R
φ(x), we have

1
π

∫ ∞

−∞

kv(ξ)
(x− ξ)2 + k2 dξ = F (x; f, g, w)

where F is the function given by (6.17). This is the desired convolution equa-
tion in v(x). We will regularize this convolution equation. But first we derive
an explicit formula for F (x; f, g, w) (i.e. (6.17) ). The details are somewhat
tedious, so the reader can simply skip them at a first reading and jump to
the formula (6.17).

For the derivation of (6.17), integrate Green’s Identity

div (Γ∇H −H∇Γ ) = 0

in the domain ΩR \Bε(x, y), where

ΩR = {(ξ, η) : |ξ| < R, φ(ξ) < η < R}.
Letting R → ∞, ε → 0, we get

H(x, y) =
∫ ∞

−∞
Γ (x, y; ξ;φ(ξ))

∂H

∂n
(ξ, φ(ξ))ds(ξ, φ(ξ))

−
∫ ∞

−∞

∂Γ

∂n
(x, y; ξ;φ(ξ))H(ξ, φ(ξ))ds(ξ, φ(ξ))

where n = n(ξ, φ(ξ)) = (1 + |φ′(ξ)|2)−1/2(φ′(ξ),−1) is the unit outer normal
to the boundary of the domain

{(ξ, η) : φ(ξ) < η, −∞ < ξ < ∞}
and

ds(ξ, φ(ξ)) = (1 + |φ′(ξ)|2)1/2dξ.

Rewriting (6.13) somewhat, one has
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H(x, φ(x)) = −3
2
w(x)

−
∫ ∞

−∞
G(x, φ(x); ξ, φ(ξ))(g(ξ) − f(ξ)φ′(ξ))dξ

−
∫ ∞

−∞

∂G

∂ξ
(x, φ(x); ξ, φ(ξ))φ′(ξ)w(ξ)dξ

+
∫ ∞

−∞

∂G

∂η
(x, φ(x); ξ, φ(ξ))w(ξ)dξ. (6.14)

Taking the derivatives of the terms in (6.11) in the direction of the vector
n(x, φ(x)), letting y ↑ φ(x) in the result thus obtained and using the jump
relation (6.12), we get after some rearrangements

∂H

∂n
(x, φ(x)) = lim

y↑φ(x)

∂

∂n

∫ ∞

−∞

yv(ξ)
(x− ξ)2 + y2 dξ

=
3
2

(g(x) − f(x)φ′(x))

− 1
α(x)

∫ ∞

−∞
G1(x, φ(x); ξ, φ(ξ))(g(ξ) − f(ξ)φ′(ξ))dξ

+
1

α(x)

∫ ∞

−∞
G2(x, φ(x); ξ, φ(ξ))w′(ξ)dξ

+
1

4πα(x)

∫ ∞

−∞
ln

√
(x− ξ)2 + (φ(x) − φ(ξ))2w′′(ξ)dξ (6.15)

where

G1(x, y; ξ, η) = Gx(x, y; ξ, η)φ′(x) −Gy(x, y; ξ, η),

G2(x, y; ξ, η) =
1
2π

(y + η)φ′(x) + (x− ξ)
(x− ξ)2 + (y + η)2

+

+
1
2π

(y − η)(φ′(x) − φ′(ξ)
(x− ξ)2 + (y − η)2

,

α(x) =
√

1 + |φ′(x)|2.
Now, letting y = k > sup

x∈R
φ(x) in (6.11), one gets the equation

1
π

∫ ∞

−∞

kv(ξ)
(x− ξ)2 + k2 dξ = F (x; f, g, w) (6.16)

where

F (x; f, g, w) =
∫ ∞

−∞
Γ (x, k; ξ, φ(ξ))

∂H

∂n
(ξ, φ(ξ))ds(ξ, φ(ξ))

−
∫ ∞

−∞

∂Γ

∂n
(x, k; ξ, φ(ξ))H(ξ, φ(ξ))ds(ξ, φ(ξ)) (6.17)

and H(x, φ(x)), ∂H
∂n (x, φ(x)) are given in terms of w, f, g by (6.14),(6.15).
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The convolution equation (6.16) determines v uniquely if we have the
exact values of F (x; f, g, w). However, the functions f, g, w are not known
exactly. Hence, F (x; f, g, w) is not known exactly. As mentioned earlier we
only know the measured values of f, g, w at certain points of L and fur-
thermore these are affected with noise. We shall assume that these values
are given on points of L having equidistant x-coordinates. Hence, using Sinc
expansion as in Chapter 5, under some smoothness assumptions on f, g, w,
we can patch up these values into functions approximating f, g, w in the
L2(R)-sense. Accordingly, the function F (x; f, g, w) will be approximated by
a function constructed from the measured values.

To be specific, for h > 0, we shall assume that (ξn), (µn), (νn) are
sequences in l2(Z) such that the quantity∑

n∈Z

{|f(nh) − µn|2 + |g(nh) − νn|2 + |w(nh) − ξn|2}
is small. Using the result in Subsection 5.3, Chapter 5, we can approximate
f, g, w by

fh(x) =
∑
n∈Z

µnS(n, h)(x),

gh(x) =
∑
n∈Z

νnS(n, h)(x),

wh(x) =
∑
n∈Z

ξnS(n, h)(x).

For the proof of Theorem 6.5, a main result of this chapter (whose statement
will be given later), we rely on the following

Lemma 6.1. Let (µn)n∈Z, (νn)n∈Z, (ξn)n∈Z be in l2(Z) and let h > 0.
Suppose that

a) the functions f, g, w are in the set

W = {ψ ∈ L2(R) : (1 + ω2)ψ̂ ∈ L2(R) ∩ L∞(R), (1 + ω2)ψ̂′ ∈ L2(R)}

where ψ̂ is the Fourier transform of ψ,

ψ̂(ω) =
∫ ∞

−∞
ψ(x)eixωdx,

b) f, g, w, w, w′, w′′ are in the set

{ψ ∈ L2(R) : (1 + x2)ψ ∈ L∞(R)}
and w′′′ ∈ L2(R),

c) (1 + x2)v ∈ L2(R).

Assume further that∑
n∈Z

{|f(nh) − µn|2 + |g(nh) − νn|2 + |w(nh) − ξn|2} ≤ Ch (6.18)
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for a constant C independent from h.

Then there is a function Fh ≡ Fh(fh, gh, wh) such that

‖F − Fh‖L2(R) ≤ C0
50
√
h

where F ≡ F (x; f, g, w) is as in (6.17) and C0 is a (computable) constant
independent from h.

Sketch of the proof of the lemma.
From Theorem 5.5, we infer that

‖f − fh‖L2(R) + ‖g − gh‖L2(R) + ‖w − wh‖L2(R) ≤ Ch. (6.19)

For the purpose of the proof, we shall approximate various quantities.
Approximation of H(x, φ(x)) ≡ H1(x) :
Put

Hh(x) = −3
2
wh(x)

−
∫ 2 5√

h−4

−2 5√
h−4

G(x, φ(x); ξ, φ(ξ))(gh − fh(ξ)φ′(ξ))dξ

−
∫ 2 5√

h−4

−2 5√
h−4

∂G

∂ξ
(x, φ(x); ξ, φ(ξ))φ′(ξ)w(ξ)dξ

+
∫ 2 5√

h−4

−2 5√
h−4

∂G

∂η
(x, φ(x); ξ, φ(ξ))w(ξ)dξ

for |x| < 10
√
h−4,

Hh(x) = 0 ∀|x| ≥ 10
√
h−4.

By direct computations, one has

‖H1 −Hh‖L2(R) ≤ C ′ 5
√
h. (6.20)

Approximation of ∂H
∂n (x, φ(x)) ≡ H2(x) :

Put

Kh(x) =
3
2
(gh(x) − fh(x)φ′(x))

− 1
α(x)

∫ 2 5√
h−4

−2 5√
h−4

G2(x, φ(x); ξ, φ(ξ))(gh − fh(ξ)φ′(ξ))dξ

+
1

α(x)

∫ 2 5√
h−4

−2 5√
h−4

G3(x, φ(x); ξ, φ(ξ))w1h(ξ))dξ

1
4πα(x)

∫ 2 5√
h−4

−2 5√
h−4

ln
(
(x− ξ)2 + (φ(x) − φ(ξ))2

)1/2
w2h(ξ))dξ

for |x| < 10
√
h−4,

Kh(x) = 0 for |x| ≥ 10
√
h−4
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where

w1h = fh + φ′gh

w2h(x) =
w1h(x+

√
h) − w1h(x))√
h

.

By direct computations one has

‖Kh −H2‖L2(R) ≤ C ′ 10
√
h. (6.21)

Approximation of F ≡ F (x; f, g, w) :
Put

Fh(x) =
∫ 2 25√

h−4

−2 25√
h−4

Γ (x, k; ξ;φ(ξ))Kh(ξ)ds(ξ, φ(ξ))

−
∫ 2 25√

h−4

−2 25√
h−4

∂Γ

∂n
(x, k; ξ;φ(ξ))Hh(ξ)ds(ξ, φ(ξ))

for |x| < 25
√
h−1,

Fh(x) = 0 for |x| ≥ 25
√
h−1.

Then, in view of (6.20), (6.21) we get after some computations

‖F − Fh‖L2(R) ≤ C0
50
√
h. (6.22)

This completes the proof of Lemma 6.1.

Using Lemma 6.1 we shall construct a regularized solution of (6.16) ad-
mitting a Sinc series representation. We make the following assumption on
the exact solution v of (6.16) corresponding to F (x; f, g, w) in the right hand
side

‖tv̂(t)‖2
L2(R) ≤ E2 (6.23)

where v̂ is the Fourier transform of v. Condition (6.23) means that v is in
H1(R), the H1(R)-norm of which is majorized by E. Let the kernel of Eq.
(6.16) (i.e. the Cauchy kernel) be denoted by K(x),

K(x) =
k

π(x2 + k2)
. (6.24)

The Fourier transform K̂(t) of K(x) is

K̂(t) =
∫ ∞

−∞
K(x)eixtdx = e−k|t|. (6.25)

Let ε = 50
√
h and consider the function

vε(x) =
1
2π

∫
|t|≤tε0

F̂h(t)e−k|t|e−ixtdt (6.26)

where ε0 = C0ε with C0 as in (6.22), and
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tε0 =
1
k

ln

(
E

ε0

(
ln
E

ε0

)−1
)
. (6.27)

Note that v̂ε(t) has compact support, supp v̂ε(t) ⊂ [−tε0 , tε0 ] and thus vε(x)
can be represented by a Sinc series. We shall take vε as our regularized so-
lution. The following theorem gives an estimate of the error between vε and
the exact solution of (6.16).

Theorem 6.5. For n ∈ Z, let µn, νn, ξn be the measured values of f(nh), g(nh)
and w(nh) respectively. Let ε > 0 be given and let h = ε50. Suppose that (6.18)
holds and that the exact solution of (6.16) satisfies (6.23). Then, for ε → 0,
there holds the estimate

‖vε − v‖L2(R) ≤
√

1 + k2

2π
1

ln
(

E
ε0

(
ln E

ε0

)−1
)

where C0 is the constant in (6.22)

Proof. We have

‖v̂ε − v̂‖2
L2(R) =

∫
|t|≤tε0

|v̂ε − v̂|2dt+
∫

|t|>tε0

|v̂|2dt. (6.28)

Now ∫
|t|≤tε0

|v̂ε − v̂|2dt =
∫

|t|≤tε0

|F̂ − F̂h|2e2ktdt

≤ e2ktε0

∫ ∞

−∞
|F̂ − F̂h|2dt

= E2
(

ln
E

ε0

)−2

. (6.29)

On the other hand ∫
|t|>tε0

|v̂|2dt ≤ 1
t2ε0

∫
|t|>tε0

|t2v̂|2dt

≤ E2k2

ln2
(

E
ε0

(
ln E

ε0

)−1
) . (6.30)

Since for small ε0 > 0

ln

(
E

ε0

(
ln
E

ε0

)−1
)
>

(
ln
E

ε0

)−1

(6.28)-(6.30) yield
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‖v̂ε − v̂‖2
L2(R) ≤ (1 + k2)E2

ln2
(

E
ε0

(
ln E

ε0

)−1
) for small ε0. (6.31)

By Fourier inversion we shall get the desired estimates. This completes the
proof of Theorem 6.5.

6.3 Surface temperature determination from borehole
measurements (steady case)

In order to determine the temperature on the surface of the Earth, it is
useful to make measurements in its interior rather than on the surface since
measurements made on the surface are likely to be affected by noise. On the
other hand, to compute the surface temperature from interior observations
is an ill-posed problem that needs to be regularized.

Let the Earth be represented by a half plane −∞ < x < ∞, y ≥ 0,
assuming a Flat Earth model. Such model has, e.g., been used in [GV] in a
seismological problem. We shall consider the following

Problem 3. Determination of surface temperature from borehole mea-
surements (the steady case).

Regularization of Problem 3:
We propose to determine the surface temperature u(x, 0) from tempera-

ture measurements at y = 1. Note that in the steady case, the temperature
function u(x, y) satisfies the Laplace equation

∆u = 0, (x, y) ∈ R × R+. (6.32)

As shown in Sect. 6.1, u is analytic in x for fixed y. Hence, in particular,
for y = 1, u(x, 1) is completely determined by its values on any bounded
sequence (xn, 1), xn real, n = 1, 2, ... and xi �= xj for i �= j. The problem
of determining u(x, 0) can therefore be formulated as a moment problem as
follows.

It can be shown by the Fourier method or the method of Green’s function
that u(x, y) satisfies the equation

u(x, y) =
y

π

∫ ∞

−∞

v(ξ)dξ
(x− ξ)2 + y2 , y > 0.

At y = 1, x = xn, we have

1
π

∫ ∞

−∞

v(ξ)dξ
(xn − ξ)2 + 1

= u(xn, 1), n = 1, 2, . . . , (6.33)

where we have set v(x) = u(x, 0) and where (xn) is any bounded real sequence
with xi �= xj for i �= j. The moment problem (6.33) has at most one solution
in L2(R). Indeed, if

1
π

∫ ∞

−∞

v(ξ)dξ
(xn − ξ)2 + 1

= 0, n = 1, 2, . . . ,
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then by the identity theorem for analytic functions

1
π

∫ ∞

−∞

v(ξ)dξ
(x− ξ)2 + 1

= 0, ∀x ∈ R,

which implies v = 0 in L2(R). This prove our claim.
If (xn) is an arbitrary bounded sequence with xi �= xj for i �= j, then we

can regularize the moment problem (6.33), e.g., using the Tikhonov method.
However deriviny estimates of the error between a regularized solution and
the exact solution is usually quite involved. Hence, it is simpler to consider
the integral equation

1
π

∫ ∞

−∞

v(ξ)dξ
(x− ξ)2 + 1

= u(x, 1), ∀x ∈ R, (6.34)

and regularize it by Sinc series. The details of the regularization procedure,
which are similar to (in fact, simpler than) for Eq.(6.16) considered earlier,
are omitted. It is of interest to note that a regularization by Sinc series
requires that the right hand side of (6.34) be given (possibly with noise)at
equidistant points nh, n ∈ Z, h > 0, of R, thus approximating the original
integral equation by a moment problem.



7 Regularization of some inverse problems in
heat conduction

This Chapter is concerned with direct applications of the results of previous
chapters on moment theory to some inverse problems in Heat Conduction.
Many inverse problems in Heat Conduction can be formulated as moment
problems, however, we consider here only a few of them, those for which
error estimates for regularized solutions can be readily derived using the
techniques of the preceding chapters. In the ”Notes and remarks” at the end
of the chapter, we list some problems and results related to those of the main
text.

In this chapter, we shall consider three problems related to the heat equa-
tion

∆u− ut = 0 ∀(x, y, t) ∈ R2 × R+ .

Problem 1. Determination of the temperature in R2 at time t = 0 from a
given temperature at time t = 1 (the backward heat equation problem).

Problem 2. Determination of surface temperature from borehole measure-
ments.

Problem 3. Determination of the boundary value u(x, 0, t) assuming known
the free boundary and the initial temperature u0(x, y) (the so-called inverse
Stefan problem).

The moment method will be used for Problem 1 and Problem 2 while the
method of Sinc expansion will be used for Problem 3.

The remainder of the chapter is divided into three sections corresponding
to these three problems.

7.1 The backward heat equation

Consider the heat equation

∆u− ut = 0 ∀(x, y, t) ∈ R2 × R+

where we have taken the heat conductivity to be 1 and u = u(x, y, t) denotes
the temperature.

We address the problem of determining the initial temperature v(x, y) =
u(x, y, 0), given the temperature at t = 1. As is well-known, this is an ill-posed
problem. Various methods of regularization have been used. One of the better
known is the method of quasi-reversibility due to Lattès-Lions [LL1],[LL2]

D.D. Ang, R. Gorenflo, V.K. Le, and D.D. Trong: LNM 1791, pp. 147–169, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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(see also Showalter-Ting [STi] for some variants of the method). In Ang [An1],
the problem is formulated as an integral equation of the first kind which is
regularized by the Tikhonov method. More recently, the regularization was
carried out by a truncated series expansion [AH]. A wide survey on treatment
of inverse heat conduction problems with many references is given by Dinh
Nho Hào [DNH].

In the present section, we shall consider two methods for regularizing our
problem: the method of moments and the method of truncated integration.

We first formulate the problem as an integral equation. Let

G(x, y, t; ξ, η, τ) =
1

4π(t− τ)
exp

{
− (x− ξ)2 + (y − η)2

4(t− τ)

}
. (7.1)

Noting that
Gξξ +Gηη +Gτ = 0

we get for u = u(ξ, η, τ)

div(u∇G−G∇u) + (Gu)τ = 0 (7.2)

Integrate the latter identity over the domain

|ξ| < R, |η| < R, 0 < τ < t− ε, for 0 < ε < t, (7.3)

and apply Stokes’ theorem. Then, letting R → ∞, ε ↓ 0, we have for v(x, y)
tending to zero (as (x, y) → ∞) in an appropriate sense

u(x, y, t) =
∫ ∞

−∞

∫ ∞

−∞
G(x, y, t; ξ, η, 0)v(ξ, η)dξdη

where v(x, y) is the temperature at t = 0.
Letting t = 1 in the latter identity, we have∫ ∞

−∞

∫ ∞

−∞
v(ξ, η)e− (x−ξ)2+(y−η)2

4 dξdη = 4πu(x, y, 1). (7.4)

We first consider a case where the moment method can be applied. Assume
that

supp v(x, y) ⊂ R+ × R+.

Then, Equation (7.4) can be written∫ ∞

0

∫ ∞

0
v(ξ, η)e− (x−ξ)2+(y−η)2

4 dξdη = 4πu(x, y, 1), (x, y) ∈ R2,

where u(x, y, 1), which is analytic in x and y, is assumed to be in L2(R2).
For x = −2,−4, ..., y = −2,−4, ... the latter equation becomes after some
rearrangements

e−(m2+n2)
∫ ∞

0

∫ ∞

0
v(ξ, η)e− ξ2+η2

4 e−(mξ+nη)dξdη = fmn (7.5)

for m,n = 1, 2, ..., fmn = 4πu(−2m,−2n, 1).
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Using the new variables (s, t) = (e−ξ, e−η), we get after some computa-
tions ∫ 1

0

∫ 1

0
w(s, t)sitjdsdt = µij , i, j = 0, 1, 2, ... (7.6)

where

w(s, t) = v(− ln s,− ln t)e− ln2 s+ln2 t
4 ,

µij = 4πe(i+1)2+(j+1)2u(−2i− 2,−2j − 2, 1).

The problem (7.6) is a two-dimensional Hausdorff moment problem and we
can use the method in Chapter 4 or [AGT] to regularize it.

For the reader’s convenience, we recall some notations. For m,n =
0, 1, 2, ... we put

Lm(s) = (2m+ 1)1/2 1
m!

dm

dsm
(sm(1 − s)m),

Lmn(s, t) = Lm(s)Ln(t)

and note that (Lmn) is an orthonormal basis for L2(I) (where I = (0, 1) ×
(0, 1)). For each real sequence µ = (µij), i, j = 0, 1, 2, ..., we define the
sequence λ = λ(µ) = (λij) by

λij = λij(µ) =
i∑

p=0

j∑
q=0

CipCjqµpq,

where

Cmj = (2m+ 1)1/2(−1)j (m+ j)!
(j!)2(m− j)!

, 0 ≤ j ≤ m,

and we put

pn = pn(µ) =
n∑

i,j=0

λij(µ)Lij ,

qn(ξ, η) = e
ξ2+η2

4 pn(e−ξ, e−η).

Let L2
ρ be the space of all functions f such that

√
ρ f ∈ L2(R+ × R+)

where
ρ(ξ, η) = e−(ξ+η)− ξ2+η2

2 .

Then, we have

Theorem 7.1. Let (fmn) be a sequence of real numbers. If (7.5) has a solu-
tion v in L2(R+ × R+) then

qn −→ v in L2
ρ.
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Moreover, if the solution v is in W 1,∞(R+ ×R+) then there is a constant
C independent of v and n such that

‖qn − v‖L2
ρ

≤ C

2(n+ 1)
‖v‖W 1,∞

where (according to the definition of the space L2
ρ)

‖φ‖L2
ρ

= ‖√
ρ φ‖L2 ∀φ ∈ L2

ρ.

Proof. Since v ∈ L∞(R+ × R+), the function

w(s, t) = v(− ln s,− ln t)e− ln2 s+ln2 t
4

is in L2(I) and by (7.6) w satisfies a two-dimensional Hausdorff moment
problem. Hence, applying Theorem 4.1, we get

‖pn − w‖L2(I) −→ 0 as n → ∞. (7.7)

But

‖pn − w‖2
L2(I) =

∫ 1

0

∫ 1

0
|pn(s, t) − w(s, t)|2dsdt

=
∫ ∞

0

∫ ∞

0

(
qn(e−ξ, e−η) − v(ξ, η)e− ξ2+η2

4

)2

e−(ξ+η)dξdη

=
∫ ∞

0

∫ ∞

0

(
qn(e−ξ, e−η) − v(ξ, η)

)2
ρ(ξ, η)dξdη

= ‖qn − v‖2
L2

ρ
. (7.8)

Combining (7.7), (7.8) gives qn → v in L2
ρ. Now, if v ∈ W 1,∞(R+ ×R+) then

one has w ∈ H1(I). Moreover,

∂w

∂s
= −

(
1
s

∂v

∂ξ
+
v ln s
2s

)
e− ln2 s+ln2 t

4 .

It follows that ∥∥∥∥∂w∂s
∥∥∥∥

L2(I)
≤ C0‖v‖W 1,∞ .

Analogously, ∥∥∥∥∂w∂t
∥∥∥∥

L2(I)
≤ C0‖v‖W 1,∞ .

Hence,
‖w‖H1(I) ≤ C‖v‖W 1,∞ . (7.9)

Using the result of Theorem 4.1, we get

‖pn(µ) − w‖L2(I) ≤ 1
2(n+ 1)

‖w‖H1(I).
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In view of (7.8), (7.9), this inequality gives

‖qn − v‖L2
ρ

≤ C

2(n+ 1)
‖v‖W 1,∞ .

This completes the proof of Theorem 7.1.

Because for a given sequence (fmn) a solution of (7.5) may not exist, the
following theorem will be useful.

Theorem 7.2. Let v0 ∈ L∞(R+×R+) be the solution of (7.5) corresponding
to f0 = (f0

mn) in the right hand side of (7.5). Let

F (θ) =
729
320

(2θ + 1)34θ, θ ≥ 1

and for 0 < ε < 1, put
n(ε) = [F−1(ε−1/2)]

where [x] is the largest integer ≤ x.
Then there exists a function η(ε), 0 < ε < 1, such that

η(ε) −→ 0 as ε → 0

and that for all sequences f = (fmn) satisfying

sup
m,n

∣∣∣em2+n2
(fmn − f0

mn)
∣∣∣ < ε

we have
‖qn(ε) − v0‖L2

ρ
≤ η(ε).

Moreover, if v0 ∈ W 1,∞(R+ × R+) then

‖qn(ε) − v0‖L2
ρ

≤ ε1/2 +
C‖v0‖W 1,∞

C(ε)

with

C(ε) = 2(2 ln 3 +
1
2

ln 2)−1 ln

(
8
√

5
27

√
2 4
√
ε

)
.

Proof. By Theorem 4.2, there exists a function η(ε), lim
ε↓0

η(ε) = 0 such

that
‖pn(ε)(µ) − w0‖L2(I) ≤ η(ε) (7.10)

where
w0(s, t) = v0(− ln s,− ln t)e− ln2 s+ln2 t

4 .

From (7.8), (7.10) one has

‖qn(ε)(µ) − v0‖L2
ρ

≤ η(ε).
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Now if v0 ∈ W 1,∞(R2
+), then, as shown in Theorem 7.1, we have w0 ∈

H1(0, 1) and
‖w0‖H1(I) ≤ C‖v0‖W 1,∞ . (7.11)

From the error estimates in Theorem 4.2, one has

‖pn(ε)(µ) − w0‖L2(I) ≤ ε1/2 +
C‖w0‖H1(I)

C(ε)
(7.12)

with

C(ε) = 2(2 ln 3 +
1
2

ln 2)−1 ln

(
8
√

5
27

√
2 4
√
ε

)
.

Combining (7.11), (7.12) completes the proof of Theorem 7.2.

Now we turn to a case where the method of truncated integration can be
applied. We rewrite (7.4) as∫ ∞

−∞

∫ ∞

−∞
v(ξ, η)e− (x−ξ)2+(y−η)2

4 dξdη = g(x, y), (7.13)

where g(x, y) = 4πu(x, y, 1). This is an integral equation (in fact, a convo-
lution equation) in the unknown function v(ξ, η). It will be regularized by
truncated integration as follows.

Taking the Fourier transform of both sides of (7.13) gives formally

v̂(ω, ζ) e−(ω2+ζ2) = ĝ(ω, ζ), (7.14)

where
ĥ(ω, ζ) =

∫
R2
h(x, y)ei(xω+yζ)dxdy.

Note that the inverse of the Fourier transform is given by the formula

h(x, y) =
1

(2π)2

∫
R2
ĥ(ω, ζ)e−i(xω+yζ)dωdζ.

From (7.14), we see that if a solution v exists, then v̂ is given by

v̂(ω, ζ) = eω2+ζ2
ĝ(ω, ζ). (7.15)

Thus, if a solution v of (7.13) exists (in L2 ≡ L2(R2)), then eω2+ζ2
ĝ has

to be in L2. We see that if g is an arbitrary function in L2, then solutions
may not exist. Furthermore, in the case of existence, solutions do not depend
continuously on g. From (7.15), it is seen that if a solution exists, i.e., if
eω2+ζ2

ĝ is in L2, then

v(x, y) =
1

4π2

∫
R2
eω2+ζ2

ĝ(ω, ζ) e−i(xω+yζ)dωdζ. (7.16)
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We shall construct a regularized solution stable with respect to variations
in g, even if a solution corresponding to the measure data g does not exist.
We shall apply the method of truncated integration after applying a Fourier
transform.

Now, let g0 be such that (7.13) has a solution v0 ∈ L2 ≡ L2(R2) corre-
sponding to g0 in the right hand side. Let g be such that

‖g − g0‖L2 ≤ ε. (7.17)

We construct a function v stable with respect to variations in g. If v0 is
sufficiently smooth, then we can estimate the L2-error between v0 and v.

Our main results in the method of truncated integration are the following
two theorems.

Theorem 7.3. Let inequality (7.17) hold. Assume that∫
R2
e2(ω

2+ζ2)|ĝ0(ω, ζ)|2 (ω2 + ζ2)2dωdζ ≤ E2. (7.18)

Put

v(x, y) =
1

4π2

∫ π/h

−π/h

∫ π/h

−π/h

eω2+ζ2
ĝ(ω, ζ) e−i(xω+yζ)dωdζ, (7.19)

where

h2 =
2π2

ln

{
E

ε

(
E

ε

)−1
} . (7.20)

Then, for ε < E/e, we have the error estimate

‖v0 − v‖L2 ≤ E
√

2

ln

{
E

ε

(
ln
E

ε

)−1
} . (7.21)

Proof. In view of Plancherel’s theorem, we have

‖v0 − v‖2
L2 =

1
4π2 ‖v̂0 − v̂‖2

L2

≤ 1
4π2

∫
ω2+ζ2≤R2

ε

eω2+ζ2 |ĝ − ĝ0|2dωdζ

+
1

4π2

∫
ω2+ζ2≥R2

ε

eω2+ζ2 |ĝ0|2dωdζ,

where

R2
ε = ln

{
E

ε

(
ln
E

ε

)−1
}
.

Hence



154 7 Regularization of some inverse problems in heat conduction

‖v0 − v‖2
L2 ≤ 1

4π2 e
2R2

ε

∫
R2

|ĝ − ĝ0|2dωdζ

+
1

4π2R4
ε

∫
R2
eω2+ζ2 |ĝ0|2(ω2 + ζ2)2dωdζ

≤ E2
(

1
ln2(E/ε)

+
1
R4

ε

)
.

For ε < E/e we have

R2
ε = ln

{
E

ε

(
ln
E

ε

)−1
}

≤ ln
E

ε
.

Therefore

‖v0 − v‖2
L2 ≤ 2E2

R4
ε

=
2E2

ln2

{
E

ε

(
ln
E

ε

)−1
} .

This completes the proof of Theorem 7.3.

Theorem 7.4. The function v defined as in (7.19) can be represented by the
double cardinal series

v(x, y) =
∞∑

m,n=−∞
v(mh, nh)S(m,h)(x) S(n, h)(y),

where S(p, d)(z) is the Sinc function defined by

S(p, d)(z) =
sin(π(z − pd)/d)
π(z − pd)/d

,

p = 0,±1,±2, ..., d > 0, the series converging in L2(R2).

Proof. We have from (7.19)

supp v̂ ⊂ [−π/h, π/h].
Hence, using the results of Sect. 5.3, we get the desired expansion. This
completes the proof of Theorem 7.4.

Remark 7.1. By Theorem 7.4, v(x, y) is completely determined by its values
at the lattice points (mh, nh), m,n = 0,±1,±2, . . . .

Remark 7.2. For notational convenience, we considered only the two-
dimensional case. The three-dimensional case can be treated quite analo-
gously.
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7.2 Surface temperature determination from borehole
measurements: a two-dimensional problem

The problems of surface temperature determination from borehole measure-
ments has been treated widely in the case of one space dimension (see [ASa]
for the early literature, also [LN1], [LN2]). The literature in the case of two
space dimensions is rather scarce. We mention the work of Kaminski and
Grysa [GK] where the problem is treated numerically and the more recent
works (see [Le1], [Le2] and [LNTT]). Consider the heat equation

∆u− ut = 0, (x, y) ∈ R × R+, t > 0, (7.22)

where the half space R × R+ represents the Earth, the interior of which
consists of the points (x, y), −∞ < x < ∞, y > 0. In (7.22) u denotes the
temperature function and the heat conductivity is, for notational convenience,
taken to be 1. The problem is to determine the temperature in the half plane
−∞ < x < ∞, y > 0. A natural way would be to measure the temperature on
the surface y = 0 and compute from it the temperature at inner points. While
the determination of the temperature is a stable process, measurements of
surface temperature are usually contaminated with noise. Therefore, one is
led to measure temperature at boreholes in the interior of the Earth, e.g., at
points on the line y = 1 (the positive direction of y-axis is into the Earth),
although the computation of the surface temperature from the temperature
measured at y = 1 is an ill-posed problem.

We shall formulate the problem as a moment problem and then regularize
it using the results of Chapter 5. Specifically, we shall determine a function
v(x, t) = u(x, 0, t) from a certain sequence of functions (µn(t)), µn(t) =
u(xn, 1, t), (xn), n = 1, 2, ..., being a given bounded sequence in R with
xi �= xj for i �= j.

We first formulate the problem as an integral equation in v(ξ, τ). Let

G(x, y, t; ξ, η, τ) =
1

4π(t− τ)

{
exp

(
− (x− ξ)2 + (y − η)2

4(t− τ)

)
−

exp
(

− (x− ξ)2 + (y + η)2

4(t− τ)

)}
be Green’s function corresponding to Dirichlet’s boundary condition from
y = 0. Note that

Gξξ +Gηη +Gτ = 0.

Hence one has for u = u(ξ, η, τ)

div(u∇G−G∇u) + (Gu)τ = 0.

Integrate this identity over the domain

|ξ| ≤ R, 0 < η < R, 0 < τ < t− ε, 0 < ε < t,

and apply Stokes’ theorem. Then, letting R → ∞, ε → 0, we get, after some
computations,
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u(x, y, t) =
∫ ∞

−∞

∫ ∞

0
G(x, y, t; ξ, η, 0)u(ξ, η, 0)dξdη +

+
y

4π

∫ t

0

∫ ∞

−∞

v(ξ, τ)
(t− τ)2

exp
(

− (x− ξ)2 + y2

4(t− τ)

)
dξdτ.

Letting y = 1 in the preceding relation, we get

1
4π

∫ t

0

∫ ∞

−∞

v(ξ, τ)
(t− τ)2

exp
(

− (x− ξ)2 + 1
4(t− τ)

)
dξdτ = h(x, t) (7.23)

where

h(x, t) = u(x, 1, t) −
∫ ∞

−∞

∫ ∞

0
G(x, 1, t; ξ, η, 0)u(ξ, η, 0)dξdη.

This is an integral equation in v(ξ, τ).
Let (xn) be a real bounded sequence with xi �= xj for i �= j. From (7.23)

we have

1
4π

∫ t

0

∫ ∞

−∞

v(ξ, τ)
(t− τ)2

exp
(

− (xn − ξ)2 + 1
4(t− τ)

)
dξdτ = νn(t), (7.24)

where t > 0 and

νn(t) = u(xn, 1, t) −
∫ ∞

−∞

∫ ∞

0
G(xn, 1, t; ξ, η, 0)u(ξ, η, 0)dξdη, n = 1, 2, . . . .

This is a moment problem in v(ξ, τ). We shall consider the sequence of num-
bers

xn =
1
π

ln
(

1 +
2
n

)
.

Let v0 ∈ L2(R×R+) be a solution of (7.24) corresponding to ν0(t) = (ν0
n(t)),

ν0
n ∈ L∞(R+), in the right hand side. Let ν(t) = (νn(t)), νn ∈ L∞(R+),

satisfy
‖ν0

n − νn‖L∞ < ε.

From the sequence of functions (νn), we shall construct a regularized solution
for (7.24). For m ∈ N, we denote by amk(t) (t > 0, k = 0, 1, ..,m − 1) the
solution of the linear system

m−1∑
k=0

amk(t)ωk
n = νn(t), n = 1, 2, ..,m,

where ωn = 1/(n + 1), n = 1, 2, . . . . By the classical theory of polynomial
interpolation, the functions amk(t) exist uniquely. Put

Pm(ω, t) =
∑

0≤k≤m/2

amk(t)ωk, t > 0, (7.25)

and
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h∗(x, t) = Pm

(
eπx − 1
eπx + 1

, t

)
, for |x|, |t| ≤ 1

2π
ln(m),

= 0 otherwise. (7.26)

For every β > 0, we let

vβm(x, t) =
1

4π2

∫
R2
Ψ(ξ, η)e−i(xξ+yη)dξdη, (7.27)

where

Ψ = ¯̂αĥ∗(β + |α̂|2)−1,

α(x, t) =
1
t2

exp
(

−x2 + 1
4t

)
for t > 0,

= 0 for t < 0.

We shall prove that there are functions β(ε), m(ε) such that (vβ(ε)m(ε)) is a
family of regularized solutions. In fact, we have

Theorem 7.5. Suppose the exact solution v0 of (7.24), corresponding to
ν0(t) = (ν0

n(t)) (ν0
n ∈ L∞(R+)) in the right hand side, satisfies

v0 ∈ L∞(R × R+), (1 + x2 + t2)2v0 ∈ L2(R × R+).

Let ν(t) = (νn(t)), νn ∈ L∞(R+), satisfy

sup
n

‖νn − ν0
n‖L∞(R+) < ε.

Put

g(θ) =
(
θ

2
+ 1

)(
4(θ + 1)

√
2e√

θ

)θ

, θ > 0,

m(ε) = [g−1(ε−1/2)], ε > 0,

β2(ε) =

ε1/2 + 4π2
(
m(ε)

2
+ 1

)(
4
√

2e
m(ε)

)m(ε)

+

(
1 − 1√

m(ε)

)m(ε)/2 √
m(ε)

 ln(m(ε)) +
1

ln(m(ε))
,

vε = vβ(ε)m(ε), vβm as in (7.27).

Then there exists a C > 0 depending only on v0 such that

‖vε − v0‖L2(R×R+) ≤ C

(
ln

(
1

β(ε)

))−1

.

Proof. Put
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h0(z, t) =
1
4π

∫ t

0

∫ ∞

−∞

v0(ξ, τ)
(t− τ)2

exp
(

− (z − ξ)2 + 1
4(t− τ)

)
dξdτ.

The remainder of the proof is divided into two parts. In the first parts (con-
sisting of Step 1 and Step 2), we shall estimate ‖h0 − h∗‖L2(R×R+). In the
second part (Step 3), we shall derive an estimate for ‖vε − v0‖L2(R×R+).

From the definition of h0, it follows that h0(., t) is, for each t > 0, analytic
in the strip |Im z| < 1 of the complex plane.

For every z satisfying |Im z| < 1/2 we put

ω = T (z) =
eπz − 1
eπz + 1

.

We can verify directly that T is a homeomorphism of the strip

{z ∈ C : |Im z| < 1/2}
onto the open unit disc U . Put

h̃(ω, t) = h0(T−1ω, t).

Following are three steps of the proof.

Step 1. Estimate of |h̃(ω, t) − Pm(ω, t)|, ω ∈ U :

Since v0 ∈ L∞(R × R+), one has

|h̃(ω, t)| = |h(z, t)|

≤ ‖v0‖L∞

4π

∫ t

0

∫ ∞

−∞

1
(t− τ)2

exp
(

− (x− ξ)2 + 1
4(t− τ)

)
dξdτ

≤ C‖v0‖L∞ , ∀ω ∈ Ū (7.28)

where

C = sup
(x,t)∈R×R+

1
4π

∫ ∞

0

∫ ∞

−∞

1
(t− τ)2

exp
(

− (x− ξ)2 + 1
4(t− τ)

)
dξdτ.

On the other hand, in view of the analyticity of h̃ in the variable ω one has

h̃(ω, t) =
∞∑

n=0

an(t)ωn (7.29)

where
an(t) =

1
2πi

∫
∂U

ξ−n−1h̃(ξ, t)dξ. (7.30)

We have
h̃(ωn, t) = h0(xn, t) = ν0

n(t). (7.31)
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Using the calculations in the proof of Theorem 5.1, Section 5.1, one has in
view of (7.29), (7.31) the equation

amk(t) − ak(t) ≡ cmk(t) =
m∑

n=1

ϕmn(t)s−1
mnσm−k−1(ω̂n)(−1)m−k−1.

Here, we recall,

ϕmn(t) = νn(t) − ν0
n(t) +

∞∑
k=m

ak(t)ωk
n,

smn = (ωn − ω1)...(ωn − ωn−1)(ωn − ωn+1)...(ωn − ωm),

σmn(t̃) =
∑

1≤j1<j2<...<jk≤m−1

tj1 ...tjk

with t̃ = (t1, ..., tm−1). Especially, one has

|ϕmn(t)| ≤ ε+ sup
k

‖ak‖L∞ .
|ωn|m

1 − |ωn| . (7.32)

From (7.28), (7.30), one gets

‖ak‖L∞ ≤ C‖v0‖L∞ . (7.33)

Hence, using inequality (5.23) in Chap. 5, one gets, in view of (7.32), (7.33),
the estimate

|amk(t) − ak(t)| ≤ ε

(
4(m+ 1)

√
2e√

m

)m

+ 4C‖v0‖L∞

(
4
√

2e√
m

)m

,

k = 0, 1, ...,m− 1. (7.34)

Now, we have

h̃(ω, t) − Pm(ω, t) =
∑

0≤k≤m/2

cmk(t)ωk +
∑

k>m/2

ak(t)ωk.

Hence, for |ω| ≤ 1 − δ, 0 < δ < 1, one gets in view of (7.34,

|h̃(ω, t) − Pm(ω, t)|
≤

∑
0≤k≤m/2

|cmk(t)| + (1 − δ)m/2
∑

k>m/2

|ak(t)|. |ω|k−m/2

≤ (1 +m/2)

{
ε

(
4(m+ 1)

√
2e√

m

)m

+ 4C‖v0‖L∞

(
4
√

2e√
m

)m}

+(1 − δ)m/2C‖v0‖L∞ .
1
δ
. (7.35)

Put
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g(t) =
(
t

2
+ 1

)(
4(t+ 1)

√
2e√

t

)t

,

m(ε) = [g−1(ε−1/2)], δ =
1√
m(ε)

.

Using (7.35) we obtain

|h̃− h∗
m(ε)| ≤ γ(ε), ∀|ω| < 1 − 1√

m(ε)
, (7.36)

where

γ(ε) = ε1/2 + 8πC‖v0‖L∞

(
m(ε)

2
+ 1

)(
4
√

2e√
m(ε)

)m(ε)

+C‖v0‖L∞
√
m(ε)(1 − 1√

m(ε)
)m(ε)/2.

Step 2. Estimate of ‖h0 − h∗
m(ε)‖L2(R×R+) :

For convenience, we extend h0 on R2 by putting h0(x, t) = 0 for t < 0.
One has ∫

R2
|h0(x, t) − h∗

m(ε)(x, t)|2dxdt = I1 + I2, (7.37)

where

I1 =
∫

Qε

|h0(x, t) − h∗
m(ε)(x, t)|2dxdt,

I2 =
∫
R2\Qε

|h0(x, t)|2dxdt,

and Qε is the rectangle

Qε = [− 1
2π

ln(m(ε)),
1
2π

ln(m(ε))] × [− ln(m(ε)), ln(m(ε))].

From (7.36) one has

|I1| ≤ 1
π
γ2(ε) ln(m(ε)). (7.38)

On the other hand, using Schwarz’s inequality one has

|h0(x, t)|2 ≤ ‖(1 + ξ2 + τ2)2v0‖2
L2 × J, (7.39)

where

J =
∫ t

0

∫ ∞

−∞

1
(1 + ξ2 + τ2)4(t− τ)4

exp
(

− (x− ξ)2 + 1
2(t− τ)

)
dξdτ

Using the inequality ey ≥ y2/2 for y ≥ 0, one gets
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J =
∫ t

0

∫ ∞

−∞

4
(1 + ξ2 + τ2)4(t− τ)2

×
1

((x− ξ)2 + 1/2)2
exp

(
− 1

4(t− τ)

)
dξdτ

≤ 4
∫ t

0

1
(1 + τ2)4(t− τ)2

exp
(

− 1
4(t− τ)

)
dτ ×

×
∫ ∞

−∞

dξ

(1 + ξ2)4((x− ξ)2 + 1/2)2
. (7.40)

From (7.39), (7.40) one has, after some computations

|h0(x, t)|2 ≤ C

(1 + t2)(1 + x2)

for some constant C > 0.
Hence,

I2 ≡
∫
R2\Qε

|h0(x, t)|2dxdt ≤ C ′

ln(m(ε))
. (7.41)

Substituting (7.38), (7.41) into (7.37), we get

‖h0 − h∗‖2
L2 ≤ 1

π
γ2(ε) ln(m(ε)) +

C ′

ln(m(ε))
.

Step 3. Estimate of ‖vβ(ε)m(ε) − v0‖L2(R×R+) :

We shall make using of the following lemma (cf [APT3]).

Lemma 7.1. Suppose that w0 ∈ H1(R2) ∩ L1(R2) and F0 ∈ L2(R2) satisfy
the convolution equation

αk ∗ w0 = F0,

where

αk(x, t) =
1
t2

exp
(

−x2 + k2

4t

)
, for t > 0,

= 0 for t < 0,

αk ∗ w0(x, t) =
∫
R2
αk(x− ξ, t− τ)w0(ξ, τ)dξdτ.

Let β > 0 and let F ∈ L2(R2) satisfy

‖F − F0‖L2 < β.

Put

wβ(x, t) =
1

4π2

∫
R2

α̂k(ω, ζ)F̂ (ω, ζ)e−i(xω+tζ)dωdζ

β + |α̂k(ω, ζ)|2 .

Then there exists a constant C depending only on w0 such that
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‖wβ − w0‖L2 ≤ C

ln
(

1
β

) .
Moreover, if ŵ0/α̂k ∈ L2(R2) then there exists a C depending only on w0
such that

‖wβ − w0‖L2 ≤ C
√
β.

Proof. We first calculate the Fourier transform of αk. One has

α̂k(ω, ζ) =
∫
R2
αk(x, t)ei(xω+tζ)dxdt

=
∫ t

0

1
t2
eitζe− k2

4t dt

∫ ∞

−∞
eixωe− x2

4t dx.

Letting θ = x/
√
t we obtain∫ ∞

−∞
eixωe− x2

4t dx = 2
√
πte−ω2t

(since the Fourier transform of e−u2/2 is
√

2πe−x2/2). Then from the formula
for the Fourier transform of e−k2/4tt−3/2 (cf [Ed]) we get

α̂k(ω, ζ) =
4π
k

exp
(
−k(ω2 + iζ)1/2

)
.

By direct computation one has

|α̂k(ω, ζ)| =
4π
k

exp (−kγ(ω, ζ)) ,

γ(ω, ζ) =
(
ω2 + (ω4 + ζ2)1/2

2

)1/2

.

Since w0 satisfies αk ∗ w0 = F0, we have

α̂kŵ0 = F̂0. (7.42)

By the definition of wβ , one has

βŵβ + |α̂k|2ŵβ = α̂kF̂ . (7.43)

The relations (7.42), (7.43) imply that

β(ŵβ − ŵ0) + |α̂k|2(ŵβ − ŵ0) = −βŵ0 + α̂k(F̂ − F̂0). (7.44)

Multiplying both sides of (7.44) by the conjugate of ŵβ − ŵ0 and integrating
on R2, we get after some rearrangements

β‖ŵβ − ŵ0‖2
L2 + ‖α̂k(ŵβ − ŵ0)‖2

L2 ≤ β(‖ŵ0‖2
L2 + 1). (7.45)
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Similarly, multiplying both sides of (7.44) by the conjugate of (ω2 +ζ2)(ŵβ −
ŵ0) and then integrating on R2, we find after some computations the estimate

‖
√
ω2 + ζ2(ŵβ − ŵ0)‖L2 ≤ ‖

√
ω2 + ζ2α̂k‖L∞ + ‖

√
ω2 + ζ2ŵ0‖L2 . (7.46)

Put
A = max{2π‖

√
ω2 + ζ2α̂k‖L∞ + ‖w0‖H1 , (‖ŵ0‖2

L2 + 1)1/2}.
Then (7.45), (7.46) imply

‖α̂k(ŵβ − ŵ0)‖2
L2 ≤ βA2, ‖

√
ω2 + ζ2(ŵβ − ŵ0)‖2

L2 ≤ A2. (7.47)

For any β > 1, let

Dβ = {(ω, ζ) : |ω| ≤ aβ , |ζ| ≤ a2
β}.

For (ω, ζ) ∈ Dβ , one has

|α̂k(ω, ζ)| ≥ |α̂k(aβ , a
2
β)| =

4π
k

exp(−k1aβ)

with

k1 = k

(
1
2

+ 2−1/2
)1/2

.

Hence, we get in view of (7.47)∫
Dβ

|ŵβ − ŵ0|2dωdζ ≤ kek1aβ

4π

∫
R2

|α̂(ŵβ − ŵ0)|2dωdζ

≤ kek1aβA2β

4π
. (7.48)

For (ω, ζ) �∈ Dβ one has ω2 + ζ2 ≥ a2
β . Hence, we get in view of (7.47)∫

R2\Dβ

|ŵβ − ŵ0|2dωdζ ≤ 1
a2

β

∫
R2\Dβ

(ω2 + ζ2)|ŵβ − ŵ0|2dωdζ

≤ A2

a2
β

. (7.49)

From (7.48), (7.49) one has

‖wβ − w0‖2
L2 =

1
4π2 ‖ŵβ − ŵ0‖2

L2

≤ kek1aβA2β

16π3 +
A2

4π2a2
β

. (7.50)

Let aβ be a positive solution of the equation

kek1aβa2
β

4π
=

1
β
.
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One has
2 ln aβ + k1aβ + ln(k/4π) = ln(1/β). (7.51)

It follows that aβ → +∞ as β → 0. Moreover, for β sufficiently small, we
have

(2 + k1)aβ ≥ ln(1/β), (7.52)

hence,
1
a2

β

≤ (k1 + 2)2

(ln(1/β))2
. (7.53)

From (7.52), (7.53) we deduce

‖wβ − w0‖2
L2 ≤ 2A2

4π2a2
β

≤ C2

(ln 1
β )2

,

where C = (2+k1)
√

2A
2π2 .

Now, if we assume ŵ0/α̂k ∈ L2(R2), then by multiplying both sides of
(7.44) by the conjugate of ŵβ − ŵ0 and then integrating over R2, we get after
some rearrangements

β‖ŵβ − ŵ0‖2
L2 + ‖α̂k(ŵβ − ŵ0)‖2

L2

≤ β(1 + ‖ŵ0/α̂k‖L2)‖α̂k(ŵβ − ŵ0)‖2
L2 ,

hence
‖ŵβ − ŵ0‖2

L2 ≤ β(1 + ‖ŵ0/α̂k‖L2).

This completes the proof of Lemma 7.1.

Completion of the proof of Theorem 7.5.:

Using Lemma 7.1 with β = β(ε), F0 = h0, F = h∗
m(ε), αk = α (i.e.

k = 1), we find in view of the estimate

‖F0 − F‖L2 = ‖h0 − h∗
m(ε)‖L2 ≤ Cβ(ε),

(see Step 2 of the proof) that

‖vε − v0‖L2 ≤ C

ln 1
β(ε)

.

This completes the proof of Theorem 7.5.

7.3 An inverse two-dimensional Stefan problem:
identification of boundary values

The Stefan problem is one of finding functions u(x, y, t), z(x, t) such that

∆u− ut = 0, t > 0, x ∈ R, 0 < y < z(x, t), (7.54)

and u satisfies the following boundary and initial conditions
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u(x, z(x, t), t) = 0, x ∈ R, t > 0, (7.55)
u(x, 0, t) = v(x, t), x ∈ R, t > 0, (7.56)

∂u

∂n
(x, z(x, t), t) = zt(x, t), x ∈ R, t > 0, (7.57)

z(x, 0) = b(x) > 0, x ∈ R, (7.58)
u(x, y, 0) = u0(x, y), x ∈ R, 0 < y < b(x). (7.59)

The function u is usually the temperature, the zone 0 < y < z(x, t) is the liq-
uid zone and the zone y > z(x, t) is the ice zone. Given an initial temperature
u0, for a prescribed surface z(x, t), the problem of determining the bound-
ary values u(x, 0, t), i.e., the time-dependent surface temperature v(x, t) is
called an inverse Stefan problem. While the one-dimensional inverse Stefan
problem has been treated widely (cf. [APT1], [APT2], [Bar], [Co1], [Co2],
[Co3], [Jo1], [Jo2], [Wa]), the literature of the two-dimensional inverse Stefan
is rather scarce. We single out the work by Colton ([Co1], [Co2]) where the
given boundary y = z(x, t) is assumed to be an analytic surface. In the work
of Colton (loc. cit.), it is assumed that a solution exists. Now, the problem is
known to be ill-posed , i.e., solutions do not always exist and whenever they
do exist, there is no continuous dependence on the given data (which are
here the given initial condition and free surface). We shall take the approach
followed in [GAT], [APT1]-[APT4] where no solution is assumed to exist. In
fact, in this section, we consider the problem of finding v(x, t) from the given
sequences of values z(nh, t), zx(nh, t), b(nh), ũ0(nh,mh) (h > 0,m, n ∈ Z),
where ũ0 is an appropriate extension of u0 from the set

{(x, y) : x ∈ R, 0 < y < b(x)}
to R2.

To regularize the problem (7.54)-(7.59) we shall transform it into an in-
tegral equation. Let

K(x, y, t; ξ, η, τ) =
1

4π(t− τ)
exp

(
− (x− ξ)2 + (y − η)2

4(t− τ)

)
G(x, y, t; ξ, η, τ) = K(x, y, t; ξ, η, τ) +K(x,−y, t; ξ, η, τ).

In (7.57), the normal derivative ∂u/∂n to the surface y = z(x, t) can be
written as

∂u

∂n
= −∂u

∂x

zx(x, t)√
1 + |zx(x, t)|2 +

∂u

∂y

1√
1 + |zx(x, t)|2 .

for y = z(x, t).
Let x ∈ R, 0 < y < z(x, t) and let u be sufficiently regular. The functions

u(ξ, η, τ) and G(.; ξ, η, τ) satisfy the identity

div(u∇G−G∇u) + (Gu)τ = 0. (7.60)

Integrating (7.60) over the domain −n < ξ < n, 0 < η < z(ξ, τ), 1/n < τ <
t − 1/n, letting n → ∞ and taking into account the initial and boundary
values (7.55)-(7.59) we get an equation in v(ξ, τ), namely



166 7 Regularization of some inverse problems in heat conduction

1
4π

∫ t

0

∫ ∞

−∞

y

(t− τ)2
exp

(
− (x− ξ)2 + y2

4(t− τ)

)
v(ξ, τ)dξdτ = g(x, y, t) (7.61)

where t > 0, x ∈ R, 0 < y < z(x, t) and g(x, y, t) is defined by

g(x, y, t) = u(x, y, t) −
∫ ∞

−∞

∫ b(ξ)

0
u0(ξ, τ)G(x, y, t; ξ, η, 0)dξdη∫ ∞

−∞

∫ t

0
zτ (ξ, τ)G(x, y, t; ξ, z(ξ, τ), τ)dξdτ (7.62)

for t > 0, x ∈ R, 0 < y < z(x, t). Letting y ↑ z(x, t) in (7.61) we have

1
4π

∫ t

0

∫ ∞

−∞

z(x, t)
(t− τ)2

exp
(

− (x− ξ)2 + z2(x, t)
4(t− τ)

)
v(ξ, τ)dξdτ

= −
∫ ∞

−∞

∫ b(ξ)

0
u0(ξ, τ)G(x, z(x, t), t; ξ, η, 0)dξdη

−
∫ ∞

−∞

∫ t

0
zτ (ξ, τ)G(x, z(x, t), t; ξ, z(ξ, τ), τ)dξdτ. (7.63)

This is an integral equation of first kind for the unknown function v(ξ, τ)
and hence is ill-posed in customary function spaces. We shall transform it
into an equation of convolution type for which error estimates for regularized
solutions are readily derived from Lemma 7.1 of the preceding section.

Put

U0(x, t) = lim
y↑z(x,t)

g(x, y, t), (7.64)

U1(x, t) =
1√

1 + |zx(x, t)|2 lim
y↑z(x,t)

(
∂g

∂x
zx(x, t) − ∂g

∂y

)
, (7.65)

and consider the function

U(x, y, t) =
1
4π

∫ t

0

∫ ∞

−∞

y

(t− τ)2
exp

(
− (x− ξ)2 + y2

4(t− τ)

)
v(ξ, τ)dξdτ.

Then U satisfies the equation

∆u− ut = 0, t > 0, x ∈ R, y > 0, (7.66)

and the initial and boundary conditions

U(x, y, 0) = 0, x ∈ R, y > 0, t > 0,
U(x, z(x, t), t) = U0(x, t), x ∈ R, y > 0, t > 0, (7.67)

−∂U

∂n
(x, z(x, t), t) = U1(x, t), x ∈ R, y > 0, t > 0. (7.68)

Hence U(x, y, t) can be represented in terms of U0 and U1 on the domain x ∈
R, y > z(x, t), t > 0. Let k be a number such that k > z(x, t), ∀x ∈ R, t > 0.
Then U(x, k, t) is known, say
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U(x, k, t) = F (x, t; z, u0, b)

where F (.; z, u0, b) is calculated in terms of z, u0, b. Thus, we arrive at the
integral equation

1
4π

∫ t

0

∫ ∞

−∞

k

(t− τ)2
exp

(
− (x− ξ)2 + k2

4(t− τ)

)
v(ξ, τ)dξdτ =

= F (x, t; z, u0, b) (7.69)

which is of the form
αk ∗ v = F. (7.70)

Here, we recall,

αk =
1
t2

exp
(

−x2 + k2

4t

)
, t > 0,

= 0, t < 0.

Hence, we can use Lemma 7.1 in Section 7.2 to regularize our problem. To
go into the details of the transformation from (7.67) to (7.69), we first note
that (7.63), (7.64) imply

U0(x, t) = −
∫ ∞

−∞

∫ b(ξ)

0
u0(ξ, τ)G(x, z(x, t), t; ξ, η, 0)dξdη

−
∫ ∞

−∞

∫ t

0
zτ (ξ, τ)G(x, z(x, t), t; ξ, z(ξ, τ), τ)dξdτ. (7.71)

Furthermore, taking the normal derivative of the right hand side of (7.62)
and using the jump relation (see, e.g. [Fr], Chap. 5, page 137) we have

U1(x, t) = −3
2
zτ (x, t)

−
∫ ∞

−∞

∫ b(ξ)

0
u0(ξ, τ)

∂G

∂n
(x, z(x, t), t; ξ, η, 0)dξdη

−
∫ ∞

−∞

∫ t

0
zτ (ξ, τ)

∂G

∂n
(x, z(x, t), t; ξ, z(ξ, τ), τ)dξdτ. (7.72)

By (7.71), (7.72) the functions U0, U1 are calculated from z, u0, b.
Integrating the identity

div(U∇K −K∇U) + (UK)τ = 0

over the domain

−n < ξ < n, z(ξ, τ) < η < n, 1/n < τ < t− 1/n,

taking account of the initial and boundary values (7.67) and letting n → ∞,
we get
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U(x, y, t) =
∫ ∞

−∞

∫ t

0
U1(ξ, τ)K(x, y, t; ξ, z(ξ, τ), τ)dξdτ

−
∫ ∞

−∞

∫ t

0
U0(ξ, τ)K1(x, y, t; ξ, z(ξ, τ), τ)dξdτ, (7.73)

where

K1(x, y, t; ξ, η, τ) =
∂K

∂ξ
(x, y, t; ξ, η, τ)zξ(ξ, η) −

−∂K

∂η
(x, y, t; ξ, η, τ) +K(x, y, t; ξ, η, τ). (7.74)

Letting y = k in (7.73), (7.74), we get (7.69) with

F (x, t; z, u0, b) =
∫ ∞

−∞

∫ t

0
U1(ξ, τ)K(x, k, t; ξ, z(ξ, τ), τ)dξdτ

−
∫ ∞

−∞

∫ t

0
U0(ξ, τ)K1(x, k, t; ξ, z(ξ, τ), τ)dξdτ. (7.75)

To regularize (7.69) we shall use Lemma 7.1. However, since the functions
z, u0, b are defined only on a discrete set of points, the function F (.; z, u0, b)
is not known exactly. Using Sinc series, we can, under some smoothness
assumptions on z, u0, b, construct functions zh, zxh, u0h, bh approximat-
ing z, zx, u0, b in an appropriate sense. As in Lemma 6.1, we can con-
struct a function Fh(x, t; zh, zxh, u0h, bh) approximating F (x, t; z, u0, b) in the
L2−sense. In fact, for h > 0, we shall assume that (ζn(t)), (ζ̃n(t)), (βn), (νmn)
(m,n ∈ Z) are sequences such that ζ, ζ̃ ∈ L2(R+) and that∑

n∈Z

(
‖z(nh, .) − ζn‖2

L2(R+) + ‖zx(nh, .) − ζ̃n‖2
L2(R+)

)
+∑

n∈Z

|b(nh) − βn|2 +
∑

m,n∈Z

|u0(mh, nh) − νmn|2 < Ch.

From the results in Section 5.3, we get the functions approximating z, zx, b, u0

zh(x, t) =
∑
n∈Z

ζn(t)S(n, h)(x),

zxh(x, t) =
∑
n∈Z

ζ̃n(t)S(n, h)(x),

bh(x) =
∑
n∈Z

βnS(n, h)(x),

u0h(x, y) =
∑

m,n∈Z

νmnS(m,h)(x)S(n, h)(y).

Using the preceding functions, we can construct, in a similar way as in Lemma
6.1, a function Fh(.; zh, zxh, bh, u0h) such that

‖F − Fh‖L2(R2) −→ 0 as h → 0. (7.76)

The details of calculations are omitted. By (7.76), we can, using the result of
Lemma 7.1, construct a regularized solution of (7.69).
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7.4 Notes and remarks

We have considered the backward heat problem in the special case of two
space dimensions and under the condition that the support of the (unknown)
initial temperature is contained in the quadrant x ≥ 0, y ≥ 0. Under these
assumptions, we have been able to apply the results of Chapter 4 on the Haus-
dorff moment problem to derive explicit error estimates for the regularized so-
lutions. For the case of a bounded domain Ω with zero Dirichlet condition on
∂Ω, the problem has been regularized by various methods: truncated eigen-
value expansion, quasi-reversibility, Sobolev regularization, integral method
coupled with Tikhonov regularization and others.

The problem of the backward heat equation on a bounded domain Ω
with a regular boundary ∂Ω corresponding to unilateral conditions on the
temperature function u, i.e.,

u ≥ 0,
∂u

∂n
≥ 0, u

∂u

∂n
= 0 on ∂Ω

was raised in Payne [Pa]. As pointed out in [An2], a natural way to look
at the problem would consist in converting it into a problem involving zero
Neumann condition. In fact, as proposed in [An2], we let v = u2. Then, v
satisfies the equation

vt −∆v = −|∇v|2
2v

under the constraint v ≥ 0, u =
√
v ≥ 0, ∂u

∂n ≥ 0 and subject to the boundary
condition

∂v

∂n
= 0 on ∂Ω

and terminal condition
v(x, 1) = g2(1).

Thus the problem is converted to a unilateral problem for a semilinear
parabolic equation with zero boundary condition.

We next consider another version of the ”borehole” problem. Instead of
the problem of surface temperature determination from the temperature mea-
sured at an interior point of the Earth, represented by a half-plane, as was
done in the main text, we can consider the problem of determining the heat
flux history through a space vehicle represented by a slab 0 ≤ x ≤ 1, with
the flux specified to be zero along the side x = 1, the flux through the side
x = 0 being to be determined from the temperature measured at an interior
point x1, 0 < x1 < 1 at discrete times t0 < t1 < ... < tn (cf [BBS]). The
problem can be formulated as a moment problem.

The two dimensional inverse Stefan problem was first studied by Colton
[Co1], [Co2] under rather stringent regularity conditions. In [APT3], regular-
ity conditions are relaxed and moreover, existence of an exact solution is not
assumed. Moreover, in the latter work, the problem is regularized and error
estimates are given for regularized solutions. In Colton and Reemtsen [CR]
the problem is treated numerically.
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Nonlinear moment problems: an example from
gravimetry

In the preceding chapters, the moment problems considered are all linear,
in fact, they are of the form∫

Ω

v(x)dσn(x) = µn, n = 1, 2, ..., (8.1)

where Ω is a domain in Rk, dσn(x) is a given measure on Ω, n = 1, 2, ..., and
v(x) is a function on Ω to be determined. In this chapter, we shall consider
a nonlinear moment problem arising in Gravimetry. The nonlinear problem
consists of a sequence of equations∫

Ω

K(xn, v(x))dx = µn, n = 1, 2, ..., (8.2)

where K is nonlinear in the unknown function v(x). Before giving an explicit
expression for K, we deem it appropriate to explain the physical model.

The determination of the shape and location of an object Ω in the inte-
rior of the Earth, the density of which differs from that of the surrounding
medium, is a fundamental problem of Applied Geophysics, in fact, belongs
to Gravimetry, a branch of Geophysics concerned with the gravity fields in
and around the Earth. Gravimetric methods are used for the identification
of density inhomogeneities of the Earth. They consist in measuring the grav-
ity anomalies or the gravity gradients created on the Earth’s surface by the
difference in density. The gravity gradient method presents some advantages
over the gravity approach, as shown in [To].

Consider the Earth represented by the half-plane (x, y), −∞ < y < H
with H > 0 and let the body Ω be represented by 0 ≤ y ≤ σ(x), 0 ≤ x ≤ 1.
We assume that the unknown function σ(x) is continuous and such that
σ(x) < H for 0 ≤ x ≤ 1, σ(0) = σ(1) = 0.

Let the relative density of Ω, i.e., the difference between the density of Ω
and that of the surrounding medium, be denoted by ρ, which we take to be
a constant. Let U = U(x, y) be the gravity potential created by ρ, i.e.,

U(x, y) =
ρ

2π

∫
Ω

ln((x− ξ)2 + (y − η)2)−1/2dξdη

=
ρ

2π

∫ 1

0

∫ σ(ξ)

0
ln((x− ξ)2 + (y − η)2)−1/2dηdξ.

D.D. Ang, R. Gorenflo, V.K. Le, and D.D. Trong: LNM 1791, pp. 171–173, 2002.
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Then the vertical component of the gravity gradient created by ρ on the
surface y = H is

−∂2U

∂y2 |y=H = − ρ

2π

{∫ 1

0

(H − σ(ξ))dξ
(x− ξ)2 + (H − σ(ξ))2

−
∫ 1

0

Hdξ

(x− ξ)2 +H2

}
.

(8.3)
Denoting by f0(x) the gravity gradient on the surface y = H, and taking
ρ = 1, we have from (8.3), after some rearrangements,

1
2π

∫ 1

0

g(ξ)dξ
(x− ξ)2 + g2(ξ)

= f(x) (8.4)

where we have set g(ξ) = H − σ(ξ) and

f(x) = −f0(x) − H

2π

∫ 1

0

dξ

(x− ξ)2 +H2 . (8.5)

The equation (8.4) is a nonlinear integral equation of first kind for the deter-
mination of the unknown (continuous) function g(x). The above formulation
of the problem follows closely the presentation in [ANT], where it is shown
that (8.4) admits at most one solution g(x) continuous on [0,1] such that
g(0) = g(1) = H and

0 < H − α < g(x) < H for 0 < x < 1, (8.6)

α > 0 being a known constant. See also [AGV3].
It can be shown that the problem of finding g(x) from (8.4) is ill-posed.

It could be regularized by finite dimensional approximation, following the
method of [AGV4]. We shall, instead, convert it into a nonlinear moment
problem as follows. Since g is continuous and strictly positive on [0, 1], the
function defined by the integral in the left hand side of (8.4) can be extended
to a complex analytic function on a strip around the x-axis of the complex
plane. Hence it is completely determined by its values at any bounded real
sequence (xn) with xi �= xj for i �= j. Thus the integral equation (8.4) is
equivalent to the (nonlinear) moment problem∫ 1

0

g(ξ)dξ
(xn − ξ)2 + g2(ξ)

= 2πf(xn), n = 1, 2, . . . . (8.7)

We thus deal with a nonlinear mapping from a subset of the function space
L2(0, 1) into l2. The regularization problem for such mappings is a wide open
subject.

One of the common methods for dealing with nonlinear equations is the
linearization method. It consists in approximating the original equation by
an appropriate linear equation. The equation (8.4) offers a simple (and inter-
esting) example of the linearization method.

As pointed out above, the function on the LHS of (8.4) can be extended
to a complex analytic function on a strip of width < H − α around the real
axis of the complex plane. Hence, it is completely determined by its values
on an interval (−∞,−M) for any M > 0, i.e., Eq. (8.4) is equivalent to the
equation
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0

g(ξ)dξ
(x− ξ)2 + g2(ξ)

= 2πf, x ≤ −M. (8.8)

Now, for large M > 0 and x ≥ 0, we have the following expansion of the LHS
of (3.11)

g(ξ)
(M + x+ ξ)2 + g2(ξ)

=
g(ξ)

(M + x+ ξ)2
(
1 + g2(ξ)

(M+x+ξ)2

)
=

g(ξ)
(M + x+ ξ)2

− g3(ξ)
(M + x+ ξ)4

+ ...

As a first approximation, we take

g(ξ)
(M + x+ ξ)2 + g2(ξ)

≈ g(ξ)
(M + x+ ξ)2

and consider the linear integral equation in g∫ 1

0

g(ξ)dξ
(M + x+ ξ)2

= 2πf(−M − x), x > 0. (8.9)

By taking x = 1, 2, ..., we get the equivalent moment problem∫ 1

0

g(ξ)dξ
(M + n+ ξ)2

= 2πf(−M − n) ≡ µn, n = 1, 2, . . . . (8.10)

As shown in [ANT], this moment problem admits at most one continuous
solution g(x) in [0, 1].
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ISNM, 68, 127-143, Birkhäuser-Verlag, Basel, 1984.

[H] B. Hofmann, Mathematik Inverser Probleme, B.G. Teubner, Stuttgart and
Leipzig, 1999.

[In] G. Inglese, Recent results in the study of the moment problem. In: A. Vogel
et al (eds): Theory and Practice of Geophysical Data Inversion, pp. 73-84,
Vieweg Verlag, Braunschweig 1992.

[Is1] V. Isakov, Inverse Problems for Partial Differential Equations, Applied
Mathematical Sciences 127, Springer Verlag, New York, 1998.

[Is2] V. Isakov, Inverse Source Problems, Mathematical Surveys and Mono-
graphs 34, American Mathematical Society, Providence, 1990.

[Jo1] P. Jochum, The numerical solutions of the inverse Stefan problem, Numer.
Math. 34, 1980, pp. 411-429.

[Jo2] P. Jochum, The inverse Stefan problem as a problem of nonlinear approx-
imation theory, J. Approx. Theory, 30, 1980, pp. 81-89.

[K] A. Kirsch, An Introduction to the Mathematical Theory of Inverse Prob-
lems, Springer-Verlag, New York, 1996.

[KN] K. Kurpisz and A. J. Nowak, Inverse Thermal Problems, Computational
Mechanics Publications, Southampton, UK and Boston, USA, 1995.

[KS] M. V. Klibanov and F. Santosa, A computational quasi-reversibility
method for Cauchy problems for Laplace’s equations, SIAM J. Appl. Math.
51, 1991, pp. 1653-1675.

[KSB] A. Kirsch, B. Schomburg and G. Berendt, The Backus-Gilbert method,
Inverse Problems 4, 1988, 771-783.

[Kr] W. Krabs, On Moment Theory and Controllability of One-Dimensional
Vibrating Systems and Heating Processes, Lecture Notes in Control and
Information Sciences, 173, Springer-Verlag, 1992.

[La] H. J. Landau, The classical moment problem: Hilbertian proof, J. Funct.
Anal. 38, 1980, pp. 255-272.

[Le1] T. T. Le, Surface temperature determination from borehole measurements:
a two-dimensional model, Proceedings, International Conference on Anal-
ysis and Mechanics of Continuous Media, 1995, pp. 222-225.

[Le2] T. T. Le, A theorem of optimal recovery: applications to approximation
theory, Proceedings, International Workshop on Inverse Problems HCMC,
Jan. 17-19, 1995, pp. 106-116.
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